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ABSTRACT

L? EXTENSION THEOREMS AND THEIR APPLICATIONS IN SEVERAL
COMPLEX VARIABLES

Cogalmis, Aylin
M.S., Department of Mathematics

Supervisor: Assist. Prof. Dr. Ozcan Yazici

August 2022, [65| pages

In this thesis we will survey existence of the solutions of J- equation with L? esti-
mates. The main part of the thesis involves the Ohsawa-Takegoshi Extension Theo-
rem and its applications to the well-known problems so called Openness Conjecture
and Suita Conjecture. In the last part, we consider some questions posed by Ohsawa

and related answers to these questions.

Keywords: 0- Solution with L? Estimates, Ohsawa-Takegoshi Extension, Openness

Conjecture, Suita Conjecture



0z

L? GENISLETME TEOREMLERI VE COK DEGISKENLI KOMPLEKS
ANALIZE UYGULAMALARI

Cogalmis, Aylin
Yiiksek Lisans, Matematik Boliimii

Tez Yoneticisi: Dr. Ogr. Uyesi. Ozcan Yazic

Agustos 2022 , [65]sayfa

Bu tezde O- denkleminin L? yaklagimini saglayan ¢oziimleri iizerine ¢alisiimistir. Bu
tezin ana kisminda Ohsawa-Takegoshi Genisletme Teoremi ve bu teoremin Ag¢iklik
Sanis1 ve Suita Sanis1 olarak bilinen problemlere uygulamalar1 ele alinmigtir. Tezin
son kisminda, Ohsawa tarafindan 6nerilen bazi sorular ve bunlarla ilgili cevaplar tize-

rinde durulmustur.

Anahtar Kelimeler: 0- denklemi, Ohsawa-Takegoshi Genisletme Teoremi, Aciklik

Sanisi, Suita Sanisi
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CHAPTER 1

INTRODUCTION

For a domain €2 € C™ and a form o = Z?Zl a;dz; on the domain, the equation
Ou = o has many more alterations once n > 1. A necessary condition to solve this
equation is that o = 0. The equation for n > 1, also indicates how cumbersome it
is to prove existence theorems and form the applications. In fact, the solution for the
O-problem is affected by the boundary of the domain. After great numbers of studies
on the question, it turned out that the domain’s being pseudo-convex plays a funda-
mental role for solving it. At the beginning, mathematicians studied J-problem only
on the products of polydiscs. Later, these results were extended for general domains.
However, this time, due to the restrictions on the type of the differential equation
systems, only for Cauchy-Riemann equations for an analytic function of several com-
plex variables, one started to study more effective ways that can be applied to solve
the general over determined systems for extension purposes.

D.C. Spencer and Garabedian [9] introduced such a way, on the other hand, this new
treatment of the d-problem for overdetermined systems brought some problematic
results. Later, in 1958, Morrey [20] came up with a crucial idea that L? estimates are
required for solving the problem. The method submitted by Morrey, then, improved
and simplified by Kohn [17] and Ash [1]]. In 1965, Lars Hormander [16] simplified
further what Kohn and Ash were working on by using basic consequences of "exten-
sions of differential operators" and characterized the open sets for which estimates of
Morrey-Kohn type are consistent. Then, to provide a valid proof for existence theo-
rems and approximation theorems, L? estimates with density factor was introduced
in the paper. Hormander presented one of most vital results for solving d-problem,
regarding extension as well, which now we know as Hormander’s Estimate. Then,

in 1987, Ohsawa presented the L2-extension of holomorphic functions and following



this, many other versions and proofs of the Ohsawa-Takegoshi Extension Theorem
were obtained. In the light of these developments in the L? extension theory, in 1972,
Suita [25] conjectured that for any bounded domain D in C one has c% < 7Kp,
where ¢p is the logarithmic capacity of C \ D with respect to z € D and Kp is
the Bergman kernel on the diagonal. Using elliptic functions and different domains,
Suita obtained important results. Similarly, in 2001, Demailly and Kollér [8] pro-
posed so called Openness Conjecture, which was proved by Guan and Zhou [12]],
using Ohsawa-Takegoshi Extension Theorem. Later, Berndtsson [3]] gave a different
proof in a more elementary way.

In this Masters thesis, in Chapter 2, in the first part, we provide some useful results
from functional analysis revolving around the first order differential operators which
are required for proving existence theorems, and the estimates we will use for the
next section. In the second part, we will recall some important definitions, theorems
on pseudo-convex domains in C" and finish this chapter with Héormander’s Estimate.
Chapter 3 is focused on the Ohsawa-Takegoshi Extension Theorem for domains in
C", which is of interest to solve extension problem with L? estimates of holomor-
phic functions. Being one of the most efficient results in several complex variables
and complex geometry, the theorem has been proven in many different ways. Upon
proving, we consider the methods used by Berndtsson mostly. Then, Chapter 4 is
devoted to some applications of Ohsawa-Takegoshi Extension Theorem. Indeed, we
will be working on Openness Conjecture and Suita Conjecture, which can be viewed
as consequences of the theorem. Finally, in Chapter 5, we will consider a question

posed by Ohsawa and see some answers to this question.



CHAPTER 2

PRELIMINARIES

2.1 Some Tools in Hilbert Space Theory

Let D C C" be domain, u be a function defined in D and a be a L?>— form on D.

The equation Ju = « can be solvable provided that

0o = 0.

Therefore, the so called O—problem is only about giving a solution to the equation
Ou = o where o = 0.

The 0— problem becomes more complicated in higher dimensions because unlike
one-dimensional case, we lack of the compatibility condition dov = 0 in higher di-
mensions. At this point, by considering the weighted Hilbert Spaces L?(D, ) where
o will be a special type of function we will define in the next section, we can also
solve the problem in higher dimensions. However, to do so, we need some basic tools

in Hilbert Space Theory.

Given Hilbert spaces H; and H,, and 7' : H; — H, a linear, closed, densely defined
operator which satisfies the property (T'f, g)o = (f,T*g), forall f € Hy and g € H,.
Define T™: H, — H; satisfying the same properties such that 7** = 7" holds. By the
definition of the adjoint operator, the orthogonal complement of the range RanT of

T is the null space NullT™ of T™ .

Theorem 2.1.1. Let T' be a linear, closed, densely defined operator with domain
DomT. Then the following are equivalent:

(i) RanT is closed.



(ii)There exists some constant C' such that || f|y < C||Tf||2 for all f € DomT N
RanT™.

(iii)Ran'T™ is closed.

(iv)There exists some constant C such that ||g||a < C||T*g||1 for all g € DomT™* N
RanT.

Proof. (i) = (i7) Note that T is closed, in other words, 7" has a closed graph, so T’
is continuous by Closed Graph Theorem. Suppose that RanT is closed. Since the or-
thogonal complement of RanT™ is equal to NullT, we have T, 1z is a closed
linear map onto the subspace RanT of H,. Also on RanT*, T is one to one, so the
inverse of 7" exists.

Observe that the graph of 77! is closed. To see this, assume that (g,, 7 'g,) con-
verges to (g, f) in norm. Then g, — g and T~'g, — f in norm. Then, 7T g, —
T f, or equivalently, g, — T'f, and since the limit is unique, we have g = T'f. So
f =T"'gand f is an element of the graph of 7. Thus, the graph of 7! is closed.
By Closed Graph Theorem, 7! is continuous. Hence, ||[T7! f||; < C|| f||2, applying

the linear operator 7" to inside of each side of the inequality, we prove (i7).

(i1) = (i) Suppose (i7) holds. Considering f as a vector, since 7" is a linear operator
and Tf = 0 implies f = 0, Nulll' = {0}. The orthogonal complement of RanT,
denoted by RanT™, is equal to NullT*. Then by Hilbert Space Theory, NullT** =
(RanT+)*= RanT.

Thus, we must show RanT =RanT. By assumption of (i),
T : DomT N RanT* — RanT

is one-to-one (since Ran1™ = N ullTL, the functions on RanI™ are one-to-one), onto
and closed, so by Closed Graph Theorem 7" is continuous. Then, |, +~zz7= 1S an
isomorphism. Thus, DomT' N RanT™ = Ran’I’ and DomT N RanT™ is closed subset

of DomT'. Since T is closed, RanT is closed.

(i4i) = (iv) Assume that RanT™ is closed. The orthogonal complement of RanT
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is NullT*, then, T*|,..r+~rarr 1S closed, one-to-one linear map onto the subspace

RanT™ of H,. Hence, the inverse of 7" is a continuous map and this proves (iv).

(7v) = (4i7) Assume that there is a constant C' such that ||g||s < C||T*¢||; for all
g € DomT* N RanT. Since T* is a linear operator and 7*g = 0 implies g = 0,
NullT*={0}. The orthogonal complement of RanT™*" equals to NullT, by Hilbert
Space Theory,

NullT* = (RanT**)* = RanT*.

Thus, we must show RanT* = RanT"*.

By assumption of (iv), T* : DomT* N RanT — RanT" is one-to-one, onto and since
the graph of 7™ is closed, 7™ is closed. Then by Closed Graph Theorem, 7™ is con-
tinuous and thus 7| .7 ~zar7 1 @n isomorphism. Thus, DomT* N RanT = RanT*

and DomT™ N RanT is closed subset of DomT™. Since T™ is closed, RanT™ is closed.

(17) = (iv) Assume that (i7) holds. Consider for g € DomT™* N RanT,

(0. TF)al = (T, 1l < 1Tl fll < CNT*gll T 1]

Hence, |(g, h)2| < ||T*g||1||h||2 for g € DomT™* and h € RanT which implies (iv).
]

Given a Hilbert Space H3 and a closed, densely defined linear operator S : Hy — Hs,
from now on we will assume that ST' = 0. The space RanT is contained in space
NullS.

Theorem 2.1.2. A necessary and sufficient condition for RanT and RanS to be
closed is that ||g||3 < C*(||T*g||? + ||Sg||3) where g € DomT* N DomS and g L

N = NullT* N NullS.

Proof. Note that ST' = 0 implies that RanT' 1. RanS*. To see this, let T'f € RanT
and S*g € RanS*, then (T'f, S*g) = (ST f, g) = 0 for all such f and g, so RanT L
RanS*.

By the fact that RanT" 1. RanS* and N is perpendicular to this set, we have that
Hy = RanT & N & RanS*. Now by Theorem M(zz) RanT is closed if and only

5



if ||g||2 < C||T*g||, where g € DomT* N RanT and by Theorem [2.1.1{iv), RanS
is closed if and only if ||g||1 < C||Sg||2 where g € DomS N RanS*.
Observe that since ¢ € RanT and g € RanS* and that ST = 0 implies that S

vanishes on RanT, T vanishes on RanS*, we have that
lgll2 < ClIT"gll1,  llgll2 < C[[Syl]5.

Then, this shows that there exists ¢ € H, such that ¢ = ¢g; & g9, where ¢g; €

RanT, go € RanS*. Therefore, RanT' and Ran.sS are closed if and only if

16112 < llgul 2 + 1gall2 < CZ(HT*QH? ; CHSguz)

where g € DomT™* N Dom.S and g 1. N. This finishes the proof. [

Note that, dimN = dim(NullS) — dim(RanT). This gives a strong possibility that

in the applications, N shall be of finite dimension.

