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ABSTRACT

A SURVEY ON PERSISTENCE LANDSCAPE THEORY

Giirses, Selguk
M.S., Department of Mathematics

Supervisor: Assoc. Prof. Dr. Semra Pamuk

July 2022, [68| pages

Topological data analysis (TDA) consists of a growing collection of techniques that
reveal the shape of data. These techniques may be especially useful for comprehend-
ing global features of high-dimensional data that are inaccessible via other methods.
The usage of TDA has been constrained by the difficulties of merging the subject’s
primary tool, the barcode or persistence diagram, with statistics and machine learning.
The persistence landscape is a stable topological summary that is easily combinable
with statistical and machine learning technologies. This new summary has various
advantages: First, since it is a function, calculations are significantly more quickly
than conventional TDA tools. Second, it can be seen as a random variable with values
in a Banach space, so it conforms to some statistical theorems such as strong law of
large numbers and central limit theorem. Third, it provides a unique average unlike
persistence diagrams and barcodes. This thesis is a survey that represents how the

persistence landscape is constructed and contributes to the applications.

Keywords: Topological Data Analysis, Persistence Homology, Persistence Land-

scape
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ISRARCILIK PEYZAJ TEORISI UZERINE

Giirses, Selguk
Yiiksek Lisans, Matematik Bolumii

Tez Yoneticisi: Dog¢. Dr. Semra Pamuk

Temmuz 2022 , [68] sayfa

Topolojik veri analizi (TDA), verilerin seklini ortaya ¢ikaran biiyiliyen teknikler ko-
leksiyonundan olusur. Bu teknikler, 6zellikle diger yontemlerle erisilemeyen yiiksek
boyutlu verilerin kiiresel 6zelliklerini anlamak i¢in yararli olabilir. TDA’nin kulla-
nimi, alanin birincil araglar1 olan barkod ve 1srarcilik diyagraminin istatistik ve ma-
kine 6grenimi ile birlestirilmesindeki zorluklarla simirlanmaktadir. Israrcilik peyzaji,
istatistiksel ve makine 68renimi teknolojileri ile kolayca birlestirilebilen kararl bir
topolojik ozettir. Bu yeni 0zetin cesitli avantajlar1 vardir: Birincisi, bu 6zet bir fonk-
siyon olarak verildii i¢cin hesaplamalar onemli 6l¢iide geleneksel TDA araclarindan
daha hizhdir. Ikincisi, degerleri bir Banach uzayinda olan rassal bir degisken olarak
goriilebildiginden, biiyiik sayilarin giiclii yasast ve merkezi limit teoremi gibi bazi
istatistiksel teoremlerin kullanilmasi uygundur. Ugiinciisii, 1srarcilik diyagramlari ve
barkodlarin aksine tekil bir ortalamaya sahiptir. Bu tez, 1srarcilik peyzajinin nasil insa

edildigine ve uygulamalara nasil katki sagladigina genel bir bakistir.

Anahtar Kelimeler: Topolojik Veri Analizi, Israrcilik Homolojisi, Israrcilik Peyzaji
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CHAPTER 1

INTRODUCTION

In recent years, there has been a substantial increase in the quantity of available data.
This circumstance needs the advancement of creative and effective data processing
techniques. It is difficult to make sense of the large amount of data: first, the sheer
volume of data presents obstacles; second, the complexity of the data, which may
include high-dimensional, noisy or incomplete data, is potentially an even greater dif-
ficulty. The application of clustering techniques and other concepts from fields such
as computer science and machine learning -coupled with statistical and mathematical
models- is frequently highly beneficial for data. Recent mathematical advancements,
on the other hand, are casting new light on such conventional concepts, creating new
ways of their own, and assisting individuals in better deciphering data’s more complex

structure.

Techniques from the relatively young field of "topological data analysis", TDA for
short, have contributed a wealth of fresh insights to the study of data in an ever-
growing variety of applications. TDA is a field that combines algebraic topology,
computational geometry, statistics, computer science, data analysis, and other related
disciplines. The primary objective of TDA is to utilize concepts and results from
topology and geometry to construct tools for analyzing qualitative features of data. To
attain this objective, one requires explicit definitions of qualitative features, practical

tools to calculate them, and a guarantee on the robustness of these features.

A TDA method known as "persistent homology" is one way to handle all three is-
sues. This approach is attractive for applications since it is based on algebraic topol-
ogy, which provides a well-understood theoretical framework to examine qualitative

features of data with complex structure, is computable using linear algebra, and is



robust in the face of modest perturbations to input data. Persistent homology offers
a multiscale description of the topology of the relevant data, known as a "persistence

diagram" or a "barcode".

Unfortunately, these summaries are rather difficult to use from a statistical and ma-
chine learning perspective. For instance, the calculation of averages is not possible.
It is practical for these purposes to replace these summaries with a linear summary,
i.e., a vector with finite or infinite dimensions. Calculating averages is simple in a
linear space. The functional summary known as the "persistence landscape" [2]] is
one such vector that does not lose any information. As this descriptor is a function,
we may utilize the vector space structure of its underlying function space, which is
its primary technical advantage. In fact, this function space is a separable Banach
space; hence, the theory of random variables having values in such spaces can be
applied. In addition, since persistence landscapes can be seen as a sequence contain-
ing piecewise-linear functions, computations with them are far more efficient than
computations with persistent diagrams or barcodes. This gain eliminates a second
significant barrier to the widespread application of topological approaches for data

analysis.

The purpose of this thesis is to survey the persistence landscapes. Chapter 2 gives the
essential background to understand the persistence landscape theory. Chapter 3 pro-
vides a comprehensive theory of the persistence landscape. This chapter concentrates
mostly on the stability and statistical results of persistence landscapes. Chapter 4
presents two different examples of determining the mean landscape of a certain point

cloud and testing a statistical hypothesis for two distinct point clouds.



CHAPTER 2

BACKGROUND

Data sets consist of digital pictures, networks, level sets of real-valued functions, and
finite metric spaces, among others. In the TDA literature, a finite metric space can
be seen as a data set which is often referred to as point cloud. There is no useful
information in finite metric spaces from a topological standpoint. Therefore, one can
analyze a point cloud’s thickening at various resolution scales and then examine the
evolution of the resultant shape throughout the various resolution scales. Qualitative
features are determined by topological invariants, and one can describe the shape
of the data by representing the variation of these invariants over different resolution

scales in a concise manner.

In this chapter, we will introduce several key terms and terminology that will be used

throughout the thesis.

2.1 From Point Cloud Data to Simplicial Complexes

In this section we will see several ways to obtain a simplicial complex from a given

point cloud data set by focusing on the ideas in [4]],[1O],[14].

The simplest way to transform a set of points in a metric space to a global object is
to use the point cloud as the vertices of a graph whose edges are defined by closeness
(vertices within a certain range €). One can finish the graph by converting it to a
simplicial complex. In addition to the many methods which are referred in [4], we

will look at two most natural techniques for accomplishing this.

Fori € V,let X = {z;} C R" be a set of points and let O = {O;} be any covering



of X such that each O; contains z; € X.

Definition 2.1.1. (Nerve) The nerve of O, denoted by No, is the abstract simplicial

complex with vertex set V. = O, and where the family {iy,i1,...,1;} spans a k-

simplex if and only if O;, N Oy, N ... N O;, # 0.

The following complex which is the nerve of a special covering is one of the most

common methods for converting a point cloud data to a simplicial complex.

Definition 2.1.2. (Cech Complex) Let B.js[X]| = {B.2[*]}sex be a covering of X
consisting of closed balls centered at x € X of radius €/2. Then the Cech complex of
X at scale €, denoted by C.(X), is the nerve of the covering B.;| X|. That is,

C(X) = Np,_,x]-

Definition 2.1.3. (Good Cover) A cover O is good, if the cover sets and all nonempty

finite intersections of cover sets are contractible.

The following theorem demonstrates that the topology of a cover is captured by its

Cech complex.

Theorem 2.1.1. (Cech Theorem [10]) The Cech complex of a good cover has the

same homotopy type of the union of the cover sets.

Now, we will present a second important technique for extracting a simplicial com-

plex from a point cloud data set.

Definition 2.1.4. (Rips Complex) Let X be a set of points in R"™ and let € be fixed
Euclidean distance. Then the Rips complex of X at scale ¢, denoted by R.(X), is the
abstract simplicial complex whose k-simplices correspond to unordered (k+1)-tuples

of points in X which are pairwise within € distance of each other.

The transformation of a point cloud into a complex (Cech, Rips, etc.) needs a pa-
rameter ¢ to be specified. For small enough ¢, the complex is a discrete set; for large
enough ¢, the complex is a single high-dimensional simplex. In this circumstance, the

selection of such a parameter becomes critical. Indeed, there is no ideal value for €

4



Figure 2.1: Cech and Rips complexes example in [14]

that captures the data set’s structure. In other words, the choice of € and increasing its

value are made at random.

Consider the following example to explain the preceding definitions.

Example 2.1.1. In Fig 2.1] we begin with a point cloud data set that contains 15
discrete points. As the radius of each ball centered at each point expands, it is possible
for some of the balls to intersect. We can create our Cech and Rips complexes using

these intersections.

The Rips complex is less computationally expensive than the analogous Cech com-
plex, despite the fact that the Rips complex contains additional simplices. The reason
for this is that the Rips complex is a flag complex, which means that it is the largest
of all simplicial complexes with the specified 1-skeleton. Thus, the complex is totally
determined by the combinatorics of the 1-skeleton, and the Rips complex is capable of
being represented as a graph and reconfigured rather than storing the entire boundary

operator required for a Cech complex.
For a particular point cloud data set, the following theorem illustrates the relationship

between the Cech and Rips complexes.

Lemma 2.1.1. ([10]) Let X be a set of points in R" and C.(X) be the Cech complex

of radius 5. Then

|

2n
>

Re(X) CC(X) CR(X) whenever - o

[}



Moreover; this ratio is the smallest for which inclusions hold.

2.2 Persistent Homology

In this section, we will focus on the ideas in [[11]],[[12] in order to examine all parts of

persistent homology.

The concept of persistent homology formalizes and specifies the notion that it requires
a function on a topological space (simplicial complex) and assesses the alterations in
homology classes as the sublevel sets (subcomplexes) expand as the function’s value
increases [11]. For topological persistence, singular homology groups for sublevel
sets must be computed when this function is defined on a topological space. This
computation is inconvenient. As a result, we utilize the discrete analogy of the topo-
logical persistence, which requires two significant modifications. Firstly, a simpli-
cial complex takes the place of the topological space; secondly, simplicial homology
groups are substituted for singular homology groups. This indicates that we must

replace the topological space with one of its triangulations.

The concept of filtrations that can develop in the context of topological spaces or
simplicial complexes lies at the heart of topological persistence. Now, we will give
the general definition of a filtration that can be adapted to obtain a filtration on a

specific topological space.

