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ABSTRACT

Novel Optimization Models to Generalize Deep Metric Learning

Giirbiiz, Yeti Z.
Ph.D., Department of Electrical and Electronics Eng.
Supervisor: Prof. Dr. A. Aydin ALATAN

August 2022, pages

Deep metric learning (DML) aims to fit a parametric embedding function to
data of semantic information (e.g. images) so that 12-distance between embedded
samples is low whenever they share similar semantic entities. An embedding
function of such behavior is attained by minimizing empirical expected pairwise
loss that penalizes inter-/intra-class proximity violations in embedding space.
Proxy-based methods which use a learnable embedding vector per class in their
loss formulation are state-of-the-art. We first address characterizing generalization
error of proxy-based methods. We reformulate DML as a chance-constrained
optimization problem and through careful theoretical analysis, we show that DML
with better generalization guarantees can be achieved by iteratively minimizing
a proxy-based loss and re-initializing proxies with embeddings of new samples.
Second, we consider critical desideratum for DML: generalization to unseen data.
We analyze global average pooling (GAP) which is an effective architectural
choice to aggregate information in DML. With theoretical and empirical supports,
we explain effectiveness of GAP by considering each feature vector as representing
a different semantic entity and GAP as a convex combination of them. Following

this perspective, we generalize GAP and propose a learnable generalized sum



pooling method (GSP) improving GAP with two distinct abilities: i) the ability
to choose a subset of semantic entities, effectively learning to ignore nuisance
information, and ii) learning the weights corresponding to the importance of each
entity. We further propose a zero-shot loss to ease the learning of GSP. We show

the effectiveness of our contributions with extensive evaluations on 4 popular

DML benchmarks.

Keywords: metric learning, alternating projections, feature selection, zero-shot

loss
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Oz

DERIN METRIK OGRENMEYIi GENELLEYEN YENILIKCI
OPTIMIZASYON MODELLERI

Giirbiiz, Yeti Z.
Doktora, Elektrik ve Elektronik Miithendisligi Boliimii
Tez Yoneticisi: Prof. Dr. A. Aydin ALATAN

Agustos 2022, sayfa

Derin metrik ¢grenme (DMO), imge gibi anlamsal bilgi iceren verilere para-
metrik bir fonksiyonun, fonksiyonun degerleri arasindaki 12-uzakligi anlamsal
yakinlig1 yansitacak sekilde yakigtirilmasini amagclar. Bu davramisa sahip fonk-
siyonlar goriintii uzaymdaki ikigerli simf-igi/-dig1 yakinlik kisitlarimin ihlalini
cezalandiran ampirik beklenen kayip degerlerinin en-kiictiltiilmesi ile hesapla-
nir. Kayip formiilasyonlarinda her sinif igin 6grenilebilir goriintii vektorii igeren
vekil-tabanl yaklagimlar en iyilerdir. Bu ¢caligmada oncelikle vekil-tabanlh yak-
lasimlarim genellestirme hatalarinin karakterizasyonu incelenmistir. DMO bir
sans-kisith en-iyileme problemi olarak yeniden tamimlanmistir. Ozenli teorik
analiz ile yinelemeli olarak vekil-tabanli kayiplarin en-kiigiiltiilmesi ve vekillerin
yeni 6rnekler ile ilklendirilmesinin DMO icin daha iyi genelleme saglayabilecegi
gosterilmistir. Ikincil olarak, DMO icin elzem gereklilik olan egitim-dis: siiflar
tizerine genelleme ¢aligilmigtir. Sikca kullanilan etkin bir bilgi ortaklama yon-
temi olan butiinsel ortalama (BO) incelenmigtir. Teorik ve deneysel bulgular

ile BO'nun etkinligi her bir ¢znitelik vektoriiniin anlamsal bir olguyu temsil
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etmesi ve BO'nun bu olgularin digbiikey bilesimi olmasiyla agiklanmigtir. Bu
kapsamda BO, 6grenilebilir bir ortaklama yéntemi ile genellestirilmistir. Onerilen
yontem BO’ya iki ayrik 6zellik kazandirmaktadir: i) istenmeyen bilgiyi atmay1
ogrenerek anlamsal olgularin altkiimesini segebilme, ii) her olgunun énemini
gozeten agirliklar: 6grenebilme. Ek olarak, onerilen yontemin egitim-digi siniflar
icin genelleyebilmesine yonelik yenilik¢i bir ceza fonksiyonu bi¢imlendirilmistir.
Bu tez ¢alismasi kapsaminda sunulan katkilarin etkinligi yaygin kullanilan 4 adet

referans veri-seti lizerinde yapilan kapsamli deneysel ¢aligmalar ile gosterilmistir.

Anahtar Kelimeler: metrik 6grenme, yinelemeli izdiigtirme, 6znitelik se¢imi, sifir-

yardimli tahmin
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CHAPTER 1

INTRODUCTION

Typical approaches of many machine learning application®.@. visual object
tracking [2], image captioning [3], object detection [4], semantic segmentation [5]
etc.) implicitly or explicitly build on some notion of semantic similarity of
the input data. Distance metric learning is the problem of nding a proper
function that satis es metric axioms and assesses the semantic dissimilarity of
the data samples from its domain. Being the core of many vision tasks, distance
metric learning for images is of ever-growing interest and has been extensively
studied [6, 7].

In modern approaches, image distance metric learning is generally realized by
learning the parameters of an embedding function so that the semantically similar
samples are embedded to the small vicinity in the representation space as the
dissimilar ones are placed relatively apart in the Euclidean senses(,|2 distance).

Such a task is termeddeep metric learning(DML).

DML problem is attempted mostly by contrastive learning which is built on
tailoring a loss function penalizing/encouraging pairwise proximity based o2
distance of the sample pairs. Contrastive learning can be superviseg (with
labeled data) or unsupervised. The labelling can be as weak as binary labels
indicating whether the pairs are of the same class. The unsupervised setting
is typically converted to self-supervised [8] via data augmentation where a
positive sample {.e.,sample of the same class) is generated by applying some
transformations to the original sample. In supervised setting, the function
parameters are learned through minimizing the empirical expected loss with

pairs sampled from a class-labelled training dataset.



Once we employ supervised training with class-labelled dataset, DML problem
seems to be reduced to a classi cation problem. With that being said, DML
iSs a more restrictive problem in which we do not only deal with categorizing
the images but also capturing the relative orderings of the images from the
same category. Moreover, one desired behavior for the embedding function is
generalization to unseen classes, namehgro-shotperformance. In that manner,
DML is well-suited for the tasks that are built on nearest-neighbour classi cation,
e.g. content based image retrieval. Therefore, if we solely solve a classi cation
problem to obtain the embedding function, then such a function will probably

be a sub-optimal one for DML-related tasks.

In this dissertation, we address DML in a supervised setting. Upon comprehensive
study of the literature, we focus on theoretically explaininchow or why the
existing approaches succeed. In particular we employ mathematical modeling
(i.e.,optimization models) to formulate general frameworks whose corner cases
are the typical approaches in the literature. Accordingly, we try to discover
rooms for improvement for the generalization of DML methods. To this end,
we propose a mathematical programming for DML, as well as two methods for
the embedding function. In the following sections, we formally introduce DML
problem and motive our study upon a short review of state-of-the-art (SOTA)
approaches.

1.1 Problem Formulation

In this section, we formally de ne the problem of DML and set up the base
notation for the rest of the thesis.