The inequality in [2.1.2] is a result which makes it easier to study than Theorem
2.1.1)(i7) or (iv). A sufficient condition for follows from compactness argu-

ment:

Theorem 2.1.3. Suppose from any sequence g, € DomT*MNDomS of bounded linear
operators with ||gx||o bounded and T*g, — 0 in Hy, Sgr, — 0 in Hj, a strongly

convergent subsequence can be chosen. Then,

lgls < C*(IT gl + 11Sgl15) 2.1.1)
holds and N = NullT* N NullS is finite dimensional.
Proof. Note that the null space is always closed. So S~!({0}) = NullS and

(T*)~1({0}) = NullT™* are closed. Then, N = NullT* N NullS is a closed subset
of the Hy. Hence, N is a Hilbert Space. Since the unit sphere in N, say B;(0), is

closed and bounded, N is of finite dimension.

Now assume that the inequality (2.1.3) does not hold. Then, we could find a sequence
g L N C DomT™* N DomS with ||gk|l2 = 1in H; and T*g; = 0, and Sg; = 0 in
Hj.

Hence, there is a strongly convergent subsequence of g;. Let g be the strong limit

6



of gx. Then, ||g|l2 = 1and g L N, but 7*g = Sg = 0 so that ¢ € N. Thus,
g € N and g = 0, but this is a contradiction to ||g||s = 1. Therefore, the inequality
lgll3 < C2(I|T*gllT + |1Sgl[3) holds. O

Theorem 2.1.4. Assume that A is a densely defined, linear operator in Hy, which is

closed and F' is a closed subspace of Hy containing RanT" as a subset. Suppose
HASIE < 1T £ + 1S FI3 (2.1.2)

where f € DomT* N DomS N F. Then, we have RanA* N NullS N F C RanT ;
ifg= A*h,h € DomA* and g € NullS N F, we can find u € DomT so that

Tu = g and|[ul|y < ||hll2
Furthermore, if v € RanT, we can choose f € DomA N DomT™ so that

T"f = vand ||Afll2 < |lv]]1.

Proof. Let g = A*h where h € DomA* and g € NullS N F. We must find u € H;
so that ||u||; < ||h||2 and T'uw = g, or equivalently, (u, T* )1 = (g, f)» for all

f € DomT*. On the other hand, by Hahn- Banach Theorem, this is equivalent to
proving |{(g, f)ao| < ||h||2||T* f||l1 where f € DomT™*. To clarify, observe that T* f &
RanT* C Hi, and let ¢ be defined so that o(T*f) = (g, f)o for all f € DomT™.
Then by [(g, f)2| < [|A]l2[|T f[}1, we have

ol = [[A]2-

Then by Hahn- Banach Theorem, ¢ extends to a linear functional on /4, say ¢ such

that
[12[] = [1All2-
Then, bu Riesz’s Representation, (T*f) = (g, f)2 = (u, T*f) for some u € H;

with ||u||1 = ||@|| = ||h||2- Therefore, using Hahn-Banach Theorem, it is sufficient

to prove that
(g, F)al < [IBl2AT Il

where [ € DomT™.

If f L NullSNF, then T"f = 0 because Ranl' C NullS N F and so f €
(RanT)* = NullT*. Since g € Null N F, it is enough to show that |(g, f)s| <

7



|All2||T* f|l. where f € DomT™* holds when f € NullS N F. Then the inequality

given in the theorem becomes ||Af||3 < ||T* f||3 and this gives,

(g, Fhal = [(A™h, o] = [(h, Af )2l < [Bll2l|Afl[2 < A2l f]5-

This finishes the first part of the proof.

For the second part, by the definition of RanT™, f € NullS N F N DomT™* so that
T*f = v. But then, by |(g, f)2| < ||hll2||T* f|l1, f € DomA and that

|Af]l2 < ||v|l; for v € RanT™.

]

Recall that a differential form is said to be of type (p, ¢) if it can be represented in the

form

f = Z f[’J.dZI A dEJ
[1|=p,|J|=q,

where [ = (iy, s, ..,1,) and J = (j1, jo, .., J,) are sequences of indices between 1 and

n, and the summation is only over strictly increasing multi-indices and we write,

dz" Ndz? = dziy, Ndziy N Ndzi) NdE AN dE AN dZ,

The coefficients f; ; might be linear functionals defined on C*°(£2),Q2 C C", which
are also called distributions and should be defined for arbitrary [ and J so that they
are antisymmetric both in the indices of I and of J. We also have the following

operation:

o

Efzzaf” 7 A dzT A dz’
I,J

which leads the form Jf to be of type (p, ¢ + 1) and that 99 f = 0.
For instance, let f € L%o,1)(Q) where () C C2. Then, the 0 operator applied to f gives

the following
of = a&_gfldzl + g—zfz(i@,
Hence, we have
aDf = 8%1 (g_?fldzl + g—ic@) Adz + 8%2 (g—zfldzl + g—;;dz_g) A dz,
= g%‘é:dzl ANdz; + 3212322 dzy N\ dzy + 3522851 dzy N\ dzs + %dfg A dzy
=0



where the last equality follows from the property that dz; A dzo = —dzs N dz;.

The value of a linear functional g on a function ¢ € C* is denoted by (g, ). Two
distributions g; and g» are said to be equal in their domain if (g;, ) = (gs, ) for all
€ C. A distribution is the sum of distributions g, and g» if (g, ) = ((g1 + g2), ¥)
for all ¢ € C*°.

Let F be the space of distributions, consisting of (p,q) forms with coefficients in
F is denoted by F, ). In fact, we will use this notation with F = C* (Q) and
denote with C((2) the elements of F which vanish outside a big sphere. For ¢ which
is measurable on €) and locally bounded from above, we write the space of square
integrable functions with respect to the factor e~ ¥ in ) by L%n (£, ) and the norm

in L? (€, ) is defined by

(p,9)

112 = / ()P #dV where f € 12, (9, 0)

and dV is the Lebesgue measure and

P = (f(2) f(2) = Y1 fra@)]”

Finally, let L?(€2, loc) denote the space of square integrable functions on all compact

subsets of (2, in other words, for any compact set K,

LA doc) = {f: f: K — @,/yf(z)y2dz < o).

Note that, L?(€2, loc) is a complete metric space with the inner product

(r9) = | 13

Thus, L%(€,loc) is a Hilbert space. If p, q are fixed where ¢ > 0, we denote the

maximal (weak) differential operator 9 from L?, . _1,(2,¢) to L, (€, ) by T, s0 a

formu € L7, 11(2, ) is in DomT if and only if Ou belongs to L2 (€2, ©).

(pg—1 (,9)
Observe that if ¢ is continuous, then 7' is closed and densely defined. Likewise,

the operator 0 defines a closed and densely defined operator S from L? )(Q, ©) to

(g
L%p,qﬂ)(Qa 90)- Then, by %f = (), we have ST = 0.



Then, all the theorems provided above are also available to be applied here, which
will help us to prove the following series of estimates. Before continuing with the

estimates, consider the following proposition.

Proposition 2.1.5. Let A be a linear operator as in Theorem Let u be the
solution of Au = f with compact support. Then, there exists u* € C§° with u® — u

and ||Au¥ — Aul| — 0 as v — 0.

For the proof, see the first section of [[16].

Proposition 2.1.6. C(lp’ 2 (Q) N DomT* is dense in DomT* N DomsS in the graph
norm f— (||fI1? + [|T* f11? + ||Sf|?)Y/? if the boundary 92 of ) is of class C* and
0 € CHQ).

Further, C(lp’qfl)(ﬁ) is dense in DomT in the graph norm f — (||f||> + ||Tf||*)"/2.

Proof. Let x € C*(Q2) and f € DomS, then x f € Dom.S and

IS(xf) = x(SHle = 100 f) = x0fll, = [IXOf + (Ox)f — xOf]l,
— [ 1@0spep

< C.suplgradx!|.||fll,.

Similar result is valid for 7T,

T (xf) = x(THll, < C.suplgradx|.||f|],-

By the fact that

cf, Ty — (. TR, = ‘ [oxsau - st

~ | [P @ - @i
< C.sup|gradx|.||ulls.|| f]l, (2.1.3)

we have,

(T (xf),u)o — (XT™ f,u),| < C.supl|grady].||ull,.]|f]],-

10



From (2.1.3]), we also see that if f € DomT™, then xf € DomT* and

T (xf) = x(T" )]l < Csup [gradx].|[ £,

Let x € Cp>(C"), so x = 0 outside of compact set. Let x satisfy the condition that
x(0) = 1 and set x“(z) = x(ez). If f € DomT* N DomS, then x*f € DomT* N
Dom.S and the following holds
Xf =
S(x°f) = Sf,
T (f) = T" f

in the appropriate L? spaces as ¢ — 0. Thus, this is enough to estimate for x¢f with
compact support. Note that the second item holds because |[S(x“f) — x(Sf)|], <
C.e.sup|gradx|.||f]l, — 0.

To clarify, the reason we take x¢f is that we want to change f and bring it into a
smooth function as ¢ — 0 because as ¢ — 0, xf — f. Moreover, x“f = 0 outside
compact sets.

Then, x°f — f means that approximating x°f is the same as approximating f. By
the smoothness of x° f, we will be able to eliminate the 02 — integral in the Green’s

Formula and use it for later.

Starting the proof, approximate the elements f € DomT™ N DomS which are 0
outside a sphere large enough. By definition of 7™ and since the elements of DomT™
satisfy the Cauchy-Boundary Condition (in the weak sense), the proof will follow

from the Proposition[2.1.5] N

Assume that the boundary 052 of () satisfies C? and let o be a real valued function in
C2(€Q), that is 0 on the boundary of €, is negative on (2 and be such that |grado| = 1
on 0F). Then, gradp is the exterior unit normal on 0f2, so the Green’s Formula may

be written as, if v, w € Int(C'(Q)),

ov ow  Op
—we ¥dV = — — —w-—)e ?dV — “d
(%sjwe / (835] wax] +/8:1:jvwe §
Q Q

11



where d.5 is the Euclidean surface element on 0f2. To see this,

Let Q@ = {o < 0} and on 0%, |gradp| = 1, so grad p is the unit normal and let
v,w € C 1(@), that is, the first partial derivatives of v and w exist. Recall the Diver-

/V.F.dV = /<F, 7i).ds
Q o0

e )
Ox1’ Ox2° ") Oxm

Take F = (0,0, ..,vwe¢,0, .., 0) where vwe ™ is the j*- term.

gence Formula:

where V is given by (-2 Fis a vector field and 77 is the gradient of o.