Definition 2.2.1. (Filtration) A filtration on a topological space X is a family of
subspaces { X} ser of X such that Xy C X, whenever s < t.

The following example is one of the most common filtration type in TDA.

Example 2.2.1. (Sublevel Set Filtration) Let f : X — R be a real-valued function
on a topological space X and X, = f~'(—o0, s| be a preimage of f for s € R. Then
X is called a sublevel set. The sublevel sets of f give a sublevel set filtration that

contains a one-parameter family of nested subspaces X, C X; whenever s < 1.

Recall that in Section [2.1] we learned how to generate a simplicial complex from a
point cloud data. Now, we will put a sublevel set filtration on a simplicial complex to

obtain a filtered simplicial complex.



Let us assume that our topological space X is a simplicial complex. Consider the
following function f : X — R. We demand that f be monotonic, that is, it is non-
decreasing along increasing chains of faces; in other words, f(a) < f(b) whenever
a is a face of b. As a result of monotonicity, for each real number s, the sublevel
set, X, = f~(—o0, s, is a subcomplex of X. By specifying m as the number of
simplices in X, we have n + 1 < m + 1 distinct subcomplexes, which we arrange in

the following ascending order

In other words, if 51 < s3 < ... < s, are the function values of the simplices in
X and sy = —oo, then X; = X, for every 7. This sequence of complexes is the
filtration of f, and it is constructed by incrementally adding chunks of simplices. We
are more interested in the topological evolution of complexes than in the series of
complexes. This is shown in the sequence of homology groups. For each : < j,
we have an inclusion map from X;’s underlying space to X;’s and hence an induced
homomorphisms f7 : H,(X;) — H,(X;) in each dimension p. Thus, the filtration

corresponds to a succession of homology groups connected via homomorphisms,
0=H,(Xo) > Hy(X1) = ... = Hy(X,) = Hy(X)

for fixed dimension p. When we progress from X, ; to X;, we may acquire new
homology classes (born) and lose others (die) as they become trivial or merge. We

gather classes that are born at or before a specific threshold and die after another.

Definition 2.2.2. The p-th persistent homology groups are the images of the homo-

morphisms induced by inclusion
i,j — ivj
Hy) =imf,

for 0 <1 < j < n. The corresponding p-th persistent Betti numbers are the ranks of
these groups

5, __ 1,5
) = rcmk:Hp .

It is important to note that the persistent homology groups are composed of the ho-

mology classes of X; which are still alive at X, or, more precisely,
H,? = Z,(X)/(By(X;) N Zy(Xy))

7



where Z,(X;) and B,(X;) denote the group of p-cycles at the filtration level X; and

the group of p-boundaries at the filtration level X ;, respectively.

Now we will define two important keywords that will be our aim to track.

Definition 2.2.3. Let o € H,(X;) be a class, we say that it is born at X; ifa ¢ H) ™',
in other words it is not an element of the image of fi="" : Hy(X;_1) — Hp(X;).
Moreover, if o is born at X;, then it dies entering X; if f27~ (o) ¢ H;™"71 but
fi7(a) € HJ'Y, in other words this is the first time its image merges into the image

Opr(Xi_l).

Remark 2.2.1. Elder Rule [|I2)] says that whenever a juncture occurs, the older of

the two merging components continues and the younger component ends.

If a class « is born at X; and dies entering X;, then the difference s; — s; is called the
persistence of a.. Occasionally, it is preferable to disregard the actual function values
and instead consider the difference in index, j — ¢, which is referred to as the index

persistence of the class a.

Remark 2.2.2. If a class « is born at X; and never dies, then we call it an essential
homology class, and the corresponding birth-death pair (s;, 00) is called an essential

persistent point. In this case, we set its persistence and index persistence to infinity.

Now, we will see how to visualize this persistence.

Definition 2.2.4. (Multiplicity) Let ji;’ be the number of p-dimensional classes that
are born at X; and die entering X;. Then it is called the multiplicity of the point

(si,8;), and it is computed by the p-th persistent Betti numbers as follows:
= A B A g
foralli < j and all p.
If a class o is born at X; and dies entering X;, then it is represented as a pair (persis-

tent point) (s;, s;) with the birth time s; and the death time s, and it has a multiplicity

pi7 as well.
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Figure 2.2: Barcode example in [14]

Definition 2.2.5. (Persistence Diagram) Persistent points, together with multiplic-
ities, can be placed on a diagram, and we call it p-th persistence diagram of the
filtration. This diagram is denoted by Dgm,(f). By abuse of notation, we will denote

it simply by D if the dimension p and the function f are apparent.

A persistence diagram contains a set of persistent points such that vertical distance to
the diagonal of each point gives its persistence. This set of vertical distances forms
another visualization tool which is called the barcode of the filtration. In other words,

the end points of each barcode represent a persistent point on a persistence diagram.

Example 2.2.2. In Fig we have a point cloud consisting of 19 points at the be-
ginning. When we increase the radius € of each ball centered at each point, we con-
struct Rips complex at each scale € using the intersections of balls. As e increases,
n-dimensional holes appear (birth) and disappear (death). Utilizing these birth and

death times of holes, we obtain the corresponding barcode representation.

Remark 2.2.3. Since the multiplicities are defined only for i < j, all points on a
persistence diagram are located above the diagonal. In addition, it is possible to add
some points on the diagonal with infinite multiplicity due to some technical reasons.

The following lemma says that a persistence diagram encodes all information about

9



persistent homology groups.

Lemma 2.2.1. (/12|], Fundamental Lemma of Persistent Homology)
Let
P=XoCX;C...CX,=X

be a filtration. For every pair of indices 0 < k < [ < n and every dimension p, the
p-th persistent Betti number can be computed as follows
gt =222
i<k j>l
Remark 2.2.4. In particular, the p-th persistent Betti number Bg’l is the number of
points in the upper left quadrant with corner point (sy, s;). A class « is born at X;
and dies entering X is counted if and only if s; < s, and s; > s;. Thus, the upper left
quadrant is closed along its right vertical edge and open along its bottom horizontal

edge.

Remark 2.2.5. Henceforth, a persistent point on a persistence diagram will be de-
noted by (b, d) such that b and d can reflect the point’s birth and death times. In
addition, Persi(D) = Y"1 (d; — b;)* will be referred to as degree-k total persis-

tence for a persistence diagram D, where (b;, d;) € D.

2.3 Persistence Module

Persistence homology provides algebraic invariants, referred to as persistence mod-
ules, for numerous data types. In this section, we will define persistence module and

give some properties of it using the ideas in [6]].

Definition 2.3.1. (Persistence Module) For a fixed field ¥, a persistence module M
over the real numbers R consists of vector spaces Mg over F for all real numbers s
and linear maps M! : My — M, for all s < t such that M? is the identity map and
MY = M} o M! for all real numbers s, t,u with s < t < u. By abuse of notation, we

will denote a persistence module by M = (Mg, M!) where s < t.

A persistence module can be built in a variety of ways. The following persistence

module will be useful throughout the thesis.

10



Example 2.3.1. Let X be a topological space and f : X — R be function defined on
it. Then the corresponding persistence module, M (f), is defined as follows. It has a
vector space M (f)s = H,(f ' (—o0, s]) for fixed p and linear maps M(f)" induced

by inclusion.

The following theorem indicates that the direct sum of two persistence modules is a

persistence module.

Theorem 2.3.1. Let M = (M,, M!) and N = (N,, N!) be persistence modules.
Then the direct sum

is a persistence module, where the linear map (M!, Nt) : My & Ny — M, ® N, maps
(z,) to (M(z), N;(y)).

Proof. Since the linear maps M! and N! are given, the linear map (M!, N!) is well-
defined. Then it is enough to show that for any s € R, (M$, N?) is identity map, and
for s <t < u, the map (MY, N*) factors.

Let s be any real number. Then we have the following linear map
(M, N7): Ms&® Ny — M, & Ns.

By the definition, it maps (z,y) to (M?(x), NZ(y)). Since M and N are persistence
modules, the linear maps M? and N? are identity maps. It follows that (M, N?) is
identity map.
Now let s < ¢t < u be any real numbers. Then let us consider the following linear
map

(M* N*): My ® Ny — M, ® N,.
By the definition, it maps a point (z,y) to the point (M*(z), N*(y)). Since M and

N are persistence modules, the linear maps M and N can be written as
M"=M"oM! and N!= N!o N

Then we have (M"(x), N*(y)) = (M*(M!(x)), NJ(N(y))), which implies the fol-

lowing required result
(M7, Ny) = (M, N}') o (M, Ny).

11



Therefore, the direct sum M & N of two persistence modules M, N is a persistence
module.

O

Now, we will present a special persistence module that serves as a building block for

all persistence modules.

Definition 2.3.2. (Interval Module) Let J be an interval in R. Then the corresponding

interval module 1(J) is given as the R-persistence module with vector spaces I; over

F fors e R

F, selJ
Iy, =
0, otherwise
and linear maps 1! for s <t
It 1]1?, s,t € J

0, otherwise

where I is a field and 1y is the identity map.

Remark 2.3.1. For a point (b,d) in a persistence diagram, we consider the corre-

sponding interval module (b, d) over 7.

Definition 2.3.3. A zero persistence module 0 is a persistence module such that O is

a zero vector space for all s € R.

Definition 2.3.4. A persistence module M is indecomposable if the only decomposi-

tions of M are the trivial decompositions M = M & 0 and M =0 & M.

Now, we will give a basic result without its proof.
Proposition 2.3.1. [6l] Interval modules are indecomposable.

Definition 2.3.5. Let M and N be two persistence modules. A morphism from M to
N is a collection of linear maps { fs : My — Ny} forall s € R such that the following

12



diagram commutes for all s <t

If each [, is an isomorphism then we say that M and N are isomorphic persistence

modules.

The following two theorems indicate that a persistence module is either an interval
module or a decomposition of interval modules. If it is decomposable, then this de-

composition is unique up to bijections.

Theorem 2.3.2. [9] Let M = (M, M!) be a persistence module over R. If each
vector space My has a finite dimension, then M is isomorphic to a decomposition of

interval modules.

Theorem 2.3.3. [l/|] Assume that a persistence module M over R can be written in

two distinct ways as a direct sum of interval modules

M =PI = Pup),

keK leL

where J} and J? are intervals in R. Then there exists a bijection ¢ : K — L such

that Ji = J3 .

Now, we will provide one of the most important definitions in the theory of persis-

tence module.