In typical c-class supervised DML, we consider the data distributiopyxy over

X XY whereX is the space of data points€.g. images) andY =[] is the space of

samples frompxxy asf (x;;Vi)g, deep metric learning problem aims to nd the
parameters of an embedding functione( ; ): X ! RY such that the Euclidean

distance in the space of embeddings is consistent with the label information
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whered is the embedding dimension. More speci cally, the parametric distance
kx; 9xjke = ke(xi; ) 9e(X;; )kois small, whenever; = y;, and large, ify; 6 ;.
In order to enable learning, this requirement is represented via loss function
[((xi;yi); (Xj;y;); ) of pairwise distance €.g. contrastive [9] 1((Xi; Vi); (Xj;Y;); ) =
maxf 0; 1y,=y, (kx; 9 X;jke )+ g wherel, is an indicator function whose

components are equal td, wheneverA is true, and equal to91 otherwise).

The typical learning mechanism is gradient descent of an empirical risk function
de ned over a batch of data pointsB  pxxy. To simplify notation throughout
the writing, we will useb= fh(i) j x;;y; 2 Bg; to index the samples in a batch.

Then, the typical empirical risk function is de ned as:

Lo (5 ) = g " 1(06iy0): 059 ) (1.1.1)

i2bj

In this thesis, we rst consider improving the generalization performance in terms

of the expected loss:

h i
Lome ()= Epeye (OGY); (X595 ) (1.1.2)

We then address unseen class generalization of the embedding funcebn ).

1.2 Evaluation of DML Methods

DML methods are typically evaluated on image retrieval task, where there are
the query and the referenceimages. A query is an image for which similar images
are to be retrieved, and the references are the images in the searchable database.
The well-accepted evaluation metrics argrecision at 1 (P@1), precision at R
(P@R), andmean average precisiofMAP@R) at R, where R is de ned for each
guery and is the total number of true references as the query. P@1 sometimes

referred asrecall at 1 (R@1). We next de ne the aforementioned metrics.

P@1: We consider the nearest reference to the query. The score for that query is
1 if the reference is of the same class, 0 otherwise. Average over all queries gives

P@1 metric. Albeit used in common, P@1 is a rather greedy metric to assess

3



the quality of the embedding space geometry, since it only considers the nearest

neighbour retrieval performance.

P@R:For a query,i, we nd R; nearest references to the query and lef be the

number of true references in thosR;-neighbourhood. The score for that query is

P@R = ri=R;. Average over all queries gives P@R metrice.,P@R= % P P@R,
i2[n]

wheren is the number of queries.

MAP@R: For a query, i, we de ne MAP@R = P(i), whereP(i) =

i2[Ri]

P@R if i retrieval is correct or O otherwise. Average over all queries gives
. P .

MAP@R metric, i.e., MAP@R = % MAP@R,, where n is the number of

"2

gueries. MAP@R is shown to better assess the clustering performance in the

1
Ri

embedding space [6]. Hence, it is recently considered as a less noisy evaluation
metric to evaluate the methods.

1.3 Summary of SOTA Approaches and Our Motivation

Primary thrusts in DML include i) tailoring pairwise loss terms [6] that penalize
the violations of the desired intra- and inter-class proximity constraintsii) pair
mining [7] to deliberately select mini-batches for gradient updatesj ) generating
informative samples [1013] to improve unseen class generalization, and)
augmenting the mini-batches with virtual embeddings, callegroxies [14, 15]
to enhance the gradient updates with more holistic information. To improve
generalization; learning theoretic ideas [16,17], intra-batch feature aggregation [1]
and further regularization terms [18, 19] are utilized. To go beyond of a single

model, ensemble [20 22] and multi-task based approaches [23, 24] are also used.

Such advances report their improvements to previous SOTA with respect to R@1
metric. Recent independent studies [6, 7] reveal that the evaluation protocol
of the most methods might fail to re ect the true order of the improvements
due to both the experimental setting and the R@1 evaluation metric. Indeed,
reevaluation of the existing SOTA using P@R and MAP@R metrics showcase
that the relative improvements over the previous SOTA di er from the that of

R@1 and the ranking of the methods with respect to MAP@R metric changes.
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Proxy-based methods are observed to be SOTA especially in large-scale problems
(in terms of # classes.

We observe that the motivation of using proxies is mostly coming from intuition
and that intuition is exploiting more pairs in the computation of the empirical
loss for the gradient update. In other words, introduction of proxies is based on
engineered solutions and the motivation is seemingly lacking a proper theoretical
explanation. For instance, increasing the proxies [25] is also exploited and
shown to improve R@1 performance while later shown to degrade MAP@R [6].
Nevertheless, there lacks a theoretical answer to a critical questitiHow does
increasing proxies help?"

Our rst motivation is attempting the question above and we nd that charac-
terizing generalization performance of proxy-based DML can be a decisive step
towards theoretically addressing that question. To this end, we approach DML
di erently by posing it as a feasibility problem of chance constraints. We then
propose a mathematical programming method that can be applied with variety
of existing DML losses.

Our formulations are based on test and training samples to be drawn from the
same distribution. However, the intended behaviour for a trained embedding
function is generalization to unseen classes€(.,zero-shot performance). We

empirically observe that the generalization in training domain indeed transfer
to the test domain. Then, another critical question we want to answer is
"How does embedding function transfer its training?lh that manner, we study

the implications of local feature aggregation which is a common component in
embedding functions of DML methods. Building on such implications, we propose
a learnable feature aggregation layer with a zero-shot prediction constraint. Again,

we propose a method that can be applied with existing DML methods.

1.4 Contributions

As the result of our study on characterizing the generalization performance of

proxy-based DML methods, our contributions are as follows:
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We reformulate DML as a chance constrained feasibility problem.

We expand on the discussions of the works on the generalization bounds
to characterize generalization of proxy-based DML as well as to formally
write the feasibility problem as a set intersection to be solved by iterative

projections.

We show that solution of a proxy-based DML indeed corresponds to a
solution of some chance constraints and thus, we build a bridge between
proxy-based methods and the set intersection solution suggested by the
theory.

We introduce a novel way to utilize arbitrary number of proxies per class.

As the result of our study on the implications of local feature aggregation on the

global embedding vectors, our contributions are as follows:

We show that local feature aggregation with global average pooling (GAP)
corresponds to a convex combination of particular prototype vectors of
some semantic entity.

We introduce a general formulation for weighted sum pooling.

We formulate local feature selection as an optimization problem which

admits closed form gradient expression without matrix inversion.

We propose a meta-learning based zero-shot regularization term to explicitly

impose unseen class generalization to the DML problem.

1.5 The Outline of the Thesis

We discuss the works that are most related to ours in Chapter 2 as well as how
we di er from them. We reformulate DML problem as a chance constrained
optimization in Chapter 3 and propose a mathematical programming method
to solve it. We provide the related empirical study to validate our claims and
compare with the SOTA within the chapter. Chapter 4 is devoted to interpreting
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the behavior of global average pooling and its role in unseen class generalization.
Building on the implications of Chapter 4, we formulate a learnable version of
weighted average pooling in Chapter 5 and propose an algorithm to learn it
with zero-shot prediction constraint. We also provide the related empirical study
to validate our claims and compare our method with the SOTA in Chapter 5.
Finally, we summarize our work in Ch. 6 and draw conclusions from the empirical

studies.






CHAPTER 2

RELATED WORK

In this chapter we discuss the works that are related to ours. Brie y, we mostly
present deep metric learning literature and how we di er from the existing
approaches. We also discuss some literature frararo-shotand few-shot learning
owing to their relation to our work. Similarly, we recapitulate feature pooling
mechanisms from image retrieval domain and provide a short review for the
optimal transport based selection operators, since our feature aggregation method

shares similar concepts.