Consider gradF = (0,0, .., -2 (vwe %), 0,0, ..,0) and grado = 8‘9_9

7’7a$

81} ow 8@

dF = (0,0,.. P te u(z— — 0,0,..,0
Then, we have,
0 v ow 8g0
FAdV = [ —(vw.e #)dV = —we 7 — — av
/V /a / {axjwe e (0$] ax] )}
Q Q
= /V.F.dV: /(F, n).ds
Q
— /—we‘pdV—i—/ve o 2% _ g &p)dv
0x; Ox; 81:]
Q
= /v@e“pa—ds
8wj
B9)
— /—wewdv / Ve~ a—ds—/ ve=e (28 _ 22y
0z Oz, Oz, (995]
09 Q
Repeating the same procedure for y;-terms, we obtain the z;-terms:
ow 8@ O(we™%)
0j = — — =ef—- 2.14
T 0z (92] —° 0z, ( )

Then we obtain,

12



/—@e“"dV— —/115 we S”dV%—/—vwe “ds (2.1.5)
07%; 0z;

Q

Note that, for ¢ € C?, we have commutation relations, in other words, consider the

following,
0 0 0w Owdp 0%w 0 %)
Op=—— =0 = - -
(’“azj 0%, ’f)w 0407, 02,05  0%,0% az,( 8zk)
_ Pw Owdp  Pw <8_w %) Cw 0P )
a 8zka§j 8Ej82k 0§jazk 82]» (‘)Ek 82j8zk
_ o, O
a azjﬁzk
Thus we have,
0 0 0w
- = 2.1.
(5kGZJ 0%; 5k>w wazjazk 2.1.6)
with w € C?, which implies that
= ov Ow
. —@ _ - —99
/5](0)5k(w)6 av = 823 av (2.1.7)
Q Q

0
= _/6_5k( Jve~ ‘pdV—l—/ag5k w)ve “ds
Q

89 ow
Je ?d —v—e %d
+ /vék V- /aZkvaZke s
Q
0
- e~ %d “e ~¢4
/ aZ]aZk V+/ -0 ( Ok (w)ve=?ds
Q
do Ow —
— —v— ) 2.1.
@zkvazje ds (2.1.8)
o0

Indeed, the last equality is a direct result of (2.1.5) and (2.1.6)) if w € Int(C?(Q))
and it follows when w € Int(C*'(2)) because Int(C?(Q2)) is a dense subset. In other

words, working with C'! is enough.
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For convenience, we shall describe the space of [ nt(C’(ln " (Q))NDomT* in the Propo-

sition [2.1.6] Consider the inner product defined below,

@u, f), = / @u. fe-edv

Q

where f € Int(C}, () and u € Int(C|,

(pa—1) (Q)). Note that, the reason why we

take (Ou, f) with f € C(1p7 9 (Q) is to make sure the agreement in the number of wedge
products. Now, let us pass from the differentiations of u to the ones of f. Observe that
0 =Tso, (Tu, f) = (u, T*f) .

Letu = Z\I|:p,|K|:q—1 ur xdz' A dz", then,

u = (— Zzau”(d Adz; A dEE
J

Plus, by Green’s Formula we have,

(Ou, ), = (—1)p/ Z&”Kflﬂ(e %
Q ILK j

— / ZUIK(S f]JK e QPdV—F /ZZ_UIKfIJKe “ds
Q 7

90 LK j=1"

Also note that, since (Ou, f), = (u, T*f), and T*f = §;(frx), we have that

ZZ oz, o Ur Kflee Pds = ZUI,K Zf[,jK%e_“’ds.
LK j=1 J

I,K j=1

Since Int(C} ) is dense in Dom/T" for the graph norm given in Proposition

(p,g—1)
we conclude that for any v € DomT',

Therefore, for all I, K and T*f = (=1)P7' > 36, frxdz" A dzF with |I| =
LK j=1

14



p, | K| = ¢ — 1, it holds that

f € DomT* if Z fUK = 0 on 9. (2.1.9)

If f € C,,,(®) N DomT*, then

RIS = 3 [ 8t T v

LK jk=1¢

+ ZZ/ 8f”a§if oo dy (2.1.10)

1,J,Lil=1

where €/ = 0if j € J, in other words dz’ A dz; with dz; = 0,1 ¢ L and
{7} UJ = {I} U L, in which case €7 is the sign of the permutation (/).

To clarify, consider the following illustration, if (1,2,3) # (2,3,4), then f;;;dz; A
dzy Ndzy N dz3 <= 0.dz; A\ dz; A\ dzs A\ dzs in the inner product and otherwise,

elL—l

We shall rearrange the terms in the last sum. We will consider two cases:
Assume that j = [, which implies that J = L and j ¢ J if €} # 0. Then the last sum

becomes:

afrJ|?
8zj

e ?dV

>

1J jg¢g 9

Next, assume that j # [. In this case, since {j} UJ = {{} UL, this implies that j € L,
| € Jandif € # 0, we have L/{j} = J/{l} = K, or that, [K = J and jK = L.

— JJ K Gk _ g .
Then, by €} = EikEKEL = —elKeL ¥ the last sum becomes:

. afllKafI]k ¢
ZZ/ 82] 82; av:

1K j#l

Therefore, the equation (2.1.10)) becomes the following:

15



0 Ofrri
A1l + 15£1l; = ZZ/équ(;kflee PdV — ZZ/ L g]z]jK v
LK K {) r

ofr |

—eqv.
oz, | © v

LJ j

After rearranging the terms in the last sum and hence in the whole equation, we now
turn our attention to integration by parts, and to moving all differentiations to the
right.

By using previous results, we obtain that,

I A+ s = S5 f Fron T oy

LK 4k §
do 6Ufka o
_ Z]Z:/ f”Kazk 5z, ds.

Letg = >, fI,ng_sz’ and ¢ = 0 on 052, so, Vg || Vo, which also implies that

e ?dV

8zj

Vg || Vo. Then, the j** term of Vg is equal to

Z (3f1kK do 329 )

9z, 0z, + frok=—=— %07 Ca— for some constant C.

k 0z;

Thus, for any point on the boundary, it holds that

Ofrrr 0o 90 do
— f =12 ..,n
o5, om0 T 14 z05) = Oz, Tord = 12m

Multiplying this equation with f7 ;x we get,

If1kx 0o 9?0
]Z; (f[]K @I—kK o fIgKfIkKa_ 92 ) = 0 on 012,

by [2.1.9] Thus, we have proved the following:

Proposition 2.1.7. The following identity is valid when f € Int(C} (ﬁ))ﬂDomT* ;

(p,q)
AR+ s = %0 / fronTrnn oo

LK ]k 7

+ ZZ/ fIJKfIkK

I.K j,k

0fu oy

w’ds.
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Now consider the first sum of the last proposition,

S5 [ o

LK jk §

0%
8zj82k

e ?dV.

Being ascribed to the weight function e~ ¥, this term will be practical for the estimates
that we will do later, and will allow us to extend the work quoted that is defined for
the surface integral in the last proposition. However, to be able to continue, we need

to recall few definitions in pluripotential theory.

2.2 Hormander’s Solution to the O Problem

Definition 2.2.1. A function ¢ : Q) — C is said to be plurisubharmonic provided

that it is upper semi-continuous and locally integrable and

n ~ 8230
D itk o>
et 02,07y,

foranyt = (t1,ts,...,t,) € C", in the sense of distributions. That is,
—_ 0%
titr———dV >0
/Q<P(z) jzk g a5V 2
forall p € C§°(Q).

For xy € C'(Q2), eX is a lower bound for plurisubharmonicity of ¢ if the difference

n _ 82()0 n
titpy=——— — X ) [t;]?
Z ]kazjazk € ;|]|

jk=1

is a positive measure for arbitrary complex numbers ¢;.

Definition 2.2.2. A set M C R" is a C*-smooth hypersurface if at each point p € M,
there exists a k-times continuously differentiable function o : V. — R with non-

vanishing derivative, defined in a neighborhood V' of p such that
MMV ={xeV:p(x)=0}
The function o is called the de fining function of M at p.

17



Adapting these definitions to what we have been working with, we have the following

definition.

Definition 2.2.3. Let ) be open and 0f) is smooth. The boundary 0S)

is said to be pseudo-convex if at every point of 052,

820
Z tity=——— 02,07 > 0 whenever Zt] 02, =0,

7,k=1

where (ty,ts, ..., t,) € C".

Remark 2.2.4. Recall that Z?,kﬂ tjfk% is called the Hermitian form and if, in
this definition, the Hermitian form is strictly positive for all such t # 0, then the

boundary OS2 is said to be strictly pseudo-convex.

Remark 2.2.5. Observe that the components t;,t,, appearing in the definition corre-

spond to f1 i, f1.rx of the Proposition respectively.
If 0L} is pseudo-convex, it follows from

Z fI,JK = 0o0n o, forall I, K

that the last sum of the Proposition [2.1.7]

_ 829 B
ZZ fI,ijI,kKaZjﬁzke “ds

IK jk

is non-negative. This gives us the following theorem:

Theorem 2.2.6. If 05 is pseudo-convex, and f € I nt(C(p 2 (Q)) N DomT*, then

| E X fiswtian;

1,K j,k

e rdv < 1T £115 + IS 11

Note that, for future purposes, we shall choose ¢ so that the Hermitian form
_ D%
Ltk 73—
;g J 8zj8zk
is strictly positive at every point of ). In other words, we shall choose ¢ strictly

plurisubharmonic.

Combination of all of the definitions given above, we have an extended definition.

18



Definition 2.2.7. An open set () is pseudo-convex if there exists a plurisubharmonic

function ¢ € ) such that
Q,={2:2€Q,0(2) <c}

is relatively compact in ), for any real number c.

So far, we have just worked on the tools we need for dealing with extension problems.

Now, we will start considering existence theorems and provide their proofs.

Using Proposition and Theorem with a modified version of Theorem 2.1.3
by taking F' = H, provides the following.

Theorem 2.2.8. [I6] Assume that Q C C" is domain with a C?-pseudo-convex
boundary. Let o € C*(Q) be plurisubharmonic in Q2 and let eX with x € C(Q)
be the lowest eigenvalue of the matrix (ﬁ@—) For every f € L? (Q,¢),q > 0,

92,07}, (p,9)
such that Of = 0 and

/ |f|2e” T4V < oo,
Q

we can then find a form u € L%p,q—l)(Q7 ©) such that Ou = f and

q/\u|26‘pdV§/|f\26(‘P+X)dV
0 Q

Before continuing with the proof, we first try to understand the theorem. The theorem

2

simply states that for every f € L,

)(Q, ) with the given properties, we can find a
(p,q — 1) form u such that Ou = f, and the weighted norm of u is preserved with
respect to the weighted norm of f. Now to prove this theorem, observe that, in the
view of Theorem [2.2.6] Proposition [2.1.7)stated in last section infers as follows,
_ , Py - e
> frjxFrax canbe viewed as (f;) (5——) (i) = ¢Xfi fy
’ 8zj8zk

where f; and f,, are vectors. Then, the inequality in Theorem becomes

1A+ ISFIE 2 [ 325 ¥ frpcFrawe2av
Q

ILK jk

But why do we need "eX f jx f1 k" part in the first place? It is because we want to be
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able to apply Theorem 2.1.3 in which this term e f; ;i f1 kx is equal to || Af||3 where

A : Hy — Hs. Let us now move to the proof.