Definition 2.3.6. (d-interleaved) Let 6 > 0 be a real number. Then two persis-
tence modules M and N are 0-interleaved if for all s € R there exists linear maps
ws : My — Ngis5 and s : Ny — M. s satisfying the following (§-interleaving)

conditions:

13



1. Forall s € R, the following diagram commutes

s+20
M M; .
s 7 s+26

O

Ns+5

2. Forall s € R, the following diagram commutes

Ms+5
@b/ \stj—é
N, N,

Ns+26 7 s+26
s

3. For all real numbers s < t, the following diagram commutes

M
M, u > M,
Pt
Ps
Nsis > Niys
5
NS

4. For all real numbers s < 1, the following diagram commutes

M5
M, s i > Miys
Vs
(o
N, > N}

Nt

Using this definition, the distance between any two persistence modules can be mea-

sured as follows:

Definition 2.3.7. (Interleaving Distance) Let M and N be persistence modules. Then

the interleaving distance between them is defined as
di(M,N) =inf(d | M and N are 6-interleaved) .

Remark 2.3.2. Let M and N be two persistence modules.

1. If M and N are not d-interleaved for any value of 9, then d;(M, N) = oo.

14



2. M and N are isomorphic if and only if they are O-interleaved.

Theorem 2.3.4. Let M and N be persistence modules. If M and N are -interleaved,

then they are S-interleaved for any real number § > 6.

Proof. Since M and N are d-interleaved, for all s € R there exist linear maps ¢; :

Mg — Ny sand ¢ : Ny — M, satisfying the following J-interleaving conditions

1. Forall s € R, ¢,,50 ps = MSSH(S
2. Forall s € R, s 501 = N§+26

3. For all real numbers s < ¢, ¢, 0 Mt = N;fj;g 0 Qg

4. For all real numbers s < ¢, 1, o N! = M!T% o,

To show d-interleaving between M and N, for all s € R let us choose the linear maps

®,: My — N sand 1, : Ny — M, 5 as follows
B.=N:top, and 9, = M) oeh,.

We will show that 3, and v, satisfy J-interleaving conditions:

1.
Yo50F, = MTZ oy, 50N o,
= M2 o My o s 0 0
= M0 MEf " o M
_ MSerQS_
Thus the first condition is satisfied.
2.

— s+26 _ s+0

Pots © 2/}s - Ns+g+5 ©Psts© Ms+6 © ws
_ ATs+26 s+046
=N 515 0 Nofas " 0 @srs 005

_ A7s+26 s+6+46 5+28
- NS_A,_S_HS © NS+25 © Ns

_ N5+25
o
Hence the second condition is satisfied.
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3. For the third condition, we will use the fact that ¢, satisfies d-interleaving con-
ditions and that N is a persistence module. Let s < ¢ be any real numbers.
Then we have

@oMt NfigogptoM;
t+5 t+0
= N5 oN500,
5
=N, stia ©Ps

t+0 s+6
N 7oNS+5o<pS

__pJHﬁ

4. Similarly, for the fourth condition, we will use the fact that v, satisfies d-
interleaving conditions and that M is a persistence module. Let s < t be any

real number. Then we get

— L pptte t
Y0 Ng = ti&od)ﬁoN

t+8 o ptto
=M © s

t+6 s+5
MLTS o9,
= Mo wziov,
Mo,

It follows that the fourth condition is also satisfied.

Hence we have showed that M and N are also d-interleaved, which completes the

proof.

O

2.4 Stability

The notion of persistence is based on measure-theoretic and algebraic structures. The
stability under data perturbations is its most essential characteristic. In other words,
slight variations in the data are indicative of slight variations in the measured persis-
tence. In this section, we will derive various stability results about persistent homol-

ogy by focusing on the concepts in [7]],[12].
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Definition 2.4.1. (Bottleneck Distance) Let D' and D? be two persistence diagrams
for fixed dimension p, and let ¢ : D' — D? be a bijection. Then the Bottleneck
distance between D' and D? is defined as

Wa(D', D) = infsup [ — 6(m) .
where m is a (persistent) point on D*.

Remark 2.4.1. W, satisfies all axioms of a metric, that is,

1. Wo(D*', D?) = 0 if and only if D' = D>
2. Wa(D', D2) = W (D2, D).

3. Wao(D?, D?) < Weo(DY, D?) + Wao(D2, D?).

Recall that, by Example[2.2.1] if X is a topological space, f : X — R s a function on
it and for a real number s, X, = f~!(—o0, 5] is the corresponding sublevel set, then
the image of the map f;* : H,(X,) — H,(X;) gives the p-th persistent homology
group for s < t.

To state the first stability theorem, we will give the following two definitions.

Definition 2.4.2. (Homological Critical Value) A real number s € R is referred to as
a homological critical value if there is no 6 > 0 such that f;*‘s’”‘s is an isomorphism
in every dimension p.

Definition 2.4.3. (Tame Function) A function f is considered tame, if it has a finite

number of homological critical values and the rank of all homology groups in all

sublevel sets is finite.

The following stability theorem indicates that the bottleneck distance between two

persistence diagrams is bounded above by the supremum norm.

Theorem 2.4.1. ([lI2|], Bottleneck Stability) Let X be a triangulable topological
space and f,g : X — R be two tame real-valued functions on it. For fixed di-
mension p, let D' and D? denote the persistence diagrams corresponding to f and
g respectively. Then the bottleneck distance between D' and D? is bounded by the

supremum norm, that is,
Weo(DY, D) < |If = glloo-

17



In other words, a minor difference between functions f and g corresponds to a minor

difference between their respective persistence diagrams.

Now, we will present a second distance definition associated with the second stability

theorem.

Definition 2.4.4. (q-Wasserstein Distance) Let D' and D? be two persistence dia-
grams for fixed dimension p, and let ¢ : D' — D? be a bijection. Then for any

positive real number q, the q-Wasserstein distance between D' and D? is defined as

q

W,(D', D?) = igf;|lm—¢(m)“go :
where m € D',

Remark 2.4.2. Similar to the bottleneck distance, W, satisfies the axioms of a metric.
In addition, it is worth to note that the bottleneck distance is the limit of Wasserstein

distance when q goes to infinity.

Now, let X be a triangulable topological space and let us consider a triangulation of
X which is a simplicial complex L together with a homeomorphism ¢ : |L| — X.
Letting the mesh of triangulation to be the maximum distance between the images of
two points in the same simplex in L. Let Mesh(r) denote the minimum number of
simplicies in a trangulation with mesh at most . We say that the triangulations of X
grow polynomially if there are constants c, j such that Mesh(r) < -5. The second

stability theorem is stated as follows:

Theorem 2.4.2. (//2], Wasserstein Stability) Let X be a metric space whose trian-
gulations grow polynomially with constant exponent j and let f,g : X — R be tame
Lipschitz functions. Then there are constants C and k > j no smaller than 1 such

that the q-Wasserstein distance between D' and D? is
1 2 -4
Wo(D*, D7) < CJlf = glloo *

where q > k, and D' and D? are persistence diagrams of f and g respectively.
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2.5 Probability and Statistics

In this section, we will provide a background in probability and statistics and give

two significant theorems by using the ideas in [2],[16],[18]] and [19].

Let B be a real separable Banach space with norm |[.|| : B — R, let (£2,.4,P)
be a probability space, and let X : (2, A,?) — B be a Borel random variable.
Then the composition of X and the norm ||.|| gives a real-valued random variable
| X]|| : @ - R. Let B* = {f : B— R| fiscontinous} denote the topological dual
space on 3. Then for a functional f € B*, the composition f(X) : 2 — Ris a

real-valued random variable.

Definition 2.5.1. (Expected Value) Let X : (Q, A, P) — B be a random variable.
Then the expected value (or mean) E[X] of X is defined as

E[X] = / X dp = / X (w) dP(w).
Q
Remark 2.5.1. The expected value for a specific random variable is often denoted by

. Also, the expected value of a random variable X summarizes the distribution of

X.

Definition 2.5.2. Let X, X, ... be independent random variables and have the same
distribution as a random variable X. Then we say that they are independent and

identically distributed (i.i.d.) copies of X.

Now, we will state a proposition that will be useful to prove the Central Limit Theo-

rem for Persistence Landscapes (3.4.2

Proposition 2.5.1. Let X be a random variable as defined above. If E[X] is finite,
then we have

IE[XTII < E[ X1

Let (X,,)nen be a sequence of B-valued random variables, let S,, = X; + ...+ X,
denote the sum of the first n-terms of the sequence (X,,) forn > 1, and let X, = %Sn

be the sample mean of the sequence (X,,).

Definition 2.5.3. (Convergence almost surely) Let X1, X5, ... be i.i.d. copies of a
B-valued random variable X. If P(X,, - X) = 1 as n — oo, then we say that (X,,)

converges almost surely (a.s.) to X, which is denoted by (X,,) = X.
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Now, we will can state the first important theorem as follows:

Theorem 2.5.1. (Strong Law of Large Numbers) Let S,, be a sum of n-i.i.d. copies of
X defined as above. Then X,, =3 E[X] if and only if E[|| X ||] < oc.

Definition 2.5.4. (Converges weakly) Let X be a B-valued random variable and (X.,)
be a sequence of B-valued random variables. If E[f(X,,)] — E[f(X)] as n — oo for

all bounded functionals f € B*, then we say that (X,,) converges weakly to X.

Definition 2.5.5. (Gaussian Random Variable) Let X be a random variable with
values in B. We say that X is Gaussian if for each functional f € B*, f(X) is a

real-valued Gaussian random variable with mean 0.

Definition 2.5.6. (Variance) Let X be a random variable with the expected value

E[X]. The variance of X is defined as
Var[X] = E[(X — E[X])?].

Remark 2.5.2. The variance is often denoted by o, where o is the standard devia-
tion. Also, the variance of a random variable of X gives information of the variability
of X, so large variance values indicate that X tends to fluctuate significantly around

its mean L.

Definition 2.5.7. (Covariance) Let X and Y be random variables. Then the covari-

ance of them is defined as
Cov[X,Y] = E[(X - E[X])(Y - E[}])].

Remark 2.5.3. By the linearity of expected value, one can express the covariance
of X and Y as Cov[X,Y]| = E[XY] — E[X|E[Y]. Also, for a random variable X,
Cov[X, X]| = Var[X]. The covariance measures how dependent X and Y are. In
other words,

e if X andY are independent, then Cov|X,Y] =0

e iflarger X values on average correspond to larger Y values, Cov[X,Y] > 0

e iflarger X values on average correspond to smaller Y vales, Cov[X,Y] < 0

e if X andY has a stronger dependence, Cov| X, Y| becomes higher (in absolute

value).
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Definition 2.5.8. (Covariance Structure) Let X be a random variable with values in

B. Then the covariance structure of X is given by Cov[f(X), g(X)], where f, g € B*.

Remark 2.5.4. A Gaussian random variable X is determined by its covariance struc-

ture.