2.1 Metric Learning

We restrict ourselves to the distance metric learning problem which is posed
as learning the parameters,, of an embedding function,e( ; ), so that the
parametric distance,k 9 k. , between the data samples re ects their semantic
dissimilarity. Pioneer metric learning methods considee as a linear mapping
[26 28] that later inspire most of state-of-the-art (SOTA) frameworks in whiche

is a nonlinear mapping realized by deep neural networks. Such methods that use
a deep neural network, in particular convolutional neural network (CNN), as the
feature extraction backbone are termed deep metric learning (DML) methods.
We cover the advances in supervised DML. Unsupervised DML [8] mostly inherits
the loss functions and feature extraction strategies from supervised DML. They
di er in that unsupervised (i.e.,self-supervised) DML exploit data augmentation
techniques to generate positive samples which are the transformed version of the
original sample. Thus, in the rest of the section, we focus on DML approaches

for supervised setting.



2.1.1 Ranking Losses in DML

Learning a proper linear mapping for the parametric distance is initially formu-
lated as a convex optimization problem in [26]. The objective is minimizing the
parametric distances among the samples of the same classes. To prevent null
mappings, a constraint that enforces mapping of the samples from di erent classes
to be at least separated by some margin is added to the formulation. Moving
that constraint to the objective via hinge loss [29] results in the well-known

contrastive loss:

Tentrv (X5 ¥i)5 (X5 y5); ) = maxfo;y; kxi 9xjke g+ maxfo;y; (kxi 9xjke )0
(2.1.1)
where we lety; 2 f 91;1g denotely,-,, and" is the desired margin. Minimizing
the contrastive loss embeds the samples from the same class in a neighborhood as
small as possible. This approach ignores the intra-class variations of the classes
and results in internally diverse classes to be treated equally as internally similar
classes. Triplet loss introduced in [27] and popularized in deep metric learning
frameworks [30, 31] alleviates this problem by constraining the distance to any
positive sample to be at least some margin smaller than the distance to any
negative sample for each sample. In particular, for a sampbe, we denote its
positive sample as¢;+ such thaty; = y;+ and denote its negative sample as;

such thaty; 6 y; . Then, we write the triplet loss as:
“wipet (X5 X5 ); ) =maxfo kx; 9%+ ke Kk X 9% ke +"g;  (2.1.2)

Minimizing triplet loss entails deliberately selection of the triplets to have nonzero
loss terms. Thus, either large batch size or mining for exemplars violating the
triplet constraint is required [30]. Such an e ort makes the computation of the
triplet loss is less attractive than of the contrastive loss. Margin-based loss is
introduced in [9] to provide the exibility in the distribution of the classes in the
embedding space without using triplets as the exemplars. It expresses the margin
constraint of the triplet loss as separate loss terms of the distances between
positive and negative sample pairs by relaxing the constraint of the contrastive

loss on the positive pairs:
“margin (X5 ¥i); (X5 ;); ) = maxfoyy; (kxi Oxjke )+ g; (2.1.3)
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where controls the separation margin and is a trainable parameter for the
boundary between positive and negative pairs. For xed (i.e.,non-trainable),

the margin loss is indeed the generalized version of the original contrastive loss.

The contrastive, triplet and margin-based loss terms are the simplest forms of the
pairwise distance ranking based loses. In these losses, only 2 or 3 data samples
contribute to the loss terms. On the other hand, all negative samples within
the batch can also be integrated to a single triplet loss term in lifted structured
loss [32]. It reformulates the triplet loss with the triplets formed by hard negative
mining within the batch for each positive pair. Using log-sum-exp expression as
the approximation of max operator in the mining operation, the lifted structured
loss term for a positive pair gets the contribution of all the negative samples in
the batch. Similarly, proceeding approaches utilize smoothed versions of these
simple losses by replacing hinge loss with log-sum-exp [33] or soft-max [34, 35]
expressions. Similarly, ranking among more samples via soft-batch-mining [34]

are addressed to exploit in-batch tuples with non-trivial settings.

In a di erent aspect, angular loss [38] that constraints the local geometry of
the samples in the embedding space is proposed to better exploit the relation
among triplets. Ranking in the quadruplets is also studied [392] to improve the

structure of the embedding space by considering relation among more samples.

The motivation of using the relations among more samples leads to softmax-
classi er-based losses [34,43] and clustering-based losses4@y For the latter,
optimization of the clustering-based losses deviates from the typical nonlinear
programming procedure of the deep metric learning frameworks. They involve ad-
ditional sophisticated computations which might be quite expensive. Di erently,
softmax-classi er-based losses are bath basel.-pair loss [34] makes use of half
of the negative samples in the batch for a positive pair. The batch for th -pair
loss is constructed byN samples from distinct classes an8ll corresponding
positive samples. Each positive sample is used as a negative sample for the
samples from the other classes. Such a batch construction together with the
N -pair loss formulation results in a sampled softmax-cross-entropy loss term for

a classi er in which the embedding of the positive samples are considered as
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the sampled class vectors. Similar softmax-based loss is later formulated in [43]

within a meta-learning framework.

In our work, we do not consider crafting a loss term. We rather relate minimizing
the ranking losses to feasibility of some chance constraints on the probability of
observing pairs violating desired intra-/inter-class distances. Namely, the existing
loss terms follow a top-down approach to impose pairwise proximity constraints.
On the contrary, we use a bottom-up formulation using chance constraints that
ensure low probability of proximity violation among the samples and end up

with the similar loss forms to that of contrastive loss.

2.1.2 Pair Mining and Sample Generation in DML

Pair mining. Apart from the advances in the loss terms, e cient sampling
strategies to provide batch of exemplars to the learning algorithm also have a
key role in the success of the DML frameworks. The aim of exemplar mining
is to improve the speed of the convergence and the quality of the embeddings
by providing informative exemplars which are tuples with non-trivial settings in
general. Mining for such informative exemplars brings additional computational
burden since vast number of exemplars exist and all the samples should be mapped
to the embedding space prior to mining. To avoid such a computational burden,
some frameworks performs mining in batches faemi-hard negative[30, 36],
hard negative[47] and distance weighted sampling [9]. Similarly, a random
subset of the dataset for semi-hard negative mining is also considered [34]. For
global mining, hierarchical triplet loss framework [48] performs triplet mining
through tree representation of the dataset, and smart mining method [31] exploits
approximate nearest neighbor search. Class-level global mining is addressed
in [49]. Global mining is further exploited for contrastive learning in [50]. The
main problem with such global approaches is requirement of the mapping of the
entire dataset to the embedding space periodically, which prevents scalability to

the large datasets.
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Sample generation.  Di erent from the search (i.e.,mining) based approaches
for the informative pairs, generation of synthetic hard negative samples through
adversarial [51,52] and variational [53,54] models is addressed. The motive is to
exploit a generative model to create samples such that high pairwise losses are
observed when paired with the original samples. Follow-up works [11B] address
synthesizing samples from the convex combination of the embedding vectors of
the samples in the batch. Unlike generative models, such approaches explicitly
use the embedding space to generate synthetic samples. Mixing the samples with
several strategies and combining such strategies to generate synthetic samples
are studied in [13].

Our contributions in this thesis are orthogonal to such sample mining and sample
generation based approaches. Hence, our methods can be applied with such
methods. That being said, our empirical study show that we can achieve SOTA
performance without sample mining or augmentation, implying that our methods

seemingly alleviates the need for such enhancements.