Proof. Putting what we are given in the theorem, we have,

2 a 2 A 2
Lipgry (T=0) Loy (8=09) Lipgn)

Let x/2 be a real number and let A : L2, | — L7, ) be defined by

A(f) = e2f

so that the desired ||Af||> will be obtained as described above. Then, the adjoint

operator A* : L? . — L?  becomes

(p,9) (p.)
A(e2f) = f.
Now consider the following,

(f, A*g) = (Af,g) = (*f.q) = (f,eXg) = (f,A*g) = (f, g e/?)

= Ag=elg=> A=A

Thus, A is a sel f adjoint operator.
Hence, we have that A is self-adjoint , closed and densely defined operator. Moreover,
by construction,

AN = [l F115 < T FIIT + 1S 115
Thus, if f = A*g where ¢ € DomA*, then by Theorem 2.1.3, there exists a form
u € DomT = L%p,q—l) such that Tu = f, or Ou = f, and

[lully = llgll,

or equivalently,

/|u]26¢dV§/}eX/2f|26‘pdV.
0 Q
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Since restricting the boundary is a little cumbersome for extension problem, our next
purpose is to remove the condition of smoothness on the boundary 0f2 of €2 in the
previous theorem. That is why we modified the definitions and extended them to
the Definition because, then, for a domain € with boundary 92 C C?, the
boundary is already pseudo-convex by Definition [2.2.3]if and only if €2 is pseudo-
convex as in Definition With restrictions being removed, we state the previous

theorem below.

Theorem 2.2.9. [I6l]Let 2 be a pseudo-convex open set in C", ¢ be a plurisubhar-
monic function in Q and eX with xy € C*(Q2) be a lower bound for plurisubharmonicity

of . Then, for every | € L%pyq)(Q, loc),q > 0 such that Of = 0 and

/ |f|2e” T4V < oo,
Q

one can find a form u € L?m_l) (Q, ©) such that Ou = f and

q/\u|26‘pdV§/\f\26(¢+X)dV.
0 Q

Note that, a proof for above theorem is given in [[16]]. We now give some consequences
of Theorem

Theorem 2.2.10. [16]] Assume that 2 is a pseudo-convex, bounded domain in C" and
let 6 = sup, weal|z — w| be the diameter of ) and ¢ be plurisubharmonic on (). Then,
forany f € L%M)(Q, ©),q > 0with 0f = 0, we can find a form u € L? (Q, )

(p,g—1)
such that Ou = f and

q/ lu|?e~?dV < 652/ |f|?e~?dV.
Q Q

Proof. Let a be a positive real number. Then, ¢(2) + a|z|? is strictly plurisubhar-
monic. We can apply Theorem [2.2.9]because there is no restriction on the boundary.
Assume that 0 € €, then |z| < ¢ when z € (). Choose a = eX, applying the above

theorem, for every f € L%p,q)(Q, ©),q > 0 with df = 0, we have

q/\u!Qe‘pdvg/\f\ze(“"ﬂ)dV
Q Q
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Now replacing ¢ by ¢ + alz|?, we get,
q/ u[2e= (el gy q/ uf2e=#@) el gy
Q Q
< q/ |u|2€—(go(z)+a52)dv
Q
< / |fPe= 0 gy
Q
~ [t
Q
= / |fl2e%a e aV
Q
< ale / |f2e?dV.
Q
Letting @ = d~2, the right hand side reaches its minimum with respect to a and the
proof is finished. O
Now for future purposes, we will give a modified version of the Hormander’s esti-
mates. This version will be used to prove the Ohsawa-Takegoshi Extension Theorem.

Theorem 2.2.11. (Hormander’s Estimate) Let ) be a pseudo-convex domain in C™
and o be a C*-strongly plurisubharmonic function in Q). Then, for every f € LZQOC,(O,l) (Q)
with Of = 0, there exists a form u € L}, _(Q) solving Ou = f and such that

loc

/|u’2@9"d/\§/|f|?8&pe¢d>\
Q Q

where | f \?8&0 =D ik gojETj fi and 7% is the inverse of the Hessian matrix.

Proof. Let A be a linear operator given such that

0%
8zj8§j

which is the Hessian matrix. Note that, since A = A*, A is unitary and Hermitian, it

A2 =

is likely to get that A? is the Hessian. To see that A is Hermitian, consider

Po _00p_ 00 _

A= = - _— 7 _
0z;0z;, 0zZ; 0z, 0%z 0z ’

which implies that A = F, so A is Hermitian.

Let f be a form in 0(10,1)(5), then since (2 is pseudo-convex, by Theorem we
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must have,
/ZZf”kfleAQe 2V < I fIIZ + IS FII5-
Lk jk
Indeed, considering ||Af||2, = (Af, Af),, we see
IASIE = 420y = 10001) = [ 305 finFrsac e av.
Lk 3.k

Hence,we have the following inequality
NAFIG < T FIG + SIS

We define h by f = A*h = Ah, then applying Theorem [2.1.4] we see that,

A is a closed, densely defined linear operator in L( )(Q) and we take the closed

p,q+1

subspace F' of L(
for f € DomA*,

pia1) (Q2) as the big space itself in the theorem. Since it holds that

IASIE < ITFIE + (IS I
Then, for g = A*h where h € DomA*, there exists a form u € L%ﬂ o (§2) such that

Ou = f satisfying that ||u||; < [|h]]2.

Now, (f, f) = (Ah, Ah) = (h, A%h) = (h,00¢h) = > h;h; 8853 This implies that

1Blls = > fif ;67 == 1125,

where ¢ is the inverse of 5 8 ——. This finishes the proof. 0
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CHAPTER 3

OHSAWA-TAKEGOSHI EXTENSION THEOREM

For U is a complex submanifold of C", and W is its regular, closed subspace, it has
been studied for a long time that any holomorphic function f on W can be holo-
morphically extended to a function £’ on U. However, it is important to note that,
the holomorphic extension of bounded functions is remarkably more difficult than
other types, that is why instead of working with bounded functions, it was preferred
to work with L? holomorphic functions. Later, the studies started to evolve around
holomorphic extensions with growth conditions in U = C". Then, in 1987, Oh-
sawa and Takegoshi [23] presented their study considering the extension problem of
L? holomorphic functions with that U is a bounded domain in C". We will survey
the Ohsawa-Takegoshi Extension Theorem and give a proof of the theorem with the

similar method provided in [4]].

Theorem 3.0.1. Let Q) be a bounded pseudo-convex domain in C" and ¢ an arbitrary
plurisubharmonic function in ). Assume that H is a complex linear subspace of C™
and denote Q0* := QN H.

Then, for every holomorphic function f on )*, there exists a holomorphic function F

in Q2 such that F' = f on Q0" and
/ |F|2e™?d\ < Cq [ |f[Pe %dN\",
Q Q*
where Cq is a constant depending only on n and on an upper bound for the diameter

of Q.

Proof. Without loss of generality, assume that H = {z; = 0} and 2 C {|z| < 1}.
Let us first explain why it is enough to take H as a hyperplane. For simplicity, let
n=4and Q C C* and let H = {2, = 29 = 23 = 0}, which is a complex line, then
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H C C. Now consider,
(i) ' =QNHCQ:=0N{z=2=0}CC?

and H C Q. Then, f € O(Q*) which implies that there is a function F' € O(Q)
such that F' = f on () and

/ |F2e %d\ < Cq [ |f]%e PdN".
Q Q*

Thus, we levelled up one dimension.

Continuing for the next level-up, consider,

(i) Q=Qn{z=0}cC?

and 2 C Q. Then, F € O(Q), which implies that there is a function F' € O(Q)
such that F = F on ) and the norm condition holds. Moreover, S;Z C C3, and
Qcacct

By this process, we obtain an extension on () with the required norm. Also note
that, we may assume that {2 C {|z1| < 1} because (2 is a bounded domain, so it is

contained in an M — ball, that is
QC{ML<M}$QC{§%<1L

with change of coordinates 2 C {|z1| < 1}.

Now by approximating €2 from inside (taking an increasing sequence of strongly
pseudo-convex domains 2, and letting €2, — U,en(2, gives 2 as n — o0), and
approximating ¢ from above, (taking a decreasing sequence of smooth plurisubhar-
monic functions ¢,, and letting ¢, — ¢ as n — ©00), we may assume that (2 is
strongly pseudo-convex domain with a smooth boundary, ¢ is plurisubharmonic func-
tion which is smooth up to boundary, and f is defined in a neighborhood of Q" in H.
Let o = 9(x(21)f(2*)), where 2* represents the remaining (n — 1)-variables, y = 1

near 0, {|z1] < €} is the support of a, and dov = 0. Observe that, since f is defined

on QN H, fis afunction of (n — 1)-variables. Let ¢ = 2log |z|.

Then, by Hérmander’s Estimate, we already have that, there exists u € L? (£2) such

that du = «, and the following holds

/\u!Qe‘pd)\S/\oz\?aawe‘pd)\.
Q Q
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Now consider the following function,

f(z1,27) = x(21) f(2") — u(z1,27).

We will examine if this function f might be an analytic extension for f. Let us start

with checking the analyticity first and follow this with checking if it is an extension.

Observe that Of = O(x(z)f(2*) — u(z1, 2*)) = a — a = 0. Thus, f is analytic.

For checking the extension property, consider the following,

on H, z; = 0 which implies that x(z;) = 1 because x = 1 near 0.

Also, observe that, on z; = 0, f(0,2*) = f(2*) — u(0, z*), indicating that f does not
seem like an extension near z; = 0. Hence, for f to be an extension-like, u = 0 near

z; = 0. Then, we must check if u(0, z*) = 0. Observe that,

1 1
/ |u|2—2d)\ < / |0z|2—2d)\ < 00.
Q |21] Qn{|z1|<e} |21

Assume that u # 0 on H, so |u| > M for some M. Then, there is a neighborhood V'

around ¢ € H so that u # 0 in V, but then, we would have,

1 1 1
/]u\2—d)\>/M2—2d)\ = |u|2—d)\> M?——ad\.
Q 1% ‘21’ QNH

|Zl|2 |Zl|2 VNnH |21|2

Since,
1 d
/ M2~ d)\ ~ ",
VNH

|Zl|2 D |Zl|2

we have that « = 0 on H, which shows that f is an analytic extension of f.

Let FF € A%(Q,e %) := O(Q) N L*(Q, e ) be the function satisfying ' = f on H

with the minimal norm in LQ(Q, e~ ¥), in other words, suppose that

|F2 = / |F|*e~?dV is minimal in L?(£2, e™%).
Q

A% (Q,e7?) = {f € A%(Q,e7®): f =0o0n H} is aclosed subset of A%(€2, ™),

27



where H = {z; = 0} = C"!. Then,
AHQ,e7%) = AL (Q,e7%) @ [A%(Q,e7%)] .
Since F' € A%(Q, e™%), we can express F as follows,

F=F + F'where F' € A%, F" € [A%]" .

Let F’ = 0 so that F" has the minimal norm. Then, F' = F", F' € [A%,]l and so F'is

perpendicular to the space z; A%(€, e7¥%).