Definition 2.5.9. Let X be a random variable with values in B and let X, X5, ... be

i.i.d. copies of X. We say that B is of type 2 if there exists a constant C' > 0 such that
1> +X1P <O I1X)°
i=1 i=1

Now, we will observe the second important theorem as follows:

Theorem 2.5.2. (Central Limit Theorem) Let X be a random variable with values
in B such that B is of type 2 (for example, B is equal to LP-space with p > 2). If
E[X] = 0 and E[|X||? is finite, then we say that \/n X,, converges weakly to a

Gaussian random variable with the same covariance structure as X.
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CHAPTER 3

PERSISTENCE LANDSCAPE

TDA has been limited in its application due to the difficulties of merging the sub-
ject’s primary tool, the barcode and persistence diagram, with statistics and machine
learning. To address this issue, Bubenik [2] proposes an alternate strategy, based on
a new summary called the persistence landscape. This descriptor’s primary technical
benefit is that it is a function, which enables us to leverage the vector space structure
of the underlying function space. Persistence landscape is a derivation of persistence

module, which constitutes the major algebraic object of study in TDA.

In this chapter, we will define a collection of functions that are derivations from per-

sistent modules and obtain some results using them by focusing the ideas in [2]].

Definition 3.0.1. For a given persistence module M = (M, M!), the associated
Betti number of M can be defined as

Bt = rank(M?) = dim(im(M})) .

By using this definition, we obtain the following result.
Lemma 3.0.1. For given real numbers s < t < u < v, we have the inequality
Bs,v S ﬁt,u.
Proof. Let s <t < u < v be given. Then we have M’ = M" o M}* o M! by the
definition of persistence module[2.3.1] It follows that

BV = dim(im(M?)) = dim(im(M} o M o M?)).

Since im(M? o M}* o M) C im(MY o M}*), we obtain 5°¥ < dim(im (MY o M}")).
Now it is enough to show that dim(im (M} o M) < dim(im(M}")).
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To show this inequality, let us restrict the function M} to the domain im(M}").
Then we have the map
Since this map is a linear map between vector spaces, we conclude, by the rank-nullity

theorem, that
dim(im(My i) < dim(im(My')).
Since M |imsy) = M o M}, we get dim(im(M,] o M}*)) < dim(im(M}')).

Hence the required result is obtained. That is,

55,1} < ﬁt,u‘

Our simplest function is the following function which we call the rank function.

Definition 3.0.2. The rank function \yq : R?> — R is defined as

gl b <d
)\bd(b, d) =

0, otherwise

Now we will adjust the coordinates so that the resulting function can be supported on

the upper half plane. Let

b+d d—>b
% and h:T’

m =
then we have the following new function.

Definition 3.0.3. The rescaled rank function \,,;, : R*> — R is defined as

ﬁm—h,m—&-h7 h Z 0
)\mh(m, h) =

0, otherwise

A large portion of our theory will apply to these straightforward functions. Neverthe-
less, the subsequent form, which we will refer to as the persistence landscape, have
several benefits.

First let us consider the following result.
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Lemma 3.0.2. For given real numbers h, and ho with the relation 0 < hy < hso,

pm=em*e is a decreasing function for a fixed m € R. That is,

ﬁm—hg,m—l—hz < Bm—hl,m-i-hl‘

Proof. Let m be a fixed real number. Since m — hys < m — hy < m+ hy < m+ ho,

we can choose our real numbers s, ¢, u, v in Lemma[3.0.1] such that
s=m—hyg,t=m—hi,u=m++ hy, v =m+ hs.

Hence, we successfully achieve our goal.

Now, we can define the persistence landscape as follows:

Definition 3.0.4. The persistence landscape is a function \ : N x R — R given by
Ak, t) = sup(m > 0| g™ > k)

where R = RU {—o00, 0o}. Alternatively, it can be viewed as a sequence of functions

M R — R, where M\ (t) = \(k, ).

The persistence landscape has the following properties.
Lemma 3.0.3. 1. A >0,
2. )\k(t) Z /\k+1(t), and

3. A\ is 1-Lipschitz.

Proof. The first two result can be obtained by the definition of the persistence land-
scape. Thus, we will prove the third conclusion.

‘We need to show that
|Ak(t1) — Ae(t2)] < [t —tof

where ¢, and ¢, are any different real numbers.
Now assume, without loss of generality, that A\, (¢;) > Ag(t2). Then it is enough to
show that

Ak(t1) — Ae(te) < |t1 —taf .
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If \;(t1) < |t1 — t2|, then we have the following inequality
Ak(t1) = Ae(tz) < A(th) < [t —tof

which implies the conclusion we need to obtain.
Hence we assume on the contrary that \(t;) > [t; — to].
Now let a be any real number with the condition 0 < a < A\g(t1) — |t1 — taf.

Then |t; — to| < Ag(t1) — a implies that we have
tl _t2 < )\k(tl) —a and a—)\k(tl) Stl _t2.
From the first inequality, we get t; — Ax(¢1) < t5 — a, and from the second inequality,
we have ty + a < t; + Ai(t1). If we combine these two results, then we have the
following inequality
th—Me(t) <to—a<to+a<t1+ N(t1).
Then, by Lemma [3.0.1] we have

6t2—a,t2+a > 6t1_>\k(t1)7t1+)\k(tl)

Also, by the definition of the persistence landscape [3.0.4] we get

Bh-Aut) i Ak(h) >
Recall that \;(2) is the supremum of the real numbers a such that g2~ %2+% > L If
we choose a = A (t1) — |t; — t2|, then we get the following inequality

Ak(t) = [t — ta| < Ai(t2),
which implies the required result, that is

Ai(t1) — Ae(t2) < [t — to] .

O

Remark 3.0.1. For a given persistence diagram D = {(b;, d;)}_,, the corresponding
rank function \yq(b;, d;) counts the number of points in the upper left quadrant of the
point (b;, d;) in D and the corresponding persistence landscape \y,(t) is the k™" largest

value of hat functions f, 4,)(t) for any point (b;, d;) in D where

0, t & (bi,d;)
f(bi,di) (t) = t - bi? t € [b“ bi;di]

d;—t, te[bih d]
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Figure 3.1: Top Left: the rank function, Top Right: the rescaled rank function, Bot-
tom Left: the persistence landscape in 2 dimension, Bottom Right: the persistence

landscape in 3 dimension [2]].

Example 3.0.1. Let D = {(3,9),(4,6), (5,11)} be a persistence diagram. Since we
have 3 points in diagram D, there are 3 triangles in the rescaled diagram that each
of them represents a peak function. Then the corresponding rank function, rescaled

rank function and persistence landscape are represented in Fig[3.1]

Remark 3.0.2. For a given persistence diagram D, the corresponding rescaled rank
function consists of isosceles right triangles such that each of triangles represents a
hat function and the bases of these triangles give a barcode structure (such as top

right in Fig corresponding to D.

3.1 Norms for Persistence Landscapes
In this part, we will discuss some of the results associated with norms for persistence
landscape, which are stated in [2]].

Let (X, A, ) be a measure space. Then for a given function g : X — R that is

defined p-almost everywhere, LP-norm and L°°-norm can be given by

loll; = [ loP o
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and
lg]lcc = ess sup g = inf{s|u{zx € X |g(x) > s} =0}

for 1 < p < oo, respectively. Now if we choose X = N x R, then the persistence
landscape A : N x R — R corresponding to a barcode or a persistence diagram is
an element of L? space for 1 < p < oo. Hence, similarly, we can define norms for

persistence landscape as follows

IAIE =D Il and [\l = sup [ A ()]

k=1

where || Ac[B = [7 | Ae(t)]P dt.

Assume that we have a persistence diagram D and let A\, A,y and \,,; be the cor-
responding persistence landscape, the rank function and the rescaled rank function

respectively. Then we have the following result.

Proposition 3.1.1. (/2|], Proposition 5)

LM = [ Amall = 31 Awalls = $Persa(D)

2. [Mlse = [Millsc = 3Persc(D),

where Persy (D) is the degree-2 total persistence and Pers..(D) denotes the length of

the longest interval.

Proof. Let p = 1. Then, by the above definition of L”-norm for persistence land-

scapes, we have

A =3 el
k=1
=3 [ It
k=10

= Z Area under A\ (t)
k=1

= Z Area under f ()
k=1
— Z h2,
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where h; = 4% for a point (b;, d;) in D. Note that the sum of the area under A (t)
is equal to the sum of the volume under \,,,,(¢). Thus [|A||; = ||Ann][1- On the other
hand, if we observe Persy (D), we obtain the following equalities

Persy(D) = Z(dz —b;)? = 24}%2 = 4| Amnlf1-

7

Similarly, each point (b;, d;) in D contributes 22 to the volume || A\yq||1, SO we have

[ Apall1 = D2, 2h% = 2||\unll1- Hence we obtain the result

1 1
Al = [[Amnlls = §||)\bd||1 = ZP@TSQ(D).

Now for the second part of the proof, we will use Proposition [3.1.1]
By Proposition [3.1.1] persistence landscape is a decreasing sequence of functions.

Hence we have

Moo = sup [IAc(E)} = [[Arloe

Since \; is derived from hat functions, we have ||\1||o. = sup, h;. When we write

@ instead of h;, we get the following desired equalities

d; — b; 1
HAHOO—||A1Hoo_suphi_sup( : )_gpmw(p).

3.2 Mean Landscape

In this section, we define mean of persistence landscapes and see the difference be-
tween persistence diagrams and landscapes in terms of means. We can utilize the

vector space structure of LP(N x R) in order to define the mean landscape X as
X(t) 1§njx'<t> for keN
= — or .
’ n i=1 ’

In the following example, we see that one of the most important differences between
persistence diagrams and landscapes, which is unlike persistence diagrams, mean of

persistence landscapes is unique.

Example 3.2.1. Let us assume that we have two different persistence diagrams whose

rescaled rank functions are coloured by green and red on the top left in Fig [3.2]
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Figure 3.2: Mean of two persistence landscapes [2].

The mean of these diagrams is not unique. In other words, there are two possible
means which are coloured by blue and black on the top left in Fig[3.2] On the other
hand, these two distinct persistence diagrams correspond to two distinct persistence

landscapes that have a unique mean on the bottom right in Fig[3.2]

3.3 Distance and Stability for Persistence Landscapes

In this part, we will use the definitions in [2].

Firstly, we will give the definition of the landscape distance and demonstrate that it is
a stable summary statistic for persistence landscapes. Additionally, we will show that
the landscape distance constrains the bottleneck and Wasserstein distances. Let A!
and \? be the persistence landscapes corresponding to persistence modules M* and
M?. For 1 < p < oo, we define the p-landscape distance and oo-landscape distance

between these persistence modules by
Ap(M A2 = [N = N[, and Aso(MY, M%) = X' = X2l

Similarly, for given persistence diagrams D' and D?, if A\! and \? are their corre-

sponding persistence landscapes, then we define the landscape distances between D*
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and D? as follows:
A(D, D?) = N = X, and An(D', D?) = A = .

Recall that, by Theorem[2.3.1} if X is a topological space and f : X — Ris a function
on it, then we can define its corresponding persistence module M (f). Now we will
give two theorems which will be needed for the first stability theorem (co-Landscape

Stability Theorem).