2.1.3 Proxy-based DML

Proxy-based methods consider augmenting the mini-batch with more samples
for less noisy estimate of the expected loss and circumvent the costly embedding
computation to include more samples in the mini-batches. In order to approxi-
mately increase the contribution of the negative samples for a positive pair to the
global extent, proxies for classes are re-introduced in [55] after its linear metric
learning counterpart [28]. Proxies can be considered as the representative vectors
for the set of points in the embedding space. Thus, using proxies in the loss terms
implicitly takes multiple data samples into account. Learning a proxy vector per
class within the deep metric learning framework is quite similar to learning the
class vectors of a softmax classi er with the sampled softmax-cross-entropy loss.
The slight di erence in [55] is the absence of the positive pair similarity term in
the normalization of softmax computation. Many later approaches consider the
proxies as vectors representing embeddings of the class centers [15,37,56,57] and

are trained along with the embedding function parameters.
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Non-trainable proxies are also exploited in [14] to gradually augment mini-batch
with previously computed embeddings. In proxy-based DML, the pairwise
distances are computed between the proxies and the mini-batch samples. Thus,
pseudo-global dataset geometry is considered during loss computation. To better
represent global geometry, multiple proxies per class are considered in [25,58, 59]
where the former two build on improving P@4by ne-grained clustering of class

samples to overlook intra-class variances.

In our analysis, we also align with increasing the proxies. Our work di ers in that

i) we build on reducing the probability of proximity violations (i.e.,improving
MAP@R?) and ii) we progressively increase the proxies by relating the proxy-
based DML instances. To this end, considering recently computed embeddings
[14] within the batch memory can be considered asfazzy version of our method

as we will discuss in the related part.

2.1.4 Enhancing the Embedding Vectors

Ensemble methods.  To enhance the diversity of the semantic information
embedded to the vector representations, ensemble techniques are also combined
with deep metric learning framework [2022,60 62]. The general idea is simply
concatenating the vectors from multiple embedding functions whose parameters
are learned by considering di erent local features of the samples. Hence, better
embedding space can be obtained by integrating the vectors that are specialized

to di erent aspects of the samples.

Enhancing the loss gradient. Several works address augmenting the primary
DML loss with the losses corresponding to either some regularization terms
[18,19] or sub-tasks to regularize the learning towards better embedding learning.
Implications of 2 normalization in gradient updates are studied in [18] and a
regularization term bounding the vector magnitudes is proposed to enable better
learning. A distance ranking based regularization term is introduced in [19] to

augment binary similarity based loss with some auxiliary labels to harden the

! P@1 (immediate neighbourhood) and MAP@R (global geometry) are explained in Y 1.2
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learning. In words, each pairwise distance is assigned to a label according to their
magnitude and the distances are regularized to keep their initial value after the
gradient update. Similarly, multi-task based approaches [23,24] augments the
primary DML loss with the losses corresponding to sub-tasks to regularize and
harden the learning towards better embedding vectors. Di erent from proposing
a loss term, a feature aggregation method is proposed in [1] to enable richer
representations to be used in distance computing. In particular, each feature is
represented as the convex combination of the other similar features within the
batch.

All of the aforementioned approaches build on the global image features extracted
by the global average pooling (GAP) layer. Dierent to them, we propose a

learnable pooling method for the global feature extraction generalizing GAP, a
shared component of all of the mentioned works. Hence, our work is orthogonal

to all of these and can be used jointly with any of them.

2.1.5 Disentangling Features

Several methods consider that the samples used in embedding learning share
some semantic entity which are not class-discriminative and thus, put particular

e ort on disentangling class-discriminative and class-shared features [54, 63].
In [54], global feature is decomposed into sum of class-discriminative and intra-
class variant parts where the latter is modelled by a variational auto-encoder.
Similarly, in [63], global feature is a concatenation of class-discriminative and
class-shared features where the latter is learned through auxiliary labels obtained
by clustering of the embedding space. Those methods operate on global image

representation level and their e ect on local features are rather explicit.

In our feature aggregation method, we also consider overlooking shared features
among the classes. Di erent from us, the aforementioned methods design loss
functions and algorithms regularizing global representations. We instead focus

on interface between local and global representations. Hence, our method is

orthogonal and can be combined with them.

15



In this sense, the methods that exploit local features explicitly through distri-
bution matching [64, 65] are quite related to our feature aggregation method
as well. Local feature matching with moments of several orders are used as a
regularization in [64] and optimal transport distance [66] to match local features

is used as the distance metric instead o2 distance in [65].

Our formulation of feature selection resembles optimal transport formulation.
Our method di ers in that we stick to |2 as the distance metric and do not

introduce costly optimal transport computation during retrieval.

2.1.6 Characterizing Generalization Bounds

Notion of robustness in learning algorithms is studied in [67] and generalization
error bounds of several techniques are derived accordingly. This study is extended
to metric learning setting in [68]. These works study the deviation between the
expected loss and the empricial loss over the whole dataset. Di erently in [69],
deviation between two empirical lossegore-set lossis studied and generalization
error is characterized by the core-set loss to formulate an optimization objective
for their active learning method. Core-set loss typically measures how much
is lost when a subset of the training data is exploited. Generalization bound
for metric learning is further studied in [16,17] to analyze and suggest training

strategies.

Our work expands on the theories in the aforementioned works to characterize

and improve generalization bound for proxy-based DML.

2.2 Other Related Work

2.2.1 Feature Pooling Techniques

One closely related task to metric learning is query based image retrieval. The
de-facto standard to address image retrieval problem has been the bag-of-visual-

words (BOVW) [70] until unprecedented success of deep learning methods. The

16



idea is extracting local feature representations of the image and aggregating such
features to obtain a global representation vector that is to be used in matching

the similarity of the images.

Before deep learning , hand-crafted feature extractor are employed and popular
pooling techniques include max pooling, average pooling, Fisher vectors [71],
vector of locally aggregated descriptors (VLAD) [72], and structural match
kernels (SMK) [73], where VLAD and Fisher can be considered as rst and second
order moment extension of average pooling BOVW. Later, fully convolutional
backbone part of CNNs pretrained on image classi cation task has replaced
the handcrafted features and the follow-up works have focused on transferring
the BOVW aggregation techniques to such CNN-based features [74]. Next,
task speci ¢ ne tuning of CNN backbones is addressed to improve the feature
extraction process and SOTA approaches employ pooling layers enabling end-to-

end learning.

Global pooling layers. Global average pooling and global max pooling are
the simplest parameter-free forms of feature aggregation enabling end-to-end
learning. Global average pooling accumulates information of all the local features
yet su ers from burstiness problem,i.e.,repeated semantic entities dominate
the salient ones. Although max pooling on the other hand is more robust to
burstiness, it is prone to prevent useful gradient updates from propagating to
feature extractor backbone. To facilitate such a weakness of max pooling, fusion
of k-max and k-min pooling is proposed in [75]. Compromising between average
and max, generalized mean pooling is introduced in [76]. Similarly, generalized
max pooling and democratic pooling are proposed in [77] to address contribution

of more features in max pooling without su ering from burstiness.

Fisher vectors [71] equipped with correlations among the local features have
been a predominant pooling method owing to its highly discriminating power.
However, Fisher vectors are not suitable for end-to-end learning. To this end,
trainable bilinear pooling [78] is introduced and shortly after, its generalized
version compromising between bilinear pooling and mean pooling is developed

in [79]. Following the attention era, enhancing the local features with inter-feature
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relations are as well addressed with attention mechanism in [80]. Such methods
consider local feature correlations in the aggregated (pooled) image representation
and hence, the resultant global representation equips richer information on
the distribution of the local features. That being said, prototype learning
based methods [81, 82] also aim to encode local feature distribution to global
representation vector. NetVLAD [81] is such an extension of VLAD [72] pooling
in trainable form. Similarly, optimal transport is adopted for feature aggregation

in [82] to form ensemble of pooled features corresponding to learned prototype

vectors.