To see this, let g € A% (€, e~%). For simplicity, choose ¢ to be a functional in two

variables, z1, 25 only. Then, the power series of g will be of the following form
g(2) = ag + a121 + aszo + azzi + agz120 +aszs + . ...
Since g € A%(Q,e%?), g =0 on H. Thus,
g(2) = ag + axzy + asz; + . ..

which implies that for g to be 0 on H, we must have ap = a3 = a5 = --- = 0, and so

g consists of terms containing z;. That is,
9(2) = arz1 + ang + asz120 + . ...

Or equivalently,
g(z) = 21§ where § € A*(Q,e™%).

Hence, for g € A%(Q2,e7%),
(F,g) = (F,z9) =0.
Therefore, F is perpendicular to the space z; A%(€), e=?). Note that, this also means

that z, F' is perpendicular to A?(Q, e~ %).

Now choose such o« with the minimal norm. Then, o 1 K erd . To clarify,
Kerd = [RcmaL and L3(Q, e %) = Kerd @& Rand. Let @ = oy + oy where
a; € Rand and ay € Kerd . Then,

5*06 = 5*061 —|—5*062 = E*Oél = le.
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= =]+ .. .
Note that, since « has the minimal norm, o« = oy € Rand = [K ero } . This implies
that there exists a sequence «, such that lim,,_,, Oa,, = a, and Do = lim,, 90a,, = 0.
Thus, da = 0.

Now we will check if « satisfies the 9-Neumann Boundary Condition, that is,

Z a;p; = 0 on 0F2, where p is a defining function for ).
J

Observe that, by [16], an element o € nt(C’(lovl) (Q)) belongs to DomT™* if and only
if
- 0
E oq,jKa—Q = 0on 0N forall I, K, and p is a defining function.
Z .
j=1 J

Now, in our case, a € L?(Q, e~¥) belongs to Domd because J o = 7, F, but again

by [116],

Z a;p; = 0 on 89,

j=1

where «; are the coefficient functions and p; are the partial derivatives of p.

Consider then,

/ |F|2e~?d)\ = / P& T aye-vd @'a=7%F)
Q o “

_ <F5(i), a> (3.0.1)
21 e—¢

where the last equality follows from the fact that F' is an analytic extension of f and

OF = 0.

Consider the function h : z — 21 and that 0(3) = m(9h/|0h|*)dV where V is the
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space on which A vanishes and dV is the surface measure. Thus,

1 0z
(Z_1> - 7T|62’1|2

0 d\* = 1OZ1d\".

Then, continuing with equation (3.0.1)),

(1 (1
<F 0 (—) , Qv > = <F7rd§1, Q > , since 0 (—) has support on * and 0 outside,
~1 e~% e~¥ ~1

- fradz e ¢d\"

Q*

=T fadzie PdX\*
Q*

W(/Q |f|26_¢’d)\*>é. (/Q |oz1|26_“’cl/\*>é

where the last inequality follows from Holder’s Inequality.

VAN

Therefore, for the demanded inequality, we only need to estimate

o [Pe™PdN*.
Q*
Consider the following equality,
92
Z(ajake_@)ﬂ = azjazk, (Oéjake_W)

— (—2Re (90 . ) + |0 al* + Z |ozj7g|2 — [0a* + Zgojjgajak)e_‘p.

From integrating by parts and continuing calculation for any function w, and any «

with ) ajp; = 0 on 9S2, we obtain,
/ Z wjReyOke TdA — / Z P 'Wjake_%ﬁ
Q ” 89 ’ |0l
= / ( — 2Re (00 ov. @) + |8 f?
Q

+ Z o z5” — |0al? + Z goﬂozj@k) e fwdA.

Since we have da = 0 and 0 o = Z, F, for w is a negative function of variable z;, we

would have
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ds

_ 2,—¢ —ov. e
wiT|aq [fe”PdN  — / E 0 Pl ——
/Q 11| 1| 90 Pk |ap‘

= /—2 Re(F&ﬁwe‘“dk%—/we‘“’dA
0

Q

+ /\a11\2e“"d)\—/we“adk—l—/gonmlpwe“’d)x
Q Q )
= —2Re {/ F@lwe‘pd)\] +/ oy 1P we™?dA
Q Q
+ /(,011|0z1|2w6_“"d)\,
Q
which then gives that,
ds
wiglog e ?d\ = —2Re {/ Falwe_‘pd/\} +/ prejare fw—
/Q H Q aQZ e [9p]

+ /|a171|2w6_@d>\+/g011|a1|2we_‘ﬁd)\.
Q Q

Hence we get,

/gzw11|a1|2€_wd)‘ < —2Re [/Q Falwe_m}\} '

Now let w := 2log |21 | + |21]* — 1, where 0 < 6 < 1. Then,
oy = b+ 8],
and for some ¢ > 0,
/(7?(56 + 6% 21|27 | e Pd A
Q
< —2Re [/ Faylog |z [2e?d\ + / Fay|z|®e %d\ — / F@le_“”d)\]
Q Q Q
= 7T/ o |?e™?Pd\* + 52/ lon || 21|22 %d\
O Q

1
< t/ ]F|2€_“"d)\~|——/ o |Pw?e™#d.
Q t Ja

Now observe that |a+b|* = |a|>+|b]*>+ (a, b) +{a, b) and {a, b) + (a,b) = 2 Re (a, b).
Thus, |a + b|> = |a|* + |b]* + 2 Re {a, b) and —2 Re (a,b) = |a|® + |b]* — |a + b|*.
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Then, —2 Re {(a,b) < |a|* + |b|*. Regarding this, consider,

/Falwe_”d)\ < /(F, 1) e dA,
Q Q

—2Re { /Q Falwe_“"d)\} = —2Re ((F,a1)we—v)
= —2Re((tF,1/t @)e—v)

1
< t/ |F|?e~%d\ + —/ o [Pw?e?dA.
Q t Ja
Take ¢ such that w? < 6%t|21|*~2in {|z;| < 1}, and with regard to

we get,

1 1
t/ |F|2e_“"d)\—|——/ | [Pw?e Pd)\ < t/ |F|2e_“"d)\—|——/ oy [26%t] 21 |22~ %d A

IN

t/ \F|269°d)\+(52/ o |21 [P 2ePd .
Q Q

Thus,
l/ |a1|2w26_“"d)\§52/ lon 2|21 [P 2ePd .
t Ja Q

However, we also have that

1
T |a1|26_‘pd/\*—|—52/ |a1|2|21|25_2e_“"d)\§t/ |F|26_‘Pd)\+—/ oy [Pw?e™Pd.
Qo Q Q tJo

Hence,
1 1
7r |O(1|26_<‘0d/\*+¥/ oy Pwie?d\ < t/ |F|2€_<pd)\+¥/ o [Pw?e?d\
% Q 0 Q
= 7 [ |ogffed\ < t/ |F|?e™%d\.
% Q

which gives us,

2 2
/ FPesdN| <x | [ (feeant|. |2 / (FPe%d)| |
Q Q* 7 Jo
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Therefore, we obtain the norm condition

t2
/ |F|Qe_“’d/\ < — |f|26_‘pd/\*
0 T Jox
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CHAPTER 4

APPLICATIONS OF OHSAWA-TAKEGOSHI EXTENSION THEOREM

4.1 Openness Conjecture

Choose an open set U C C and x € U. If we take a holomorphic function f on a
neighbourhood of z, say V, denote the germ of f at z by f, (equivalently, f,. denotes
the equivalence class of function elements (f, V'), where two function elements are
equivalent at z if they agree on an open neighbourhood of ).

Let u be a plurisubharmonic function defined in a neighborhood of 0 € C" satisfying
that e~ is an element of L' . With this assumption, Demailly and Kollar [8] presented
the following result called Openness Conjecture,

There is a number p > 1 such that e™* is an element of L?, provided that the neigh-
borhood is shrunk. The conjecture simply states that if | f|?¢™ is locally integrable,
then there exists ¢; > 0 satisfying that | f|?e~(17%)" is also locally integrable, or

equivalently, the set
{p € R : |f[*e P"is locally integrable}

is an open set. Now, define the multiplier ideal sheaf as follows (see [21]]),

Iu)=< f.: f€ O(V),/|f|26_“ <00,V CUopen,zeV
\%
‘We also define

I (u) :=Uesol (1 + €)u).
With these sets being defined, the Openness Conjecture can also be written as follows,

For a subharmonic function  on X and /(u) is the germ of holomorphic functions

f € Ox. It holds that



In 2013, Berndtsson [3] gave a proof for above statement of the conjecture, which has

lead to a great progress in the view of proving the conjecture.

Theorem 4.1.1. [/9] If uy < uy < ... are plurisubharmonic functions on U and
u = limw; is locally bounded above on U, then I(u) = I(u;) for some j.

j
Observe that the theorem above implies that the Openness Conjecture is true, because
if we take u as follows

u <0,

then by taking u; as (1 + )u in the Theorem | we see that

1
Io(u)=1((1+ E)u), and by limit condition, we get I, (u) = I(u).

Now, to be able to prove this theorem, we need some additional results. First we

consider these results.

Proposition 4.1.2. Let A C C denote the unit disc. Given k € N and a holomorphic
function F defined in a neighbourhood of A and such that F # 0 on A\ {0}. Assume
that G € O(A) satisfies hm ggzg =0, andt € A\ {0}, for any k-th roots of unity w,
we have F(wt) = G(w ) Then,

sup |G| > e1|t| ™%, where ¢; = ‘rr‘11n|F( s)| > 0.
A =

Proof. Let F(s) = sPF(s) with p is an element of NU {0} and F; # 0 on A. By

eliminating F, we may assume that F'(s) = s. We define an auxiliary function,

1 -p
=7 zw:w G(ws).

Then, for wy is a k-th root of unity and by F'(wwot) = (wwyt)?, we have the follow-

ing,

P Pyp wy P wyt? Dyp
G1(wot) = ka G(wwot) = Zwt :?gt :T.k:wot

G1(z)
F(z)

and z — 0, Gi(z) = £ >, wPG(wz) and G = o(F) at 0. Moreover, for any

Hence, the function G is holomorphic on A and lim, = (O because as s — 0,
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t € A\ {0} and F(wt) = Gy (wt).

Then, this function G, satisfies what the function G satisfies in the proposition. Also,
its Taylor Series consists of monomials of the form s where k divides ¢ — p > 0. To
make it clear, we can give a simple example for this part with taking £ = 2 and p = 3.

First consider the explicit formula of the Taylor Series for G,

- ; [i ans"] F (-1 [iansn(—l)"] |

n=1 n=1

then for £ = 2 and p = 3, the last two summations become,
é{Zans } +§(—1){Zans (—1) } = 5{2%5 (1—(-1) )}
n=1 n=1 n=1

0 n =2k

Yo laps” n=2k+ 1.
Then, the Taylor Series for GG; in the case of £k = 2 and p = 3 consists only of
monomials s? for which ¢ — 3 is divisible by £ = 2. Coming back to the proof of the
proposition, in particular, ¢ > p + k and so f;—ﬁ) is holomorphic on A. Hence, for
any t € A\ {0},

G1(s)
Sp+k

tP

_ |4k
{ptk | ‘

> ’(?1(t)

{ptk

sup |G1(s)| = sup
s€A sEA
where the first equality follows from the fact that a holomorphic function takes its
maximum value on the boundary and since s € A, on the boundary |s| = 1 and the
last two equations follows from the fact that G, (t) = F'(t) = t? because 1 is a root of

unity, so F'(wt) = G;(wt). Therefore, we get,

sup |Gy (s)] > [s] 7",
SEA

sup |G| > ci|t| ™, ¢1 = ‘11|111%|F(5)| > 0.
A s|=

]

For the final required result to prove the theorem, consider the following construction.