Theorem 3.3.1. (/2|], Theorem 17) Let X be a topological space, f,g : X — R be
functions on it and let M (f) and M (g) be their corresponding persistence modules.

Then
Ass(M([), M(g)) < di(M(f),M(g)),

where dr(M(f), M(q)) is the interleaving distance between M (f) and M (g).

Proof. Let AM() and A\M(9) denote the persistence landscapes corresponding to the
persistence modules M (f) and M (g) respectively. Assume M (f) and M(g) are
o-interleaved. It follows that for a real number ¢ and m > §, we have the following

compositions

M(f)t—m = M(@)t—mrs = M(g)txm—s — M(f)trm-

Then, by Lemma [3.0.1, we have rank(M (g);*7%) > rank(M(f);=). In other

t—m+0 t—m

words, we obtain the following inequality
Bt_m+6’t+m_5(M(g)) Z ﬂt_m’t+m(M(f)>.

Now if we take m = /\ka(f) (t) > ¢, then we have

M(f)

ﬁt’Ak (t)+5,t+/\iw(f)(t)75(M(g>) > ﬂtf)\gj(f)(t),tJr)\]kw(f)(t)(M(f>) >k forall k > 1.

By the definition of the persistence landscape A\(9), we get
A () > A (1) — 5 forall k > 1.

Hence |[MM) — \M9)|| < §. If we take the infimum over &, then we obtain the

required result as follows

Ao (M(f), M(g)) < dr(M(f), M(g))-
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Theorem 3.3.2. (/3)], Stability Theorem) Let f,g : X — R be functions on a topo-
logical space X and let M (f) and M (g) be their corresponding persistence modules.
Then

di(M(f), M(9)) < lf = glloe-

Proof. For given functions f and g, let § = ||f — g||o. Then it is enough to show
that M (f) and M (g) are d-interleaved. Since § = || f — gl|oo, f~(—00, 5] is a subset
of g~ !(—o0, s + 4], and similarly g~ (—oo0, s] is a subset of f~!(—o0, s + 4] for all

s € R. In other words, we have the following inclusion maps

is: f 1 (—00,8] = g ' (—00,5+6] and j,:g '(—o0,s] = [ (—00,s+ 4]
Also, by the definition of sublevel sets, we have the following inclusion maps
50 f (o0, 5] = fH(—00,5+8] and ¢ : g7 (—o0,s] = g (—o00, s+0],

for all s € R. Since the four maps above are inclusions, the following two diagrams

commute for all s € R

fs+26

—00, § + ¢

—00, s + 20]

—00, 8 + 0]

s+2§
9s

—00, 5 + 20]

s+26

In other words, we get 572 = j,. 5 04, and ¢° = 1545 © Js. Now if we apply

homology functor to these diagrams for fixed p, then we get the following diagrams:
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fs+25

H,(f (—00, s 4 24])
\ A
—00, 5 + 9])
—00, 5+ 0])
/ \%Jri
H,(g =T (—o0, s +24])
p

Since homology functor is covariant, we obtain H,(f57%) = H,(js1s) o H,(is) and
H,(g57%) = H,(isys)0 H,(js). It follows that the two diagrams above also commute.
Note that H,(f5*2) = M(f)5*2 and H,(g5*%°) = M(g):*?. Now let us choose
our linear maps as ¢ = H,(is) and ¢y = H,(is). Then we have the following two

required results

M(f)§+26 = ws—i-& © Ps and M(9)2+26 = Ps46 © 1/13‘

Now we will observe other two diagrams that are needed in order to say that M ( f)
and M (g) are d-interleaved for 6 = || f — g||~. For given real numbers s < t, by the

definition of sublevel sets, we obtain the following inclusion maps

flof Y (—o0,s] = f(~00,t] and ¢’ :g ' (—o00,5] = g ' (—o00,t].

s

Since four maps g, Js, Lf gﬁ, are inclusion, the following two diagrams commute for

all s <t

ft
fﬁl(_ooﬂg} > ” fﬁl(_ooat]
Iy
Is
g1 (~00, 5 + 4] gl (o0t 49
gs+(5
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ft+<5

FH (00,5 + 4] T fY(—00,t+ ]
Js
Jt
g_l(—oo, S] t ’ g_l(—oo,t]
9s
In other words, we get i; o f! = giig oizand j; 0 g\ = sig o js. Now if we apply

homology functor for fixed p, then we obtain

Hp(it) © Hp(f;) = Hp(gﬁig) © Hp@S) and Hp(jt> © Hp(gi) = Hp(fstig) © Hp(jS) ;

which implies the following two required results

M(g)500s = w0 M(f), and  M(f). 15005 =t 0 M(g),.

Hence M (f) and M(g) are d-interleaved for § = || f — g||oo. If we take infimum over
0, then the interleaving distance between persistence modules is bounded above by
supremum norm. That is, d; (M (f), M(g)) < ||f — 9|oo -

0

Now we can state the first stability theorem.

Theorem 3.3.3. (/2l], co-Landscape Stability Theorem) Let f,g : X — R be func-
tions on a topological space X. Then oo-landscape distance between their corre-

sponding persistence modules is bounded above by the L°°-norm of these functions.

That is,

In other words, co-landscape distance is relative to the supremum norm. Note that f

and g are not subject to any assumptions.

Proof. By Theorem [3.3.1] we know that

Aso(M(f), M(g)) < di(M(f), M(g)) .
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Also, by Theorem@], we have

dr(M(f), M(9)) < |lf = gl -
Hence we obtain the desired result

Ao (M(f), M(9)) < [If = gllse -

]

We will see that we can bound the co-landscape distance by the bottleneck distance
later. Before we state this result, we will give some definitions and provide some

propositions which are stated in [6].

Definition 3.3.1. (Partial Matching) A partial matching M between persistence dia-

grams D' and D? is a collection of pairs
(m',m*) € M C D' x D?

such that:

e forallm' € D' there is at most one m? € D? such that (m', m?) € M,

e for all m? € D? there is at most one m' in D' such that (m', m?) € M.

Definition 3.3.2. (§-matching) A partial matching M is called a §-matching if all of
the following conditions are true:

o if (m',m?) € M, then ||m' — m?||,, <4,

e ifm!' € D' is unmatched, then |m' — Al <6,

e ifm? € D? is unmatched, then |m? — Al <6,
where A is a set of persistence points on the diagonal of a persistence diagram.

Let D! and D? be persistence diagrams, and M* and M? be their corresponding
decomposable persistence modules respectively. Assume that there exists §-matching
between D' and D?. Since each point m' in D! and m? in D? correspond to the
interval summand I(m') of M* and I(m?) of M?, we can construct a partial matching
between interval summands of M! and M?. Then each pair (I(m?),1(m?)) is one of

the followings:
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e a pair of matched intervals
e I(m') is unmatched and I(m?) = 0

e [(m?) is unmatched and I(m') = 0

Now we can state the following proposition.

Proposition 3.3.1. ([6], Proposition 4.5.) Let M', M?, N, N? be persistence mod-

ules. Then we have the following result
di(M* ® M?*, N' @ N?) < max(d;(M"', N'),d;(M? N?)).
More generally, if we take M = @;c; M and N = @®,c;N*, then we get
di(M,N) < sup(d;(M*, N*) |i € J).
Proof. Let § be any number which is greater than max(d;(M*, N'),d;(M?, N?)).
Then M* and N are d-interleaved for i@ = 1,2. To prove the proposition, we will
show that M = M' @ M? and N = N! @ N? are d-interleaved. Since M' and N!

are d-interleaved, for all real numbers s € R there exist linear maps ('), : (M*1), —

(NYeysand (1), : (N1)y — (M?'),, s such that for all s € R, we get
(WN)ss0 (1) = (M) and (¢")srs50 (¥1)s = (NI,
and for all s < ¢, we have
(N0 (0h)s = (Mo (MY), and  (MN)T50 (1), = (1) o (N1,

Similarly, since M? and N? are d-interleaved, for all real numbers s € R there exist
linear maps (¢?), : (M), — (N?)s4s and (¢?)s : (N?)y — (M?),,5 such that for

all s € R, we have
(0%)s45 0 (9%)s = (M) and  (p%)ss5 0 (¥%)s = (N?)77,
and for all s < ¢, we obtain
(N5 0 (9%)s = (¢")e o (M?); and  (M?)F50 (V?)s = (4*): o (N?).
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Recall that, by Theorem [2.3.1] for given persistence modules A/ and N, the direct
sum M & N is also a persistence module.

Now, for all s € R, let us choose our linear functions ¢, and ), such that
ps i (M")s & (M?)g = (N')oys & (N?)sps

sends a point (z,y) € (M), & (M?), to the point ((©!)s(x), (¢*)s(y)) and
st (NY)s @ (N?)g = (M) o15 ® (M?) 415

sends a point (z,y) € (N'), & (N?), to the point ((¢')s(), (1?)s(y)). We will show
that ¢, and 1), satisfy the d-interleaving conditions between M*' @ M? and N! ¢ N2

1. For all s € R, we have

(( s+57 s+6) ((901>s> (902>s)
(( s+4 O 57 (¢2)s+6 © (§02)8)
(M

s+26 M2)s+26)

weré o Ys =

s+20
Mo+,

2. Similarly for all s € R, we have

Pst6 0 s = s ( s+6) ((@Zjl)s’ (77/12)5)

((¢")
(( s+6 O 87 (SO )s+5 © (¢2)8)
(N

s+25 N2 s+25>

s+20
No+28,

3. For all real numbers s and ¢t with s < ¢, we obtain

t+9 _
Ns+5090s_

((NDES, (N2)E5) o ((01)s: (¢)s)
= ((NH55 0 ()5, (N?)H5 0 (0%)s)

((")e o (M), (£%)e 0 (M?)Y)

((

Des (97)e) o (M), (7))



4. Similarly for all s < t, we have

s )15) o (1) (8)s)
NS o (1), (MP)E5 0 (¥7)s)
Do (NYL, (%) o (N?)Y)

Des (%)) o (N5, (N?)S)

Hence M' @ M? and N' @ N? are d-interleaved. It follows that we get
di(M"® M?* N'@ N?) <6.

Since ¢ is any number which is greater than max(d;(M*, N'), d;(M?, N?)), taking

infimum over §, we obtain the required result as follows
dy(M"® M?* N'@® N?) < max(d;(M*', NY),d;(M?, N?)).
[
Proposition 3.3.2. ([l6]], Proposition 4.6.) For given points m' = (b',d") € D' and
m? = (b?,d*) € D? let I(m') and 1(m?) denote their corresponding interval sum-

mands of M' and M? respectively. Assume that (I(m'),1(m?)) is a pair of matched

intervals. Then we have the following result
dr(I(m'), I(m?)) < [Im" —m?|«,

where ||m' — m?||, = max(|b' — V?|,|d" — &?|).