Foreground-aware pooling.  Although bilinear pooling methods [79] implicitly
perform salient matching, they are not explicitly tailored to ignore nuisance infor-
mation. Namely, all the features in the bag constitutes to global feature vector.
Excluding the features corresponding to background in pooling is addressed by
detection based [83, 84] and attention based [889] approaches. The former
class builds on training with bounding box annotations and region based pooling
representation [90] of the detected region. Resolving bounding box annotations,
attention based methods [8589] build on learning to mask non-discriminative fea-
tures via class-label annotations. Among those, CroW [86], Trainable-SMK [88]
, and CBAM [85] build on feature magnitude based saliency, assuming that
the backbone functions must be able to zero-out nuisance information. Yet,
such a requirement is restrictive for the parameter space and annihilation of the
non-discriminative information might not be feasible in some problems. Similarly,
attention-based weighting methods DeLF [87], GSoP [89] do not have explicit
control on feature selection behavior and might result in poor models when

jointly trained with the feature extractor [87].

Our work is mostly related the prototype based methods [81,82] and the meth-
ods [77,8389] that reweights the CNN features before pooling. Existing prototype
methods have no feature selection mechanism and thus, all features are somehow
included in the image representation. Brie y, such methods map a set of features
to another set of features without discarding any. Such a representation is useful
for distribution matching. On the contrary, our pooling machine e ectively

enables learning to select discriminative features and maps a set of features to a
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single feature that is distilled from nuisance information. Moreover, our method
uni es attention-based feature masking practicesg.g. convolution, correlation,
normalization) with an e cient-to-solve optimization framework and lets us do
away with engineered heuristics in obtaining the masking weightg.@. normaliza-
tion, sigmoid, soft-plus) without restricting the solution space unlike magnitude
based methods [85, 86, 88].

2.2.2 Optimal Transport Based Operators

Our feature selection and aggregation formulation has close relation to optimal
transport [66] based top-k [91], ranking [92] and aggregation [82] operators. In
aggregation [82], optimal transport formulation is used to select local features to
be pooled according to their similarity to some anchor features. Hence, to each
anchor, a vector of aggregated local features are obtained, forming ensemble of

representations similar to [62].

In our work, we also perform feature selection according to similarities to some
anchor features and then aggregate the features accordingly to obtain single
global representation. What makes our method di erent is the unique way we
formulate the feature selection problem. Our formulation allows computationally
appealing matrix inversion free gradient computation of the selection operator

unlike optimal transport plan based counterparts [93].

2.2.3 Zero-shot and Few-shot Learning

Our zero-shot regularization for local features draws inspirations from attribute
based zero-shot learning (ZSL) [9496] and meta-learning based few-shot learning
[97,98] approaches. Attribute based zero-shot learning approaches express class
embeddings as the convex combination of attribute vectors which are either
available from text domain [94,96] or learned within classi cation framework [95].
The approaches in [95,96] can provide attribute localization and share a similar
spirit with our feature aggregation method which also enables approximate

localization. However, attribute annotations must be provided for those methods
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whereas we exploit only class labels to extract attribute-like features.

Our method can be considered as attribute-unsupervised version of these methods.
We learn class embedding and attribute vectors with a meta-learning framework
similar to the di erentiable convex optimization based approaches [97, 98] for
few-shot learning. In meta-learning based few-shot learning, the framework
learns to learn predictors that are useful for few-shot prediction. In words,
tting a predictor to a set of data is formulated as a di erentiable layer through
formulating it as a strict convex optimization problem [97,98] €.g. regression).
Then, such a regression operation as a layer is augmented to the feature extraction
framework, enabling learning to learn how to regress.

In this thesis, we also propose a similar meta-learning approach to enable
transferring the behavior of our feature selection layer to unseen classes. Instead
of few-shot setting, we propose meta-learning for zero-shot setting thanks to our
feature selection formulation. In short, our feature selection formulation together
with meta-learning setting enables us to introduce attribute based zero-shot
predictions without explicit attribute annotations.
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CHAPTER 3

CHANCE CONSTRAINED PROGRAMMING FOR DEEP
METRIC LEARNING

Deep metric learning (DML) poses distance metric problem as learning the
parameters of an embedding function so that the semantically similar samples
are embedded to the small vicinity in the representation space as the dissimilar
ones are placed relatively apart in the Euclidean sense. The typical embedding
function is implemented as convolutional neural networks (CNN) for visual
tasks and the parameters are learned through minimizing the empirical expected
loss with possibly deliberately selected mini-batch gradient updates [6,7]. The
loss terms in the empirical loss penalize violations of the desired intra- and
inter-class proximity constrains. Large-scale problems (in terms éfclasseg

su er from the noisy estimation of the expected loss with mini-batches [6, 14, 30].
Recently, augmenting the mini-batches with virtual embeddings calledroxiesis
shown to better approximate empirical loss in large-scale problems [6, 14] owing
to pseudo-global consideration of the dataset during loss computation. These
advances raise a critical questionHow does increasing proxies help2Vhich is
partially addressed empirically with the methods exploiting multiple proxies per
class [14,25,59].

Characterizing generalization performance of proxy-based DML can be a decisive
step towards theoretically addressing that question. To this end, we approach
DML di erently by posing it as a feasibility problem. In particular, we consider

a chance constraint for desired embedding function and relate it to the typical
expected loss of DML. Using such a relation, we provide an upper bound to the

generalization error of proxy-based DML. Aligned with the literature, the form
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of the bound suggests possible room for the improvement on the generalization
performance if more and diverse proxies are considered per class. However,
straightforward increase of the proxies may not help; since) proxies of the same
class tend to merge [25] and) memory is prohibitive to arbitrarily increase the

proxies.

To alleviate these limitations, we relate minimizer of the proxy-based DML to
a feasible point of some chance constraints, and reformulate DML as nding
a point at the intersection of the sets that the proxies imply. We provide a
scalable algorithm using iterative projections to the individual sets to solve the
problem. Each projection corresponds to a regularized proxy-based DML. Hence,
we inherently increase the number of diverse proxies included in the problem. We
empirically study the implications of our formulation. Evaluation of our method
on image retrieval shows state-of-the-art (SOTA) performance in improving the

baselines.

3.1 Preliminaries

In this section, we formally de ne the generalization performance of DML and

extend the base notation that we set up in Y 1.1.

In typical DML, we consider the setZ = X Y with elementsz=(x2X;y2Y)

where X is a compact space and&
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We will use x (or y) to denote data (or label) component okz. We havep;, an
unknown probability distribution over Z. Indicator of the two samples,z and z°
belonging to the same class is denoted gs,o 2 f 91; 1g where o =1 if y = y°

For indexed dataset samplesz; and z;, we will simply usey; in place of .,

We are interested in nding the parameters, , of an embedding function,
f(; ): X RY, sothatthe parametric distancekx9x%; = kf (x; )9f (x® )k,
between two samples(x;x% px, re ects their semantic dissimilarity. For any
pair, (z;z9 pz and embedding functionf (; ), we associate a loss(z;z% ),

! Di erent from the notation throughout the thesis, we use f to denote the embedding function
instead of e.
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penalizing proximity violations in the embedding image. We omif dependency
in the * notation for simplicity. We are to consider minimization of the expected
loss: .
h i
=argmin Ez0 5, (2;2% ) (3.1.1)

In practice, we are given a dataset ofh instances sampled.i.d. from Z as
fzigiz;np Pz where[n] = f1;:::;ng, and an algorithm, A 4s,, which outputs
parameters, , minimizing empirical expected loss with a training errorg(As,xs, ),
for a given set of pairsf (z;z )0 2s.xs,» from the dataset, wheres, = fs(l) 2
[n]loiz;ng  [N] is @ pool of indexes chosen from the datasgh]. i.e.,

, P P

Asg xs, = argmin s

o (Zsi)r Zso(iys ) s (3.1.2)
i2[n1]j2[n2]

and we formally de ne DML as A njxny, i.€.,minimizing empirical expected loss
with all possible pairs. We consider improving the generalization error @t xs,
which is:

h i
L(A51X52) = EZ;Zo Pz \(Z;ZO;A51X52) (313)

3.2 Method

We will iteratively solve multiple proxy-based DML problems. At each problem,

we re-initialize the class proxies by samples from the dataset. We relate the
problems by regularizing the learned parameters to be in the close vicinity of
the previous ones. In the following sections, we provide theoretical foundation

behind the motivation of our method. We defer all the proofs to appendix.