Given a measure g : W — C, let ||g|| € [0, 0o] be defined such that
ol = [ lge
W
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Lemmad4.1.3. Let f € O(U). The germ of f at x, is an element of J = U I(u;) ifand
only if for arbitrary small neighbourhood V' C U around x and for an]y hyperplane
Py ccm,

liminf dist(z, P)||flvap|| =0

as P is parallel to Py and dist(x, P) converges to 0.

Before continuing with the proof, assume that V' is polydisc around 0 and F, denote
the set of all points whose first coordinate is 0. Then, the lemma states the following:

/|f|26_“ < oo if and only if limionf|s|2{ / |f|2€—u} = 0.
S—>

v Vn{z1=s}

Since [ |f]*Pe™ = [ [ |flPe™ ) dXs(s), the lemma provides the conver-
v C \Vn{zi1=s}
gence of the following integral

p(s)dAz(s)

{lsl<r}
if and only if lim inf, . |s|?¢(s) = 0, where ¢(s) = fvm{ZFS} | f]2e.

Proof. Suppose that x = 0.
(=) Let f, € J, pick j and a neighbourhood V" around 0 such that [ |f[?e™" < occ.
v

For a hyperplane Py, changing the necessary coordinates one can obtain that Fy||{z €

C™ : z; = 0}. Then, using Fubini’s Theorem, one gets the following:

sox [Ipe= [ [ 1P| an).
Vv

C |Vn{z1=r}
Since [ |r|*dXa(r) is divergent on an arbitrary neighbourhood of 0 € C, the above

inequality implies that

lim inf |r|?. |flPe™ | = 0.
r—0
Vn{zi=r}

Indeed, assume that ¢(r) = fvm{qzr} |fI2e, if we have

lim inf dist(z, P). / |flPe™ | #0,

V{zi=r}
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then there is some nonzero c such that as r — 0,

liminf dist(z, P). / IflPe™ | =c.

Vn{z1=r}

This implies that

C

()O(T>Zr_‘2'

/C o(r)

diverges. This would be a contradiction to assumption of ¢(r) < co. Thus,we obtain

Thus, the integral

the demanded result as » — 0,

lim inf dist(z, P). / |flPe | = 0.

Vn{zi=r}

(«<=) Suppose on the contrary that fy ¢ J. Let V' be pseudo-convex. Given a holo-
morphic function & : A — U, and a(0) = 0, use J o « to denote the pullback
A={goa:g9€ J} C Oryp.

Then, by the assumption there exists a non-zero a so that fo o o ¢ Oco)(J 0 ).
We choose a hyperplane P through 0 € C™ which does not include a(A). Take
Py = {z1 = 0} as the chosen hyperplane. Let & = (a,q9,..., ;) be a holo-
morphic function in a neighbourhood of A such that FF = fyoa # 0on A\ {0}.
Take vy (s) = s*, where s € A and a(A) C V. Hence, there exists ¢y, ¢y € C, for
g € O(V), and for any j,

waxlol” <, [ 1o < [lofe < [lfe @1
14 14 \4

where the first inequality is a result of subharmonicity and the middle inequality fol-
lows from v < 0. P, = {z € C™ : 2y = r}. We must find a bound for || f|vnp,||
from below. Let » € A\ {0}, and assume that || f|y~p,|| < co. Then, using Ohsawa-
Takegoshi Extension Theorem, we can find a function g € O(V') which is equal to f

on V' N P, and for sufficiently large j such that,

[ 192 < llrlven @12
Vv
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where c3 is independent of j and . Note that, this inequality holds because if j is large
enough, || flvap |I?> < |Iflvap || + €. In other words, for all € > 0, we can find some
sufficiently large j such that taking e~/ as the weight factor in Ohsawa-Takegoshi

Extension Theorem, we can extend the function f. With some 7, the following holds

[ 1Pe <2l el
VAP,
and if we take u as u; in the Ohsawa-Takegoshi Extension Theorem, we get the ex-
tension function g.
Let G = g o «, with that its germ at 0 is an element of J o . Since F' = fy ¢
O(c,0)(J o ), the following must hold

lim G(z)
z—0 F(z)

=0,

because if not, using Comparison Test, F' and G have the same convergence and that
fooa ¢ Joaimplies that F' ¢ J, which means that [ [F|?¢™ = co. However,
G € J, so f |G|?e™ < oo. This gives a contradiction, and thus, we must have
G =o(F) atO.

Further, for any choice of k-th root /r, we have F'({/r) = G({/r), because a4 (s) =
sk, s € A holds. Hence, by Proposition with taking £ = 1, we have

max |g| = max |G| > a (4.1.3)
a(8) A 7]
Putting the inequalities 4. 1.1, 4.1.2]and [4.1.3| together, we have,
&1
> —— r e A\ {0}. 4.14
||f|VﬁPr||—c263’r’ r \{ } ( )
Then,
lim inf dist(0, )| fvap, || > ——,
CoC3
which contradicts to the assumption. [

Now we prove Theorem

Proof. Let J = |JI(u;), which consists of germs of u; at . Suppose P C C™ is a

j
complex hyperplane and let W be a relatively open subset of P.
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Then, by Dominated Convergence Theorem, we have,

o or

gl =< . ,
lim [ |g|’e™" = [ |g]*e™™
> w w

Let dist(z, P) denote the Euclidean distance between = and P. Consider for m > 1,
since J is a subset of I(u) and I (u) is finitely generated, it only remains to show that

fz € I(u) = f, € J, which will be done by induction on the dimension m.

1. For dimension one,

fe € J <= liminfdist(z, P).||flvap|| =0
<= liminf dist(x, z). inf/ |f|?e™ =0
20— Vﬂ{zo}
> lim |z — x| inf | f(z)[2e™% ) = 0
20—
—  lim |z — z|.|f(20)]2e ") =0,
20—
= frel(u).

The last equivalence follows from Lemma with u; = u for all j.

2. Assume that it holds for m — 1. Let f, € I(u), then [|f|*¢™™ < oo, but then

by induction hypothesis,

/ | f|?e™" < oo implies that there exists some j such that / |f|?e™ < .
VNP, VAP,

Then, by taking ; as u, and I(u) as J in Lemma.1.3]

lim inf dist(z, PT)Q/ |f|?e™ =0,

vnp,
and thus,
lim inf dist(z, PT)/ |flPe™ = 0.
vnp,
Now, note that || f|vrp, || = inf [, |f[?e™" and as u; goes to u, when j goes

to infinity, since [, |f[?e™" < o0,

wt [ qppern= [ jppe
VNP, VNP

by Dominated Convergence Theorem. Then, f, € J.
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4.2 Suita Conjecture

Suita [25] conjectured that for a bounded domain D C C, one has

e, < 1Kp 4.2.1)

lim (G p (w,z)—log |w—=z]) . o .
where cp(z) = et (Eplw)log =2l 4o e logarithmic capacity of the complement

of D with respect to z € D, Gp(w, z) is the (negative) Green’s function for D with
pole at z and Kp(z) = sup{|f(2)|]* : f € O(D),||f||2 < 1} is the Bergman kernel
on the diagonal. Note that c¢p|dz| is an invariant metric, called the Suita metric, and

its curvature is given by

9?log(cp) 1

O c 1 N — T
UTepdz| 020z ¢4
On the other hand, Suita also observed that
9 log(cp)
Z B\ oK
b0z P

which gives us the result that (4.2.1) is actually equivalent to that
Curvep)q.) < —1.

It was also concluded that if D is simple connected, Curv. 4., = —1, so (4.2.1)
becomes ¢4 = mKp on D if D is a domain with smooth boundary.
In 1995, Ohsawa [24]] observed that Suita Conjecture can be viewed as an extension

problem, for z, € D, there is a function f € O(D) such that f(z,) = 1 and

2 T
[ yrrar < 3 ()

He, then, proved that
C2D S OOT‘-K D

where Cy = 750. Later, in 2007, Btocki [7] developed this constant to C, = 2,, and
in 2011, (See [13]]), it was improved further to Cy = 1.95388.... Finally, Btocki
[S]] concluded the result for the optimal constant Cjy = 1, mainly using Hormander’s

solution to O equation using L? estimate.

Theorem 4.2.1. [15] Assume that Q C C"~! x D is pseudo-convex with 0 € D C C
and is bounded. Then, given a function f which is holomorphic in Q) := QN{z, = 0}
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and a plurisubharmonic function ¢ in S, there exists a holomorphic extension F' of f

on Q with

P < WWH@-

Proof. Recall that Hormander’s Estimate [4]] states that for a pseudo-convex domain

QinC"anda = a;dz; € L}, 0.1y(€) such that Oa = 0, for any plurisubharmonic
J

loc

@ in €, we can find u € L? () such that Ju = a and

loc

/\u|2e<ﬂd)\§ /|O“?aa¢€wd>"

Q Q

noting that |O“?85¢ = Y @,y With a little alteration, we can use the following
j?k

theorem for the proof.

Theorem 4.2.2. Let ov € Lj, 0.1)(§2) bea 0-closed form in a pseudo-convex domain

Q in C". Assume that ¢ is plurisubharmonic in <), 1) € Wl’Z(Q) is locally bounded

loc

from above and they satisfy |5¢|?65w < H < 1inQ for some H € L{2 ().

loc

Then, there is u € L}, () solving Ou = o and such that for every b > 0

loc

1 1+ bH
/\ul?(l — H)e?' A\ < (L+ ) /Q l ?68¢1—|;—H€2w“0d>\.

Q

Here W,2%(92) is the Sobolev space.

Proof. Assume that ¢ is plurisubharmonic, smooth and ¢/ is bounded in 2. Set u to
be the minimal solution to Ju = « in L2(2, ¢¥~%). This implies that u | ker d in the

set.

Then, v := ue? is perpendicular to ker J in L?(€2, e~¥) because

ov = 0(ue?) = (Ou)e? +ud(e?)
= YOu+u(0y)e”

= ae?’ +ueVo.
Hence, it is the minimal solution to dv = 3 where 3 = ¥ (a + udv) € L 0)()-
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Then, using Hormander’s Estimate, we get, [ |v|?e=?d\ < [ | |f85@e_¢d>\ , Or equiv-
) )

alently,

/ lu2e?=?d\ < / |+ ud |25, A
Q Q

IN

/(|Oé‘1288<p + 2|U|\/ﬁ|a|w§w + ‘U|2H)62w*@d)\.
Q

To see this,

/|v|2e_‘pd)\ = /|u|2e2w6_‘pd/\:/|u|2e2w_“"d)\
Q Q Q

= / 18125, dN = / e?’ (a + udy)?e™?d\

Q Q

= /|a + udrpPe*d) < /(\a\z + 2|a| [ud| + [ul?[0w]?) eV P dA

Q

Q
< /(W + 20al|ulVE + [uH)e*—#d),
(9]

where the very last inequality is a result of |8@/}|i 950 < H.