Proof. Recall that, by Definition if there exists a d-matching between I(m')
and I(m?), then [[m! — m?| < 5. We will show that if |m! — m?||, < 4, then
I(m') and I(m?) are d-interleaved. Let & > max(|b' — b?|,|d" — d?|). We treat the
case b!, b2, d', d? are all finite (infinite case is similar).

Recall that, by Definition for a point (b,d) in D, the corresponding interval
module I(b, d) has vector spaces I, over F for s € Z and linear maps I’ for s < ¢

such that

F, b<s<d g, b<s<t<d

0, otherwise 0, otherwise
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where F is a field. Now let (I'), and (/?), denote the vector spaces belonging to

I(m') and I(m?) respectively. Let us define a function ¢, : (I'), — (I?)s,s such that

L, (Il>s = ([2>s+6 =F
Ps =
0, otherwise

and define another function v, : (I?), — (I')s.s in a similar way. It is enough to
show that the functions (, and 1), satisfy the J-interleaving conditions.

Firstly, we will show that
Ps15 0 s = ([1>2+26'

To do so, we consider the following diagram

(Il)§+2§
- (1)
()

This diagram commutes if and only if the following configuration does not exist

(1)

s+26

s+6
F———F
A4
0

Now assume that we have such a configuration, that is

(Il)s =F ’ (11)84—26 =F

>~ 7

([2>s+6 =0

From the first row of the above diagram, we get
b' <s<d' and b <s+25<d.
Moreover, by the assumption, we have
§>|b' —b* and &> |d' —d?.
Combining these four inequalities to get the following inequality
V< +6<s+d<d —6<d.
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In other words, we obtain * < s + § < d?. It follows that we have (1?),,5 = T,

which contradicts to the second row of the diagram.
Now we will show the second d-interleaving condition, that is
5
Pst6 0 Y5 = (12)§+2 .

In this case, similarly, the only forbidden configuration is

F—F
0
Since (I?), = F and (I?),,95 = IF, we have the inequalities
b»<s<d® and b’ <s+26<d

Then we get b' < s+ § < d' in a similar way as the previous part. It follows that

(I')s4s = T, which contradicts to the second row of the diagram.

For the third d-interleaving condition, let £ > 0. Then we will show that

(3157 0 0 = a0 (T3

Now let us consider the following diagram

]1 s+t
1
I s+t
\\\\N \\sz
12
s+5 (]2 s+t+0 S+t+5
s+6

In this case, we have two possible forbidden diagrams as follows

F——F F———0

NN NN

0 — F F—F

If we look at the first diagram, we get (/'), = F and (I!),,; = F from the first row,

and (1?),5 = 0 and (I?)s, 4,5 from the second row. It follows that
b'<s<s+t<d and b’ <s+t+6<d
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Hence we obtain b*> < s + § < d?, which gives a contradiction since we know that
(I*)s45 # T from the second row.

Now let us consider the second diagram. Then we have (I'), = F and ('), = 0
from the first row. Also we get (I 2)s+5 = Fand (1 2)s+t+5 = IF from the second row.

From the first equality, we conclude that
b <s<dh.
Also we obtain the following inequalities from the second row
P<s+t<s+t+d6<d.

Since (I')s4; = 0, the possible values for s+t are s +¢ < b' and s +¢ > d'. But we
know that b' < s < d*, so the first case becomes impossible. Thus we get s+t > d*.

After combining all inequalities, we have
s+t<d®—6<d,

where the first inequality comes from s+ ¢4° < d?. Therefore, we get a contradiction

since s + ¢ > d'.
Now, for the last d-interleaving condition, we need to show that V¢ > 0, we have
([1>§if5+6 © Z/}s = ws+t o ([2)§+t~

The only forbidden configurations are the same as in the previous part. Then, by the
symmetry, it can be concluded that these two configurations cannot exist.
Therefore, ¢, and 1, satisfy d-interleaving conditions, which implies I(m') and

I(m?) are d-interleaved. Thus we have the following required result
dr(I(m'), I(m?*)) < Im" = m*|lc (< 9).
O]

Proposition 3.3.3. ([6], Proposition 4.7.) Let m = (b, d) be a point in D and I(m)
be the corresponding interval module, and let 0 denote the zero persistence module.

Then we have

Note that if d = oo, then d;(I(m),0) = co.
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Proof. Let I, and I denote the vector spaces and the linear maps belonging to the
interval module I(m). We will find the required condition so that I(m) and 0 can be
d-interleaved. To find this condition, assume that (/) and 0 are J-interleaved. Then
Vs > 0, there exist linear maps ¢, : I, — 0sy5 and ¢, : 05 — I, 5. Note that o, and

1, are zero maps and they satisfy the following d-interleaving conditions
1. Forall s >0, 1,50, = I[5+%
2. Forall s >0, 50, =0+%
3. Foralls <t, 0%0¢, =0l

4. Forall s < t, Iﬁigows =1 00!

The conditions 2, 3 and 4 are obvious since ¢, and 1) are zero maps. Hence, we will

observe the diagram of the first condition

s+26
I L >
s 7 Ls426

D

08-‘,—5

Since this diagram commutes by the assumption, /572° must be zero map. This holds

when b < s < d and s + 20 > d. From these inequalities, we get
s+ 26 > maz (b+ 20,d).

It follows that we obtain the desired result

d—b
5> 40
-3

Therefore, if I(m) and 0 are /-interleaved, then 6 > %. After taking infimum, we

prove the following equality

]

Now we can state the theorem that shows the relation between the interleaving dis-

tance and the bottleneck distance.
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Theorem 3.3.4. ([l6l], Theorem 4.9.) For given persistence diagrams D' and D?, let
M and M? denote the corresponding decomposable persistence modules. Then we

have

di(M", M?) < W (D", D?).

Proof. Note that the persistence modules M* and M? are the direct sums of interval

modules. By Propositions[3.3.1]3.3.2]and [3.3.3] we show that whenever there exists a

d-matching between M*! and M?, the interleaving distance between these modules is

less than 4, that is d; (M*, M?) < §. By taking infimum, we obtain the required result
di(M*', M?) < W, (D', D?).
[

Now we can state one of the main theorems showing that the co-landscape distance

between two persistence diagrams can be bounded by above.

Theorem 3.3.5. Let D' and D? be persistence diagrams. Then
As (D', D*) < W (D', D?).

Proof. For persistence diagrams D' and D?, let M and M? denote their correspond-

ing persistence modules respectively. By Theorem (3.3.1] we have
Aoo(M*', M?) < dy(M", M?).

By the definition, the oo-landscape distance between M' and M? is the same as the

oo-landscape distance between D! and D?. That is,
Aoo(M*, M?) = Ao (D', D?).
Also, by Theorem [3.3.4] we know that
dr(M", M?) < W, (D', D?).
By combining these two results, we can show

A (D', D?*) < W (D", D?).
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Let D' and D? be persistence diagrams. For persistent points (m'); = (b}, d;) € D*

and (m?); = (b3,d7) € D? let (I')j = dj — b; and (I*)j = di — b} denote the
persistence of (m'); and (m?);. If D' = {(m'),} and D* = {(m?);}, let Pers;(D"')
and Pers;(D?) denote the degree-k total persistence of D' and D?. Now any bi-
jection ¢ : D' — D? can be represented by ¢((m');) = (m?);, where j € J
with |J| = |D!| + | D?|. For a given bijection ¢, let ¢; denote the L>°-norm between

matched persistent points, that s, e; = ||(m'); — (m?);]lcc = max(|bj — b3, |d} —d3]).

Theorem 3.3.6. ([2|], Theorem 14) If n = |D'| + |D?|,

n n

2
A, (DY, D?))’ < ming.pi_pe e + e“
(Ap( ))" < ming.pisp ;( Gt oI 2.

Proof. Let D' and D? be persistence diagrams and ¢ : D' — D? be a bijection
such that ¢(m') = m? for persistent points m! € D' and m?> € D?. Let \! and
A\? denote the corresponding landscapes for D! and D? respectively. By definition of

p-landscape distance, (A, (D', D?))" = ||A! — X?||2. Then we have

I3 =l = [Nk 0~ 2P
_Z/W ()P dt
= [ 3o -

Now, we fix t € R. Let u;(t) = A ({m'})(1,¢) and v;(t) = A\*({m?})(1,¢). For
each ¢, let uy < w(),. .., Ux) be an ordering of uy(t), ua(t), ..., u,(t) and let vy <
V(2), - - -, U(n) be an ordering of vy (t), va(t), . .., v, (t). It follows that

M(1) = g in(t) and N2(8) = v (1)
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Thus we get the following result.
P A DU

k=1

= /Z |U(n—r+1)(t) = Vn—kt1) () [" di
k=1

= / D lugy (8) = vgy ()P dt
k=1

< /Z un(t) — v (B)]P dt
k=1

=3 [t~ wytop a

j=1

n

- 2
E 1 § +1
7=1 7j=1

where the two inequalities are proven in Lemma 18 and Lemma 19 in [2].

Now, as a corollary to the previous theorem, we will show that the p-Wasserstein

distance can be bounded from below.

Corollary 3.3.1. Let ¢ be a matching between persistence diagrams D' and D>.

Then we have

(Wp(D17D2)>p > min <1,% |:W00(D1,®) + ]ﬁ - (AP(DI,DQ))p> :

where W, (D', () = %supj(d1 — b})forpoints (b}, d}) e D

J J> g

Proof. Let us choose ¢ as a minimizer for W,(D*', D?) with corresponding ¢;. Note

that in this case, we have
1
Wp(DlaD2> - (Z 6?) :
J

If Wp(Dl, D2) > 1, then 1 is a lower bound; so we are done. Thus, we assume that

W,(D', D?) < 1. It follows that ¢; < 1. By Theorem|3.3.6] we get
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From the last inequality, we obtain the following result
2
(Ap(Dl’ D2))p S (QWOO<D17 @) + ?) (VV}O(Dl7 DQ))P
p
whenever W, (D', D?) < 1. Hence, we can bound the p-Wasserstein distance by

below.

]

Now, the following corollary to Theorem [3.3.6 will be needed to show the second

stability theorem which is called p-landscape stability theorem.

Corollary 3.3.2. Let ¢ be a matching between persistence diagrams D' and D?, and

let p > k > 1. Then we obtain the following inequality
(Ap(D", D))" < Gy (Weo(D, D))",

where

Co = Wao(D',0) (Persy(D") + Persg(D?))+ 17 (Persyy1(D') + Persy1(D?)).

Proof. Let us choose ¢ as a minimizer for W, (D', D?) with corresponding ¢;. Note
that in this case, we get
W (D', D?) = supe; .
J
Ife; > (l% + @, then modify ¢ to pair (m'); = (b;, d7) € D' with

(m):(b}w} b; + dj
! 2 2

)
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and similarly for (m?); € D?. Then we get

(1), (1%); ‘

[(m1); = (Tl = 5 .