We start with reformulating DML with a chance constraint. We will introduce two
propositions that allow us to decompose the chance constraint into nite chance
constraints. We also show minimizer of proxy-based DML satis es some chance
constraints. Hence, we link DML to nding a point in the intersection of nite
sets, which we solve using iterative projections that correspond to regularized

proxy-based DML problem instances.

In the formulations throughout the chapter, we rely on Lipschitz continuity of

the loss function for which we refer to Lemma 3.2.1. Our method builds on
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improving the generalization performance on training domain. Granted that the
desired behavior is generalization to unseen classes, as we will discuss in Ch. 4,
the embedding vector of DML models is typically obtained by global average
pooling of local CNN features. In that manner, local features can be considered
as visual words. Thus, if we consider better generalization in training domain,
the semantics captured by the visual words can be transferred to represent the
samples from an unseen domain. Besides, our empirical studies support that the

implications suggested by the formulations are quite e ective.

Figure 3.1: Simple illustration of our chance constrained DML formulation over
two sets where each set's elements are the embedding function parametees, ,

that yield an embedding space in which the distances to anchor samples assess the
semantic dissimilarity with high probability (i.e.,satisfying chance constraints).
We consider the parameters of the desired embedding functiare.,f (; ), to lie

in the intersection of such sets. We show that to each such set, there corresponds
a proxy-based DML solution. Hence, we solve DML as a set intersection problem

via solving multiple proxy-based DML problems.

3.2.1 Chance Constrained Formulation of Metric Learning

We consider the solution of the following chance constrained feasibility problem:
min0  s. t0 Prz0 b, (yiyo(kx 9x%s )>0)6 "; (3.2.1)

with some small”. Namely, we want the probability of observing two sam-

ples of the same (di erent) class being apart (close) more than in the em-
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beddingh space being low. We write that probability as expected violation,
|
Ezz0p, 1 Jy O(KKOXOKG >0 where 1y being indicator function, and bound it for

> > 0as:

220 oy (yyo(kx 9x% >0
Pziz0 p, (yiyol XK )>0) i (3.2.2)
6 = E,p0 p, (yyo(kx 9x% )+ )

using Markov's inequality where(u). = maxf0O;ug. Note that to each value
of the expectation, e( ), there corresponds ar’ = )= which the chance
constraint satis es. Hence, we use the expectation as the surrogate of the penalty
term for the chance constraint and can rede ne the aforementioned feasibility
problem as the expected loss minimization in Eq. (3.1.1) with(z;2% ) =
(yyo(kx 9 x%s )+ ).. In particular, we end up with minimization of the

expectedgeneralized contrastive losf9].

We now consider the relaxed feasibility problem in which we consider chance
constraints conditioned on givenm samplesS=fzgiz[m) pz, say anchor

samples In other words, we wantto nd 2 Cs where:
G =1 Jpz p, (yiy(kxiOxks )>0)6 "; 8i2[m]g (3.2.3)
Using expectation bounds as in Eq. (3.2.2), the unconstrained problem becomes:

. P .
=argmin £ E, p, (z;z; ) : (3.2.4)
i2[m]
We are particularly interested in the problem of the form in Eq. (3.2.4) owing to
its relation to proxy-based methods to characterize their generalization. Prior
to delving into such a relation, we rst bound the deviation from the actual

expectation in Eqg. (3.1.1) when we solve Eq. (3.2.4) instead.

Proposition 3.2.1 Given S:fzigiz[m]i:i:d: pz such that8k2Y f xijyi=kg is s-
covel of X, *(z;z% ) is -Lipschitz in x;x°for all y, y°and , and bounded by

L; then with probability at leastl

ho P \
Ezz0p, (2:25) %_2[ ]Ez b (Z:Z)
12Zim
49—
6 O( s)+ O(L lo97=m):

2 5 5 %s g-coverofS°if 82°2S%9z22S: kz z%. 6 s.
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Proposition 3.2.1 gives an upper bound which is controlled by the diversity of the
anchor samples de ning the relaxed problem. Theoretically, such a controlled
bound allows DML to be formulated as a feasibility problem of nite sets for some
accepted error tolerance. In practice, the best we can do is using all the samples in
the dataset as the anchor samples when de ninGs in Eq. (3.2.3). Granted that
the minimization of the empirical loss of Eq. (3.2.4) boils down to the classical
DML in Eqg. (3.1.2), it has di erent stochastic optimization procedure. The
relaxed problem suggests sampling batch of instances rather than pairs, which
yields less noisy gradient estimates with the same batch buddefThis intuitively
explains the superior performance of the methods using batches augmented by
class proxies, past embeddings or more sampleég (larger batches), especially
in large-scale problems.

3.2.2 Reducing Chance Constraints

The loss terms conditioned on anchor samples in Eq. (3.2.4) are computationally
prohibitive in large-scale problems. Thus, we are interested in reducing the
chance constraintsj.e.,anchor samples. To this end, proxy-based methods are
quite related in that a proxy-based DML constitutes a superset of the feasible

region of the primary DML problem in Eq. (3.2.1) as we will show shortly.

Proxy-based methods use parametric vector$, igiz(g, to represent embedding

of the class centers and minimize the pair losses with respect to those centers.
Formally, given a datasetf zgizn) pz, proxy-based methods consider the
following problem:

P P 4

min - (i:z;) (3.2.5)

"¢ 212
where i;Zj; ) is a loss term in which the pairwise distance is computed as
ki f(X; )ko. We can associate an algorithmA g, de ned in Eq. (3.1.2), to

the minimizer of Eq. (3.2.5) with &(A ;) training error wheres = fs(i) 2 [n]

f (Xsi); Asxn) = i0i21g. In other words, to each proxy, we associate a sample
whose embedding matches that proxy, assuming such sample exists. Hence, the

minimizer of the proxy-based methods can be reformulated as the following

% Besides intiution, implied by Thm. 3 in [67] and Thm. 1 in [68].
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feasibility problem with the abuse of notationp, = p, ,,:
min0 s. to p,( iy (kKxsiyOxke  )>0)6 "; 8i2]c] (3.2.6)

where" = 1L(Asx[n]) from Eq. (3.2.2) andL (Asnp) dened in Eq. (3.1.3) is
shown to be bounded in [68]. Reformulation of proxy-based DML de nes the

feasibility problem in Eq. (3.2.3) with one sample per class.

We now consider more general case where we msesamples per class from
the dataset,fzgi,;,; Pz, to de ne the feasibility problem. We havem-many
disjoint 1-per-class setss = [ koim;Sk, Wheresy, = fs,(i1)2[n] ] Ys, (iy=10i2;q With

\ k2[miSk = ;. We de ne the problem as:

min 0 where G, =f j8i2][c
2 kG (3.2.7)
Pz pz( iy kXsk(i) 9 xks )>0)6 "g

Solving the problem by minimizing the empirical expectation bounds in Eq. (3.2.4),
we end up with an algorithmA,;,; in which we are minimizing expected loss
over a subset of all possible pairs. We want to characterize the generalization
performance of the algorithmA q,,;. We consider the following bound from [69]

for the generalization error:

h

i
< P.