Assume now that ¢ > 0, then consider

t(1— H)
2la|ulVH < % + |ul?t(1 — H).

Thus, we have for ¢t > 0,

_ H _
[ messan < [ ol + ol s + thl? = | -in
Q Q

Then, upon taking ¢ := we get the estimate given in the theorem. [

1
b+1°

Continuing the proof, for any € > 0, define

a = 0(f(¢)x(—2log|z,])) = _f<Z/)X/(;210g |Zn|)d5n

n

where z = (2, z,) and x € C%!(R) is non-decreasing and satisfies the condition that

x = 0on{t < —2loge}, x(co) = 0 (which we will explicitly define later).
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Then, « is defined in 2 when € is small enough, supp @ C {|z,| < €} and for any

solution of Ju = a, the following
F = f(z")x(—2log|z,|) — u (4.2.2)

is a holomorphic extension of f given that u = 0 on €)’. To make it clear, for
O ={z,=0}NKQ, and |2,| < ¢, we see that —21log |z,| > —2loge. Now if y =0
on {t < —2loge}, then fx = 0 there. So f has a support on |z,| < e. That is why F

can be the extension of f on 2.

Since we want to apply the theorem above and we can find sufficient weights , ¥,

we have to choose the following functions on R .

h(t) := —log(t+e*—1)

g(t) == —log(t+e " —1)+1log(l—e")

These functions solve the ODE:

AV
<1 _ (%3 ) e20-hHt > 1

where g € C%'(R,), h € C"(R, ) such that h has a positive second derivative and

is nonincreasing and g + logt, h + log ¢ vanish at co.

We also see that,

(1 — %) et —q (4.2.3)

lim (A(t) — 2g(t) + log(—H/(t)) = 0. (4.2.4)

t—00

Observe that, in fact we have g = log(—~'), the ODE (4.2.3)) becomes

> _
ﬁ(e h) =€ t.

After this arrangement, solving the posed ODE is trivial.

Now denote G = Gp(., 0), then for a harmonic function v which is bounded in D, we
can also express G as G = log |r| + v. Then for some constants ¢, ¢/, we have that in

D, by the definition of Green’s Function,
1 , . .
|2G — 2log|r|| < ¢, and |2G, — —| < ¢ near origin.
r
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Set N := —2log e — ¢ and choose § = N3 such that

limd(e) = 0.

e—0

Then, we define the following functions,

(

h(t), t< N
—o0log(t—N+a)+b, t>N
\

(

9(t), t<N

—dlog(t—N+4a)+b, t>N

where a, b, b are chosen so that » € C*! and v € C*!, so we determine a, b and b as

follows,
)

a = a(e) :_h’(N)
b="0b(e) =h(N)+dloga

S

= b(e) = g(N) + dlog a.

Observe that, as € — 0, a(e) — oc.

After this set up, we define ¢ and v explicitly as given below,
P =9 +2G+v(=2G), ¢:=7(-2G).

Note that, ¢ is plurisubharmonic in {2 because Green’s Function is harmonic and ¢ is
plurisubharmonic on €). Also, note that, ¢ is an element in the Sobolev space given

in the theorem and is bounded from above. Then,

B _ (,.Y/(_QG)) <1l n$)
0% 55 < 10% o5, o) = V(—2G)
=0 on suppa,

and suppa C {—2G > N}.
Now to grasp a little better, recalling the functions ~ and v, y is defined using g, then

~" has ¢/, and v is defined using h, then " has h”. So the last equality we get will be

in similar to the ODE we mentioned earlier. Then

(1 — (g’)2) <l= (o) < L.

h// h//
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Continuing the proof, we also have that

= B ((~2log |z ))) = LENCZE)

Then,

a2 = ()P (X (—21og | 2al))?
00

where |dz,|> = (1/(4]02,]*V"(—2G)) by above theorem (see [5]). However, the
function

—6log(t — N +a)+t
is non-decreasing function in the variable ¢. Then, it follows from #.2.3]
<1 B (7/)2>627_V+t _ )= 1 on {t < N},
/i
v > (1 — 6)e29N=hNFN 5 {1 > N}
Then, for € is small enough, the above term is greater than or equal to 1 on R* U {0}.

Now, the above theorem provides a solution u, for Ju = a so that

/|u|2€ SDdA</Iu! (1= [0 [5g,)e™ ™ < 1f§ (€),

where

This gives us,

Fr—. Fr—. 2~ !
finA(e) < TmB(e) / fPeedy,

2

550, (2
Ble) i— / iO0((—26)) 20-(~26)=26 g ().
[r|<e ’f(Z/)|2

This holds because « depends on ¢, supp « C {|z,| < €} and u depends on e.

By Fubini Theorem, we separate A(e), noting that |z,| > ¢, x¥’ = 0. Then, for
|zn| < €, consider the integral A(e),

o
/ / iz’ = / v [ 0,

Zn
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Since G depends on 1-coordinate z,, (G = log|r| + v = G(0, .)), we obtain,

| ’1681/ 2G
/|f \2e’@dz / Y ()|2 ))e (72G)*2G+2dzn.

[r|<e

We now want to replace G by log |r| in the above integral of B(¢). Note that,

1
lim sup |r[?e™¢ = ———
=0 (|y|<e} (cp(0))?
and near origin,
1
|2G, — —| < ¢, or equivalently, (4.2.5)
r

1 11
2G, — > = 4G — 4G, - + | < (¢)?,
r T T

G = (1= |r])*.

Plus, on {|r| < €} we have

29 —v(=2G) < 2y(=2log|r| —¢c) —v(—2log|r| —¢)

IN

2v(—21log |r]) — v(—2log |r|) + d log(1 + 2)

and

a—+c
a4+ 2c

2
V'(=2G) > V' (=2log|r| +¢) > < ) V'(—2log|r|)

Thus, by the conditions on § and a, we get,

N 1 N
limB(e) < ——=limB(e)

e—0 (CD(O)>2€—)O
2 =z 2 2y—v
where B(E) _ / (X’(—210g |T|)) 627(—2log|r\)—u(—210g|r|)d>\(r) S / (XI) eV "
720" (—2log |r]) v
{Irl<e} N+c
By Schwarz inequality, choosing x such that it is increasing and x (oo f X'dt =
N+c

1 holds, we see that

0 t<N+c

x(t) == !
% f wds t>N-+ec
N+c
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o0

where w = v"¢”"*" and C = [ wdt. Then,

N+c
Ble) = —
f Vlley—Z’Ydt
N+c
and
/ Vlleva'ydt — (56b 2b/(t+a)5 th
N+-c
= 1 1 1—-6 (1 + C>5_1eh(N)e—Qg(N)elog(_h/(N)).

By tlg})lo(h(t) —2¢(t) + log(—=h'(t))) = 0, and lim §(¢) = 0, and lim a(e) = oo,we

e—0 e—0
have
lim B(e) =
e—0
Thus, we obtain,
hm/\ufe PdA < /|f]2e“’d>\

Considering the case that 0 < € < ¢,

'(—2G))? 2(—2log [r)—v(—2log|r])
(1 — M) 621/1*V(*2G)72Gd)\(r> 2 1 / e d)\(r)

V"(—2G) C(e) |r[?
{Iri<é} {Iri<é}
€2B—b 5
P— —N - p—
e /(t +a)-Sdt
—2log €

and by the previous theorem, for u = u, of Ju = « such that the inequality (4.2.5)
holds, we have u = 0 almost everywhere on §2'. Therefore, the weak limit of F' = F,

is the required extension satisfying the norm condition.
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CHAPTER 5

OHSAWA’S QUESTION

The study of extending holomorphic functions with L? estimates presented in many
different versions with various methods gave the most important results in several
complex analysis concerning about this topic. These studies include important Ohsawa-
Takegoshi Extension Theorem and other types of extension theorems provided by
different mathematicians. Recently, Guan and Zhou found the way to establish an
optimal form for the L? extension theorem (see [11]], [14], and [13]). Morever, many
other results have been obtained from these extension theorems related to Bergman
Kernel (see [[I1]]). This provided the unavoidable connection between the L? exten-
sion problem and Suita Conjecture. Related to this connection, many questions have
been proposed some of which are still unanswered. We are going to survey some of

these questions posed and some answers to them.

For example, Ohsawa proposed the following question in [22].

Given subharmonic functions ¢ and v on C satisfying

/e_¢ < 00,
C

does there exist a holomorphic function f with f(0) = 1 and

/ |f|2e—(¢+w) < e ¢(0) / eV ?
C C

Observe that when ¢ and ¢ do not depend on argz, the answer is positive. To see

this,

¥(2) = ¥(]2]) and p(2) = ¢(]z])
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Then, if we take f = 1, we have

21 oo
/ o= g=(12D) / / o~ 1 g
C 0 O
21 oo
< / / e drdg
<

/ e Y rdrdd
0

DS

Note that, the fact that ¢ is a subharmonic function which is independent of arg(z)
and e’ is a convex increasing function implies that e#®) is a subharmonic function.
Moreover, the function e#(*) is a real-valued and increasing function. To clarify, ob-
serve that since ¢ is subharmonic, considering its Laplacian in polar coordinates we
see that r¢, is an increasing function and so ¢, > 0 at any point in the domain be-
cause otherwise it would give a contradiction to 7y, > 0. Then, ¢ is increasing and
the inequality above follows.

On the other hand, if one of ¢ or ¢ depends on arg(z), the question is that what
other conditions should be forced so that this inequality holds. In fact, in [11], Guan
and Zhou proved an extension theorem implying the following result concerning this

question.

Theorem 5.0.1. [26] Let 1) be subharmonic on C with the property that i00 is
independent of arg(z) and satisfies the following:

/6_¢ < 0.

C

Then for every p subharmonic on C one can find a holomorphic function F' on C with

F(0) =1and
/|F|2€—w—¢ < e—¢(0) /e—w
C

C

Let us now consider the extension theorem provided by Guan and Zhou, then using

their result, we will give a proof for the theorem above.
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Let fx be a non-negative function in C*°((—X, 00)) and X € (—o0, 00| such that

/ fx(t)e~"dt < oo and,
X

2 t to

/ fx(t)e dty | > fx(t)e™ / / Ix(t)e dtydty (5.0.1)

X -X

for any ¢t € (—X, 00), or equivalently,

t it
F(t) =log / / fx(t1)e " dtydty | is strictly concave for any t € (—X, o).
X -X

Remark 5.0.2. An important class of functions fx (t) satisfying the inequality
contains the functions satisfying the following:

1. Lfx(t)e >0, fort € (—X,a)

2. Lfv(t)et <0, fort € [a,00)

3. Llog(fx(t)e™) <0, fort € (—X,a)

where a > — X is constant.