In other words, ¢ is still a minimizer for W, (D", D?). Recall that ({*); < 2W (D', ).

and  [|(m?); — (m?)j]ls =

Then forall j = 1,...,n, ¢; < W (D', D?) = sup,¢; since ¢ is minimizer. Let

p > k > 1. Then ,by applying our choice of ¢ to Theorem [3.3.6, we obtain

n n

2 1
(8D D7) = WD) 8t o 5!
1 y2\\P—k 1 - k 2 - k+1
< (Wa(D', D?) (QWOO(D ,0) 2 € + 1 ;ej )
< (Wao( D', D))" G

where Cy = Wi (D', 0) S0 [Nk + ()4 + - 20 [(h)

k+1 2\k+1
j=1 p+1 Lj=1 j +(l )j }

J
By the definition of the degree-k total persistence, we can write Pers;(D') instead
of 377, (I')}, and similarly for D?. Hence we obtain the required result.

]

For the second stability theorem, we use ideas in [8]]. Let X be a metric space. Then
we say that it implies bounded degree-k total persistence if there exists a constant

Cx i such that Persy, (D(f)) < Cx for all tame Lipschitz functions f : X — R with
Lip(f) < 1.

Theorem 3.3.7. (/2], p-Landscape Stability Theorem) Let X be a triangulable, com-
pact metric space and let f,qg be tame Lipschitz functions on it. Assume that for

k > 1, X implies bounded degree-k total persistence. Then we have

(Ap(D(f), D(9)))" < Cillf — gllE*
forall p > k, where D(f) and D(g) denote the persistence diagrams for f and g,
and Cy = Cx || flloo(Lip(f)* + Lip(9)*) + Cx g (Lip(f)* ! + Lip(g)*+").
Hence, if p > k and X implies bounded degree-k total persistence, then the stability

of the persistence diagram in relation to the p-landscape distance.
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Proof. By Corollary[3.3.2] we have

(Ap(D(f), D(9)))" < Co (Wao D(f), D(9)))"™",

where () is the value defined in Corollary Since f and g are tame functions,
by the bottleneck stability theorem [2.4.1] we get

Weo(D(f), D(g)) < If —9lle and Wee(D(f),0) < [[f]lce-

Also, we know that if Pers,(D(f)) < Cx for all tame Lipschitz functions
f X — R with Lip(f) < 1, then for general tame Lipschitz functions we have
Persy(D(f)) < CxxLip(f)*F. Combining these results, we complete the proof by

the following inequalities
(Ap(D(f): D(9))" < Co (Wee( D(f), D(9)))" " < Cullf — gl

where C1 = Cx || flloo (Lip(f)* + Lip(g9)*) + Cx 15 (Lip(f) + Lip(g)*).

]

3.4 Statistical Treatment of Persistence Landscapes

In this section, we will use the definitions and theorems stated in Section[2.3]

In the typical TDA paradigm, one begins with data encoded as a discrete set of points.
Then one applies a geometric construction to which one uses algebraic topology tech-
niques. The final output is called a topological summary of the data. Barcodes and
persistence diagrams are typical topological descriptors. A topological summary can
be seen as a random variable, X, on some underlying probability space (€2, F,P) as

follows:

Data (Q, F,P) S, GEEN Summary Space (SS, A, P.)

where the summary space S5 (the space of barcodes or persistence diagrams) has a
metric, A is the corresponding Borel o-algebra, and P, is the probability measure on
5SS obtained by pushing forward P along X. Now, our aim to view a persistence land-

scape as a (Borel) random variable with values in a separable Banach space L?(S.S)
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for p > 1. One can imagine that a persistence landscape, A, uses a barcode (a finite
collection of finite intervals) to generate piecewise linear functions. In other words,
it builds a new summary space, L”(SS), from the existing one. This structure can be

represented by the diagram shown below:

Data (Q, F,P) X Summary Space (SS, A, P,)
A

Summary Space (L (SS), A, P.)

Composing the constructions above, one can obtain a new random variable, A, which

is called the persistence landscape corresponding to X:

Data (Q, F,P) X Summary Space (S5, A, P.)

A A

Summary Space (LP(SS), A, P,)

In other words, if X is a random variable on a probability space (2, 7, P), then for
w € Q, X(w) becomes the data (barcode or persistence diagram) for the persistence
landscape A, and A(w) = A(X(w)) =: A is the corresponding topological summary

statistic.

Note that, by the definition of persistence landscape, we can take the summary space
SS = N x R to get a separable Banach space L?(N x R). Thus, we obtain the
following diagram summarizing our construction for a persistence landscape as a

random variable:

Data (Q, F,P) » Barcode (N x R, A, P,)

A A

Persistence Landscape (LP(N x R), A, P,)
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where the X and A denote the topological summaries barcode and persistence land-

scape as random variables.

Since persistence landscapes are Borel random variables with values in a separable
Banach space LP(N x R) for p > 1, we can apply the results indicated in Section
For example, Strong Law of Large Numbers can be directly applied to

persistence landscapes. Hence, we can state it without giving a proof as follows:

Theorem 3.4.1. (Strong Law of Large Numbers for Persistence Landscapes) Assume
that X is a random variable with the corresponding persistence landscape A. Let
X1, Xs,..., X, beiid. copies of X, let A, A, ..., A" be the corresponding persis-
tence landscapes, and let " denote the sample mean of the sequence (A")_,. Then

A" converges almost surely to E[A] if and only if B[|A||,) is finite.

Let A and A" be defined as in the previous theorem3.4.1}, and let ||.||, : L?(N x R) —
R denote the corresponding L”-norm. Then we can state the following theorem using

the concept in Theorem [2.5.2]

Theorem 3.4.2. (Central Limit Theorem for Persistence Landscapes) Let p > 2. If
the expected values E[||A||,] and E[||A|2] are finite, then V(A" — E[A]) converges

weakly to a Gaussian random variable with the same covariant structure as A.

Proof. To prove the theorem, we can take X = A — E[A] in Theorem [2.5.2] By the

linearity of expected value, we get
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Similarly, we can compute the expected value of || X ||? as follows:

E[1XI°] =B [[IA —E[A]l;]
<E[(IAll, + IE[A]])°]
= E [|All; + IEAJ[ + 2 [ELA]]l, [[All,]
= E [[[AI[;] + IE[A]Il; + 2 |E[A] [l E[[lAll]
<E [[IAI7] +E [IAll) + 2E [l E [IAll]
=E [JAl] +3E[IA]L)”
< 0.

Note that we obtain the first inequality by the triangle inequality for norms, second
inequality by |E[A]||, < E[||Al|,] (Proposition for persistence landscapes) and
the third inequality by the assumption that E[||A[|,] and E[||A||] are finite.

Since E[X]=0 and E [|| X||?] < oo, the conditions to apply Central Limit Theorem
are satisfied. Hence, v/n X, converges weakly to a Gaussian random variable, where

v/n X, can be computed as follows:
— l &
X,=vn—>» X
VX, =vn- 2
-V (A
"o
=Vn lzn:/v‘ — liﬂzw]
' i

\/E<K” % ]E[A])
= v/n (A" —E[A])

Thus, the proof is completed.

Now we will apply a functional to the persistence landscapes to get a real-valued

random variable satisfying the usual central limit theorem.
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Corollary 3.4.1. Let p > 2 and let the expected values E[||A||,] and E[||A|?] be finite.
Forany f € L1(SS) with % + % =1, let

Y: A: Al-
/sz 1A

Then /n(Y ,—E[Y]) converges in distribution (or converges weakly) to N (0, Var[Y]),
where N (p,0?) is the normal (or Gaussian) distribution with mean u and variance

o2, It can be represented as follows:
V(Y —E[Y]) % N(0,Var[Y]),

where d denotes convergence in distribution.

Proof. By the previous theorem [3.4.2] we know that X = A — E[A] satisfies the
central limit theorem in LP(SS). It follows that for any functional g € LP(SS)*, the
real random variable g(X) satisfies the central limit theorem in R, that is, v/n g(X),,
converges in distribution to a Gaussian random variable with mean 0 and variance
E[g(X)?]. Let f € L9(SS) such that  + & = 1. If g(h) = [4q fh, then we have the

desired result

g(X)=Y —E[Y] and E[(9(X)?] = VarlY].
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CHAPTER 4

EXAMPLES

In this part, we will present two examples which are given in [2]. Before giving them,

we will provide a background for statistical inference by using the definitions in [[19].

In statistics, one of the main goals is to gain information about an unknown parameter.
There are some methods to achieve this goal. For example, one can approach this
unknown parameter by making a pointwise prediction (point estimator). On the other
hand, if such a prediction is difficult, the value of an unknown parameter can be
estimated by finding an interval (confidence interval) to which it belongs. Now, we
will provide a necessary background in order to estimate the value of an unknown
parameter. This background will be useful for the examples that will be given at the

end of this section.

Definition 4.0.1. If the random variables X1, Xo, ..., X,, are independent and iden-

tically distributed (i.i.d.), then they constitute a sample.

Definition 4.0.2. (Point Estimator) A random variable 7 is called an (point) estimator
of an unknown parameter -y if it is used to estimate the value of y. The observed value

of an estimator 7 is called an estimate of .
Remark 4.0.1. An estimator can be seen as a function on a sample.

Definition 4.0.3. An estimator 7 of vy is called unbiased if E[y| = ~. If an estimator

is not unbiased, then it is called biased.

Example 4.0.1. For a given sample X, Xs, ..., X, with mean . and variance o,

the sample mean is defined as



and the sample variance is defined as

n

> (X - X))

i=1

9 1

n—1

The sample mean X ,, is an unbiased estimator of y and the sample variance s* is an

unbiased estimator of o>

Remark 4.0.2. The square root of the sample variance is called the sample standard

deviation, denoted by s.

Definition 4.0.4. (Confidence Interval) Let X1, X, ..., X, be a sample and ~ be an

unknown parameter. Let py and py be functions of this sample such that
Plpr <v<p2)=1-a,

then the interval [py, ps] is referred to as a confidence interval for v with confidence

level 1 — .

Remark 4.0.3. For a technical reason, the above probability is given as 1 — a. The

reason for this notation will be explained later.

The most common way to calculate a confidence interval of an unknown parameter
~ is finding its estimator 7. There are different methods to find an estimator of an
unknown parameter [19]]. After finding 7, it is often the case that the confidence

interval is of the form
[;7 - P % + p]
where p is an error bound determined such that
PH—-p<y<y+p)=1-a.
We usually write this interval in the form

Yy+p with (1—a).

As a general rule, we want the confidence interval to be as small as feasible, as this
indicates that our estimator 7 has a high level of precision. Conversely, we desire the
confidence level (1 — «) to be as high as feasible, as this indicates a strong belief that

we have captured the genuine parameter ~y inside our interval.
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Now, before giving an example of confidence interval for a particular data, we will

state the following theorem.