Ez;zO pz (Z; ZO; Asx[n]) 6 ﬁ Zi, Zj ;Asx[n])

Ij 2sx[n]
(L)
h P

+ Ez;z(J pz (Z; z ,Asx[n]) nZ (Zi 4 ;Asx[n]) (3.2.8)

i) 2[n]x[n]

(L2)

P . P .
+ 5 (252 Asm) ﬁ (zi;Z; Asxiny)
i;) 2[n]x[n] I,j 2sx[n]
(Ls)

where the bound is controlled by I(;) training loss (i.e.,e(Asn)), (L2) the
deviation between expected loss and empirical loss over all possible pairs, and
(L3) the deviation between empirical loss over all possible pairs and empirical
loss over the subset of pairs de ning the algorithmA ;. It is widely observed
that high capacity CNNs can reach very small training error. Moreovel, , is

proved to be bounded in [68] and is independent é&f. Thus, L3 characterizes
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the generalization performance of using the subset of pairs over exploiting all

possible pairs.

Proposition 3.2.2  Given fzgizpn] "% p, and a sets  [n]. If s= [ s? with
s? is the s-cover offi 2 [n]jy; = kg (i.e.,the samples in clask ), “(z;2% ) is
-Lipschitz in x; x°for all y;y°and , and bounded by, (A ) training error;

then with probability at leastl we have:

P . P .
0z (@57 Asm) (707 Asn)
i) 2[n]x[n] Ij 2sx[n]

6 O( o)+ O(e(Asqy) + OL  29=)

n

Corollary 3.2.2.1 Generalization of the proxy-based methods can be limited
by the maximum of distances between the proxies and the corresponding class

samples in the dataset.

Proposition 3.2.2 implies that increasing the number of chance constraints with
more anchor samples in the feasible point problem formulation of DML improves
the generalization error bound as long as the included samples improve the
covering radius of the dataset. In other words, including more anchor samples
do not improve the bound unless the covering radius is decreased. Similarly,
Corollary 3.2.2.1 informally suggests possible improvement on the generalization
error bound of the proxy-based methods if we manage to introduce more proxies
which are spread over the dataset once trained. In practice introducing more
proxies generally does not help the performance; since, they eventually coalesce
into a single point [25]. Besides, the computation resource limits the number of
proxies to be included in the formulation. In the next section, we develop an

approach to alleviate these problems.

3.2.3 Solving the Feasibility Problem

We now introduce our chance constrained programming (CCP) method, outlined
in Algorithm 1, exploiting proxy-based training together with satisfying arbitrarily

increased chance constraints. In short, we repeatedly solve a proxy-DML and
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improve the solution by re-initializing the proxies with the new samples reducing
the covering radius.

Algorithm 1 CCP DML
initialize randomly, givenfzgi,;n) pz dataset

initialize  with random samples, set budgeb
repeat
GreedyKCenterProxy( ;b;f(; ))
repeat
samplefj (i) 2 [n]gizm; [n] @ batch
g ( Jtr ﬁp xim (i3Z5 )
9r w5 am (i375)
(: ) ApplyGradient(; ;g :g)
until  convergence

until convergence

We consider the problem in Eq. (3.2.7) as nding a point in the intersection of the
sets. In particular, given dataseff z,gi.jn; Pz, we havem many 1-per-class sets,
Sk = fsi(i) 2 [n] ] Ys.(iy = 10i2[c], to de ne the constraint set asG = \ oG, -

If the sets were closed and convex, the problem would be solvable by iterative
projection methods [99, 100]. Nevertheless, it is not uncommon to perform
iterative projection methods to non-convex set intersection problems [101,102].
Hence, we propose to solve the problem approximately by performing iterative
projections onto the feasible set, , de ned by s¢. At each iteration, k, we
solve the following projection problem given :

® =argmin 1k ® K3 (3.2.9)
2Cs,

whereCs, is de ned in Eq. (3.2.7). Using expectation bounds as the surrogate

of the penalty terms for the chance constraints as we do in Y 3.2.1, we have:

h i
. P <
© =argmin sk ® 9 K3+ %_2[]Ez pr (Zsc()iZ5 ) (3.2.10)
1Z2|C

29



where is a hyperparameter for the projection regularization. We can minimize
the resultant loss by using batch stochastic gradient approaches. However, the
batch should be augmented bg many anchor samples to compute the loss, which
becomes prohibitive for large-scale problems. To alleviate costly embedding
computation of c many samples, we propose to use proxies, in place of the
embedding of the sampleszs, ). Namely, at each iterationk, we initialize

i = f(z5ay; V) and solve:

, P .
®: =argmin zk *W9 KX+ 1" E, ., (1z) (3.2.11)

i2[c]

where the resultant problem we solve at each iteration corresponds to a proxy-
based DML. Any pairwise distance based loss can replatge) with anchor
samples being class proxies. Namely, we repurpose existing objectives with a
regularization term in an iterative manner. Although we set up the formulation

using single proxy per class, multiple proxy extension is straightforward.

Theoretically, we should cycle through the sets until convergence to SOIV2\ 2m;

G, . Thus, we must pick anchor samples for each set to initialize proxies. The
updates of the proxies are not guaranteed to mimic the actual updates of
the corresponding anchor samples. With that being said, we will still have a
solution, as Eq. (3.2.6) suggests, to feasibility of some chance constraints as
long as the converged proxies, , are diverse. We empirically observe that the
proxies initialized with diverse samples converge to embedding of distinct samples
(Fig. 3.2). Hence, on one hand, we have solutions to di erent constraint sets as
long as we re-initialize the proxies with new samples and solve proxy-based DML
problems. On the other hand, Proposition 3.2.2 implies that generalization is
improved as long as we end up with converged proxies reducing the covering
radius. Therefore, the theory suggests a set intersection mechanism to reduce
the covering radius yet allows a greedy algorithm via iterative projections to
select (.e.,initialize) the next proxies on the y instead of explicitly de ning

the sets we will iterate on. Such a result is useful especially for the cases where
the dataset is stochastically extended with random data augmentations which

obstruct explicit set forming.
Proxy selection. We can simply use random sampling for anchor samples to
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Algorithm 2 Greedy K-Center Proxy
input: proxy set , sampling budgetband f (; )

repeat for each class
Sc T XijVyi = COzpy, b-sample-per-class
initialize re fg ,p f(S )
repeat
q  arg maxpn, miny, . r. KU VK;
re £ agl re
until jrgj = o

return [ cre¢

initialize proxies since we eventually observe informative samples reducing the
covering radius through the iterations. We can as well explicitly mine samples
that possibly help with reducing the covering radius. Thus, we also exploit clever
selection of proxies as outlined in Algorithm 2. Given a budgehb, we sampleb
many instances per class and compute their embeddings to form a pool. We then
select the samples that reduce the covering radius most once added to proxy
set. This selection is equivalent to k-Center problem as formulated in [69]. Such
a selection of proxies helps converged proxies to be diverde= 1 reduces to
random sampling. In both, we inherently increase the number of anchor samples

de ning the problem and hence reducing the covering radius.

Relation to cross-batch-memory (XBM) [14]. XBM stores past embeddings

in a queue based memory which dequeues the oldest ones at each iteration to
engueue the latest batch. If the memory is much larger than the batch size and
slow drift [14] is assumed, the loss terms are conditioned to particular proxies
until they are updated. To this end, XBM can be seen as solving alternating

problems of proxy-based DML withfuzzy boundaries and =0.

Relation to exponential moving average (EMA) of weights.  denoting
(k9 "we can express the stochastic gradient descent update corresponding to

Eq. (3.2.11) as (19 )( 9r )+ %+ " where the error term" can be maded

with a proper learning rate. If we perform only 1 step per projection problem, then

the form of this update imposes the EMA weight regularization, akin to weight
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decay. Sharing similar spirit with our method, such EMA update of the weights
is employed in aggregating the ensemble of neural networks-produced during the
training- to a target neural network [103,104]. In that setting, an online network
gets the 9r update, and a separate target network updates its parameter§
using EMA of online network parameters. We encounter such a mechanism in

self-supervised training [103] and self-teacher-student networks [104].