Theorem 5.0.3. Let D C C" be pseudo-convex and | be an integer such that 1 <[ <
n. Let ¢ be a function which is plurisubharmonic on D, and let H = D N {z, =

-+« = 2,111 = 0}. Then, given an arbitrary holomorphic function f on H such that
/|f|26_“’dVH < 0
H
one can find a holomorphic extension I of f on D satisfying
! r
/fX(— 08 |zal? + -+ + |zt FPe~*dVp < 7o / fX(t)e—t/ |F2e=¢dVy
D X H
where fx(t) is a positive function in C*°((—X, 00)) such that

t  to
F(t) = IOg / / fx(tl)e_tldtldtg
X -X

is strictly concave for any t € (— X, 00).
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Theorem 5.0.4. Let D C C" be pseudo-convex, and | be an integer such that 1 <
I<n.H=Dn{z, == 2z,_141 =0} and,

" 1/2
P(z) =p (Z !Zj|2>

j=n—Il+1

where p does not depend on arg(z), is subharmonic on C. Then, for any ¢ which is

subharmonic on D and any f holomorphic on H with
/|f|2e—@de < oo,
H

one can find a holomorphic extension F of f on D, satisfying

e X/2

l
/ |F|2e ¢ YdVp < 2% / e Pt dt / |f|?e ?dVy (5.0.2)
D ' 0 H

where X = sup (l log ( > \zj|2>> .
z€D Jj=n—I+1

Note that p is independent of the variable arg(z), so we can regard p as a function
defined on R™ U {0} and thus,

1/2
p < 3 |zj|2) and p(t) in the equation

j=n—I+1
provide a proof of Theorem [5.0.4|and with the help of Theorem [5.0.3]

N

.0.2)) is significant. Our aim is to

Proof. Assume that p is a smooth and strictly subharmonic function and

n

U(z)=1. log( > |zj\2> and fy(t) = e 7",

Jj=n—I+1
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Since p does not depend on arg(z), take the function p on R™ U {0}. Observe that

Fe(oW(z) = 6_p<e(wgz>)>

Set T = e7*/2, and we get, dT = _71 e 12 de=t/?,

(%] ) t=o00
/fx(t)etdt = /ep(em)etdt:—Z / e PN e t2 g1/
e j'e t=—X
t=—X e(X/2)
= 2 / e PN TAT = 2 / e P TdT.
t=00 0

However, fx(t) satisfies Remark (1), (2), (3). To see this, consider,

d d e d T ar -1
a Het) = _<*p(e ),t):_ —r(M) 2\ 22 wh = e
g x®)e™) a7 \° ¢ a7 (¢ ) g Where =5
1
= (T — T2/(T)e D) ()
—T?
— ( 5 )e—P<T>(2—Tp’(T)).

Considering next,
log(fx(t)e™") = log(e "1T?) = log T? — p(T),

taking derivative with respect to dt, we get,

2

© (o(Fx(t)e ™) = (08T — p(T)) = 7 — /(T).
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Finally, for the last property, consider,

%;(log(fx(t)e_t)) = %(%log(e‘p(T)TQ))%
= ddeiT log(e"1T?) (%)2 + diT log(ep(T)Tz)cf;Tz
::(%g—”(0£ﬂ+(%—ﬂ@0%T
= @) + S,
where the first equation is a result of fx (t)e™ = e 7T T2,

Now observe that the term
/ /! d /
PT)+p (1T = - (TP(T))
is a positive number for a = {T": 2 — Tp/(T) = 0}, then Tp'(T) is an increasing
function there. Hence, 7'0/(T") can be equal to 2 only once, then the derivative of
f=(t)e~* can change sign only once. Since the value of 70/ (T') is smaller at the points

smaller than a, when T € (—00, a),
2 — Tp/(T) > 0.

However, T  and ¢ are inversely related by construction. Thus, for t € (—A,a), we
have

2—Tp(T) < 0.

Hence, f,(t) satisfies Remark (1) and (2). Moreover, since p'(T) + p"(T)T is
positive, by definition this shows that p is strictly plurisubharmonic on C. Then, again
by definition, it follows that

2

s og(fx(De) <0,

which shows that for t € (—X, a) with a > — X, the function fx () satisfies the third
property of the remark above. Therefore, fx () satisfies the conditions given in the
remark.

This also implies the sets of type 2 fy(t)e~* > 0 or & fy(t)e~" < 0 are intervals.

Then, by Theorem [5.0.3}
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J fx(=Hog(|zn]? + -+ + 20— [*) [F[Pe™?d VD
D

— /6—p(671(‘l‘1°g('2n2+"'+Izn1+1'2)))|F|2e—<pdVD
D
— /G_P(elog“zn2*'“+|Zn—l+12))5|F|2€_¢’dVD
D
. 1/2
ﬂ’((_zl |Zj|2> )
_ / e \\mitn FPe~edVp
D
= /e‘¢]F|26_‘PdVD
D
0
< % / e P ety / |f]2e™?dVy
X H

= | e / |f]2e#dVy.
H

O

After proving Theorem [5.0.4] we now ready to prove Theorem [5.0.1] In the previous
theorem, taking n = 1, we obtain this less strict, or more general, condition for which

Ohsawa’s question still has a positive answer.

Proof of Theorem Given R > 0, define D(0, R) to be the disc centered at 0

with radius R. Then using Riesz’s Decomposition, we obtain

v =5 [ logls— €liddu() + h(e)
D(0,R)

where / is a harmonic function on the given disc.

Let ¢1(z) = &= [ logl|z — ¢]i004(€), then ¢y is a radial subharmonic function,
D(O0,R)
in other words, 1; does not depend on arg(z). Then, by taking D = C, H = {0},

I =1, pas ¢+ hand 1 as the radial function in Theorem5.0.4] we can find for any

holomorphic function f on H with [ |f|?¢~%dVy < oo, and a holomorphic function
H

F on D such that F = f on H and,

eX/2

l
/ |F|2e~?~h=Y1qy, < 2% / e POt dt / | f|2e= M avy.
D . 0 H
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where p = 1y as v, is radial in the theorem.

/ |FlPe=¢=""V1qv, <

D(O,R)

e~ 1Ot / l.e ¥ "dVy
—{0}

= 27 e 1 Wpdr | elme=MO)

o1 | o))

Y

5~— “TT—=x 0\3

D(0,R

=

here the first equality comes from that X = sup{1.log|R|?} = 2log|R|, and
2t R

// T //e—wl(r)rdrdg _ // (=D g4
D(0,R) 0 0 D(0,R)

Since h is a harmonic function, e” is a non-decreasing, convex function we have that

e~ is a subharmonic function. Thus, we see

o e o [l

D(0,R) D(0,R)

/ |F|26—90—¢ < e ¢(0) // e ¥ < e~ ¢(0) // e ¥ < 0.
D(0,R) D(0,R) C

Thus,

O

Observe, the condition of 901 is radial cannot be dropped. In [26], a counter ex-
ample for the case of i00 is not radial is provided. Assume that i90% is a function
depending on arg(z).

Consider the functions of the Corollary as o = 2(1 —a)log|z + 1| and ¢p =
2alog |z + 1| + h(]z + 1)?) where 0 < a < 1 is a constant. It is obvious that ¢) and

 are subharmonic functions. Let
R+ 411 Tz < Ry
h(l’): (x—R1)2+R1+i R1§$§R1+%

T x>R1+%
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where R; > 0 will be determined later. Observe that,

So, ' > 0, which shows that A is increasing; plus, h is convex because the domain of
his (—oo, R] U [Ry, Ry + 3] U [R; + 1, 00) and this set is convex.

Now, on R, A is convex and |z + 1|? is subharmonic on C because on C, for
9(z) = |z +1]

both g, and g,, are positive. Consider for K = {|z + 1|* < Ry + 3} and L =
{|Z+1|2 > R1+%}

[ -

C

e(2alog|z+1+h(|z+12))+/e(2alog|z+1+h(|z+12))

L
1

1
b menn L hgee)
EESTEN +/’Z+1|2ae o
L

I
N P

where the first integral converges by p-test. With respect to ¢ + ¢ = 2log|z +
1| + h(]z + 1|?), square integrable holomorphic functions have an orthogonal basis
{|z + 1|*},k > 1. Therefore, minimal L?-norm element with f(0) = 1 is given as

f(z) = z + 1. Then,

o 1 e e
/|f|26 =1 = /|z+1l2m€ A +1|):/e h(l=+17)
C C

= / e FimidA + / e M=+ g4

K L
— mRye (itd) 4 / e M+ g 4.
L
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L = O / o / _ L hgenp
EESIES
C C
1

= [ [ e
Z o A a

K L
1 1

_ (R1+1)/— /— —h(|z+1]?)

€ EESER + |Z+1|2a6

K L

B S - /_1 ~h(l+17)

‘ <1—a ) e

L

For R; large enough,

1
el = e hary - et (Rl o fenenn (1oL
1— 12 e Thy —e 1 —au + [e |2+ 12
L

R 1 Riia h 12 1
— e (Bitg)g Ry — _|_/e—(|2+) 1——— ) >0
-« |z + 1%
L

So, I} > I,. Then the minimal L?-extension with respect to ¢ + 1 such that f(0) = 1

exceeds e~ #(0) [ €. Then, the question posed by Ohsawa for this case fails.
C

We now consider another answer for Ohsawa’s question provided in [10].

Theorem 5.0.5. [[/0] There are subharmonic functions v and ¢ on C such that

1. [e¥ <0
C

2. ¢(0) € (—o0,00)

3. For any holomorphic function f on C such that f(0) = 1, [|f]?e 7% = o0
C
holds.

Proof. Let) = 2maz{cilog|z—1|,colog|2—1]} and o = (1—c;)(log |2 —1])%, ¢; €

(3.1), c2 € (1,2). Assume not. There is a holomorphic function f on C such that

f(0) =1and [|f|?e™¥"% < co. Also, observe that (¢ + ¢)|._1j<1 = 2log |z — 1],
C

and, for |z — 1| < 1,

Y =2c;log |z — 1] and ¢ = (1 — ¢;)log |z — 1%
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Consider, ¥ + ¢ = 2log |z — 1|, then e ™% = ellog |z — 1|)? = \z—11\2' Therefore, it
holds that

1
2
— <
[ <
C
because p-test holds if and only if |f|?> = 0 at z = 1, as z = 1 is a singularity.

Then, for some number M,

v+ —21—c+e2)loglz] = 2cloglz —1|+2(1 —c1)loglz — 1| — 2(1 — ¢1 + ¢2) log | 2|
= 2(1 — ¢+ c)(log|z — 1| — log|z])
-1
= 2(1—cl+02)log‘z| | |
z

< M.

Il
™

OO>/|f|2€_(¢+w) > /|f|2e_M_2(1°g|Z|)(1_Cl+c2), letting e/
C

C
JURER

C
_ Iik
= C _—
|Z|2(1—81+82)
C

Now, f is holomorphic then its Taylor Series will be in the form of > _ a,,2", but then,

V

| f1? will be of the form |z|?, so the inside of the last integral will be # and for
k < 1, the integral diverges, which is a contradiction. Thus, the degree of f must be
0, and so f is constant. However, now we have f(0) = 1 and f(1) = 0. This is a

contradiction. O
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