Theorem 4.0.1. (Slutsky’s Theorem) Let X,, and Y, be sequences of random vari-
ables such that X, 4 X and Y., Ly a where X is a random variable, a is a constant
and p denotes the convergence in probability, that is, for all real number ¢ > 0,

lim,, oo P(|Y,, — a|] < €) = 1. Then we have the following result:

e X, +V, L X+aq

e X,Y, % Xa

e X,/Y, N X/a if ais invertible

Remark 4.0.4. It is worth to note that convergence almost surely implies convergence

in probability.

Example 4.0.2. Assume that persistence landscape \ satisfies the conditions in
and that Y is the corresponding real random variable as defined in Corollary

By Corollary[3.4.1)and Slutsky’s theorem[d.0.1| we get the following result

v, 4~ (mpy, LM
o =)

n

Now, we can use this normal distribution to obtain a confidence interval for E[Y| as

follows:
s
N4

where ¢ > 0 is the critical value for the normal distribution and s is the sample

Y,+c with (1 —a),

standard deviation.

After determining estimators and confidence intervals for unknown parameters based
on observed data, we wish to reach a certain conclusion regarding the underlying
distribution. To accomplish this, we set up a hypothesis about an unknown parameter
and test it by estimating the parameter. The hypothesis is either rejected or cannot
be rejected (accepted) based on how extreme the estimate is. This method is called
hypothesis testing. Now, let us introduce some concepts and notations. Suppose that

~ is an unknown parameter and we want to decide whether  equals to some spesific

55



value 7p. Then we formulate the null hypothesis that v = 7, and we write it as

follows:
Hy: v =.

In addition to the null hypothesis H,, we have an alternative hypothesis which is

denoted by H;. This could be
Hy:v=r versus H;:v> .

Such an alternative hypothesis is said to be one-sided (as is Hy : 7 < 7p). A test

against a two-sided alternative hypothesis has the form

Hy:v=n~ versus Hp:vy#.

It has to be decided in each case whether a one-sided or two-sided alternative hypoth-

esis is reasonable. To test H, versus H;, we need the following concepts.

Definition 4.0.5. A test statistic T is sample-dependent function that is used to test
the null hypothesis Hy. The significance level « and the critical (rejection) region C'

are determined as follows:

P(Tel)=a
assuming Hy to be true. If T' € C, H, is rejected in favor of H,.

Remark 4.0.5. The critical region C'is often one of the following forms for the stan-

dard normal distribution:

1. C'=(—o0,—dif H : v < (Fighld)
2. C=le,00) if Hi vy > (Figh2)
3. C=(—o00,—cU|[c,00) if Hy : v # v (Figi.3)

where c (or —c) is called the critical value. Note that if H, is two-sided, there are two

critical values which are symmetric with respect to 0.

Generally, the test statistic relies on an estimator 7. It shows whether we should have
greater faith in /71 than in /70, and its distribution is entirely known. The significance

level « is the level of risk we are ready to take in order to reject the null hypothesis
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Figure 4.1: Left-sided critical region

Figure 4.2: Right-sided critical region

Figure 4.3: Two-sided critical region
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Hjy when it is actually true, so 1 — « gives the confidence level. To decide whether
we reject or cannot reject Hy, one of the common ways is to calculate the p-value of

a test.

Definition 4.0.6. (p-value) The p-value of a test is the lowest significance level on

which the null hypothesis H, can be rejected for a particular data.

Remark 4.0.6. By the above definition, we can infer that if the significance level o
is greater than or equal to the p-value, then we can reject the null hypothesis H.
Otherwise, if «a less than p-value, we cannot reject Hy. In most applications, the

significance level «v is chosen as close to 0 as possible.

There are different methods to calculate the p-value of a test. The most common ways
are two- sample z-test and permutation test. To compute the p-value via two-sample

z-test, we utilize the following test statistic

Ztest —

where X, X, ..., X, and Y1, Y5, ... Y, are samples. Note that if we intend to test
Wx = Wy, then ux — py = 0 in the above formula for z;.s. Recall that, by Remark
M.0.5] there are 3 possible cases for the critical region. The situation between the

value z,.¢; and the critical region C' determines the p-value:
e If 2. is located in the first case in Remark [4.0.5} then p-value=P(z < zjeg).
e If 2. is located in the second case in Remark[4.0.5] then p-value=P(z;.s < 2).
o If 2.4 is located in the third case in Remark [4.0.5] then either p-value=2P(z <

Ztest) Whenever 2y < 0 or p-value=2P(z.s; < z) Whenever 2.5 > 0.

To compute the above probabilities, we utilize z-score table created by the cumulative

distribution function (cdf) of the standard normal distribution.

On the other hand, we can use permutation test to obtain the p-value of a test. In this
case, we have two different samples as above. First, we calculate the observed value

of the test statistic as follows:
Tobs - Hyn - 7m|| .
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Figure 4.4: Left: Point cloud data from a linked annuli, Right: Corresponding union

of balls and 1-skeleton of the Cech complex [2]
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Figure 4.5: Two of the persistence landscapes in dimension 1 [2]]

Then, for 1 < j < 10.000, we randomly split Xy, X5, ..., X, Y}, Y5, ..., Y, into
two groups of size n and m to calculate T; using above definition. Let K be the

number of j such that 7} > ;.. Then the p-value is given by

_value — .
PValie = 167000

Remark 4.0.7. In permutation tests, it is often used 10.000 repetitions.

Now, we will present two examples. The first example relates to the calculation of
the mean landscape for a particular data set. The second example involves testing a

hypothesis using two distinct data sets.

4.1 Linked Annuli

In this example, we sample 200 points from the uniform distribution on the union of

two annuli (Fig[4.T)). Then we calculate the corresponding persistence landscape in
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Figure 4.6: The mean landscape [2]]

Figure 4.7: Left: Point cloud data from a torus, Right: Point cloud data from a sphere
(2]

dimension 1 using the Rips complex (Fig d.5). We repeat this process 100 times to
obtain the mean landscape (Fig @4.6).

4.2 Torus and Sphere

In this example, we sample 1000 points for a torus and sphere to construct a point
cloud data for each (Fig[4.7). Then, we can construct the corresponding filtered sim-
plicial complexes and calculate the persistence landscapes. If we repeat this process
100 times, we obtain 100 persistence landscapes for each; hence, we can compute the

mean landscapes for torus (Fig4.8)) and sphere (Fig 4.9).

Let 7" and S be represent random variables corresponding to point cloud data for

torus and sphere respectively, and let 71,75, . .., 1199 be a sample from 7" with corre-
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Figure 4.8: The mean landscape for torus in dimension 0, 1, 2 [2]

Figure 4.9: The mean landscape for sphere in dimensions 0, 1, 2 [2]

sponding persistence landscape Ar,, Ap,, ..., Ap,, and 51,52, ..., S100 be a sample
from S with corresponding persistence landscape Ag,, Ag,, ..., Ag,,,.- Then we can

calculate the sample means, Ap and Ag, as follows:

100 100

Y By 1 i N BN 1 i
Ap(w) = Ar(k,t) = 155 ; (k1) and As(w) = sk 1) = 755 ; A (ke t).
Now, we can state our hypothesis to be tested as follows:

Ho : |[Arlly = [[As]ls versus  Hy: [[Ar|ly # [[Asll -

To decide whether we reject or cannot reject H,, we need p-values. By using two-

sample z-test, we obtain the following result:

dimension  p-value decision
0 e cannot reject
1 3x10°° reject
2 e cannot reject

Table 4.1: p-values for Hy : ||Ar|1 = ||As]1.

According to the above table, we reject the null hypothesis H, and accept the alter-

native hypothesis H; : ||Az|; # |[As||;. Moreover, unlike the dimensions 0 and 2,
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Figure 4.10: Left: Point cloud data with Gaussian noise from a torus, Middle: Point
cloud data with Gaussian noise from a sphere, Right: The difference between mean

landscapes in dimension 0 [2]

Figure 4.11: The mean landscape for noisy torus in dimensions 0, 1, 2 [2]

there exists a significant difference between ||Ar||; and ||Ag||; in dimension 1. This

result was expected when we compare Fig[4.§]and Fig[4.9]

Now, let us change the situation slightly. In this case, we construct point cloud data
with Gaussian noise from a torus and sphere (Fig {.10), and we take 10 samples for

each. Then we follow the same process to obtain the mean landscapes for torus (Fig

M.T1) and sphere (Fig[4.12) in each dimension.

Figure 4.12: The mean landscape for noisy sphere in dimensions 0, 1, 2 [2]
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Now, we can state our hypothesis to be tested as follows:

Hy: ||Ar —Aglla =0 versus Hy: ||Ar — Aglls #0.

In this case, we use the permutation test with 10000 repetitions to obtain the following

result:

dimension p-value decision

0 0.0111  reject
1 0.0000  reject
2 0.0000  reject

Table 4.2: p-values for Hy : |[A7 — Ag|lo = 0.

It follows that we reject the null hypothesis H, and accept the alternative hypothesis
H, : ||Ar — Asl|2 # 0. Furthermore, these results imply that there exists a significant
difference between ||Ar||; and ||Ag||; in dimensions 0, 1,2. In dimensions 1 and 2,
these differences are expected when we compare Fig and Fig However, in
dimension 0, such a difference is not expected since the mean landscapes are really
similar. Thus, thanks to this statistical inference, we observe a geometric distinction

instead of a topological one.
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CHAPTER 5

CONCLUSION

In this thesis, we have provided a survey on the theory of the persistence landscape.
In chapter 1, we explained the reasoning behind the persistence landscape idea. In
chapter 2, we presented some background information in order to describe persistence

landscapes and use statistical tools.

In chapter 3, we discussed the persistence landscape theory in depth. In section 3.1,
we defined norms for a persistence landscape. In section 3.2, the mean landscape
was mentioned as one of the main advantages of persistence landscapes. In section
3.3, certain distances between two persistence landscapes as well as stability results
were presented. In section 3.4, we described how to apply statistics to persistence
landscapes, and as a result, we utilized a number of well-known theorems such as

Strong Law of Large Number and Central Limit Theorem.

In chapter 4, we gave two examples after the required context. In section 4.1, we
intended to provide an illustration of computing the mean landscape of a sample from
a linked annuli. In section 4.2, we gave an example of discrimination between the

distributions of samples from torus and sphere using hypothesis testing.

As a field of application for topological summaries, machine learning can be explored.
For instance, persistence diagrams have been utilized in deep neural networks since
the work in [[15]. As more recent studies, they were implemented as a differentiable
topological layer for deep neural networks in [S]] and [13]]. Additionally, persistence
landscapes were included into a robust topological layer for deep neural networks in
[17]. For future work, one may aim to find the optimal architecture for deep neu-

ral networks based on persistence landscapes. Particularly, for a given classification
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task, one can attempt to identify the most accurate and efficient network consisting of

persistence landscapes as a topological layer.
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