3.2.4 Implementation Details

Embedding function.  For the embedding function,f ('; ), we use CNNs with
ReLU activation, max- and average-pooling. In particular, we use ResNetV2-
20 [105] for MNIST [106] experiments, and ImageNet [107] pretrained BN-
Inception [108] for the rest. We exploit architectures until the output of the
global average pooling layer. We add a fully connected layer to the output
of the global average pooling layer to obtain the embedding vectors of size
(ResNetV2-20) and128 (BN-Inception). We state the following lemma to prove

our loss is Lipschitz continuous:

Lemma 3.2.1 Generalized contrastive loss de ned as
(2,25 ) = ( yyo(kx 9x%s Y+ ).

is P 2! L-Lipschitz in x and x°for all y;y® for the embedding functiorf ( ; )
beingL-layer CNN (with ReLU, max-pool, average-pool) with a fully connected

layer at the end, wherd is the maximum sum of the input weights per neuron.

I' can be made arbitrarily small by using weight regularization, which is commonly
used. SOTA methods widely usé2 normalization on the embeddings. For
normalization, we apply ¥ = v=wk, if kvk, > 1 or no normalization otherwise
(i.e.,¢r = v if kvk, 6 1). Unlike |12 normalization, such a transform is Lipschitz

continuous, hence so are our loss.

Solving projections.  Performing a projection de ned in(3.2.11) involves a
minimization problem. We monitor MAP@R validation accuracy and use early

stopping patience of 3 to pass the next projection.
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3.3 Experimental Work

We start our empirical study with proof of the concepttests validating the role
of proxy-based approaches in learning and the impact of alternating proxies on
the feature geometry. We further perform ablation studies for the implications
of our formulation as well as the e ects of the hyperparameters. We examine the
e ectiveness of the proposed proxy-based DML framework for the image retrieval
task. We use our own framework implemented in Tensor ow [109] library in the

experiments. Throughout the section, we use CCP to refer our framework.

3.3.1 Proof of the Concept

Figure 3.2: lllustration of our method (CCP) and the geometry of the embedding
space before, (a), and after, (b), our method (through iterations 1-4), where
boxes are the converged proxies and the circles are the next proxies as the result
of k-Center. In proxy-based DML, proxies are coalesced into one whereas with

CCP, we have diverse proxies, resulting reduced covering radius.

We evaluate our method on MNIST dataset with 2-D embeddings to show the
implications of our formulation. In Fig. 3.2, we provide the distribution of the

samples in the embedding space. We use 4 proxies per class and poolbsiié.
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We observe that when single proxy-based method is converged (Fig. 3.2-(a)), the
class proxies collapse to a single point. Once we continue training with proposed
approach (Fig. 3.2-(b)), the covering radius decreases, leading to performance
improvement. It can also be observed that diverse samples results in diverse
proxies. We also experiment the case where we use samples instead of proxies.
Though it is not practically applicable to large-scale problems, it is important to
see whether our intuitions about alternating proxies in place of samples hold. We
obtain 98.06% MAP@R performance with sample-based training again87:21%
MAP@R performance of proxy-based training. This empirical result supports
our motivation on using the proxies in place of samples. With that being said, it
is important to show how such e orts in the training domain are re ected in the

test domain.

Figure 3.3: The geometry of the embedding space before, (a), and after, (b),
our method (through iterations 1-3), relating how the generalization e orts in
training domain transfer to the geometry of test domain on CUB dataset with
Contrastive+CCP. We use 2-D TSNE embeddings of the validation data in the
visualization, in which we report MAP@R, average covering radius and average

inter-class pairwise distances.
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We further provide the visualization of the validation data in CUB dataset in
Fig. 3.3. We compute covering radii for 1 tan sample case in k-Center. Namely,
we take k samples with minimum cover fork 2 [n] wheren is the number

of samples per class. We then take the average of these radii to compute a
representative metric for the covering radius. We observe that solving single
proxy-based DML results in relatively poor generalization in the test domain. On
the contrary, solving the problem as the set intersection problem with alternating
projections improves the embedding geometry (reduced radius with increased

inter-class pairwise distances).

3.3.2 Deep Metric Learning Experiments

3.3.2.1 Setup

Independent works [6,7,110] reveal that conventional training and evaluation
procedures in DML may fail to properly assess the true order of performance
that the methods bring. The consensus for unbiased comparability is evaluation
of the methods with their best version under the same experimental settings
unless the compared methods demand any particular architecture or experimental
setup. Our empirical study is completely aligned with the literature's claims for

unbiased evaluation of our method.

We mostly follow the procedures proposed in [6] to provide fair and unbiased
evaluation of our method as well as comparisons with the other methods. We
provide full detail of our experimental setup for the sake of complete transparency

and reproducibility.

Datasets

We perform our experiments on 4 widely-used benchmark datasets: Stanford
Online Products (SOP) [32], In-shop [111], Cars196 [112] and, CUB-200-2011
(CUB) [113].

SOP has 22,634 classes with 120,053 product images. The rst 11,318 classes
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(59,551 images) are split for training and the other 11,316 (60,502 images) classes
are used for testing.

In-shop has 7,986 classes with 72,712 images. We use 3,997 classes with 25,882
images as the training set. For the evaluation, we use 14,218 images of 3,985

classes as the query and 12,612 images of 3,985 classes as the gallery set.

Cars196 contains 196 classes with 16,185 images. The rst 98 classes (8,054
images) are used for training and remaining 98 classes (8,131 images) are reserved

for testing.

CUB-200-2011 dataset consists of 200 classes with 11,788 images. The rst
100 classes (5,864 images) are split for training, the rest of 100 classes (5,924

images) are used for testing.

Data augmentation follows [6]. During training, we resize each image so that
its shorter side has length 256, then make a random crop between 40 and 256, and
aspect ratio betweerf~ and 4. We resize the resultant image t®@27%227 and
apply random horizontal ip with 50% probability. During evaluation, images
are resized to 256 and then center cropped B27%227.

Training Splits

Fair evaluation. We split datasets into disjoint training, validation and test
sets according to [6]. In particular, we partition50%=s0% for training and test,
and further split training data to 4 partitions where 4 models are to be trained

by exploiting = as validation while training on .

Conventional evaluation. Following relatively old-fashionedconventional
evaluation [32], we use the whole train split of the dataset for training and we use

the test split for evaluation as well as monitoring the training for early stopping.

Ablation studies. For the additional experiments related to the e ect of
hyperparameters, we split training set into 3 splits and train a single model on

the 2= of the set while using=s for the validation.
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Evaluation Metrics

We consider precision at 1 (P@1) and mean average precision (MAP@R) at R
where R is de ned for each query and is the total number of true references as
the query. Among those, MAP@R performance metric is shown to better re ect
the geometry of the embedding space and to be less noisy as the evaluation
metric [6]. Thus, we use MAP@R to monitor training in our experiments except
for conventional evaluation setting where we monitor P@1. We explain the

metrics in Y 1.2.

Training Procedure

Fair evaluation. We use Adam [114] optimizer with constantL0®® learning
rate, 10> weight decay, and default moment parameters,;=:9 and ,=:99. We
use batch size of 32 (4 samples per class). We evaluate validation MAP@R
for every 25 steps of training in CUB and Cars196, for 250 steps in SOP and
In-shop. We stop training if no improvement is observed for 60 steps. We recover
the parameters with the best validation performance. Following [6], we train 4

models for eacli= partition of the train set.

Conventional evaluation.  We use Adam [114] optimizer with default moment
parameters, ;=:9 and ,=:99. Following recent works [37], we useeduce on
plateau learning rate scheduler with patience 4. The initial learning rate i40%®

for CUB, and 10°* for Cars, SOP and In-shop. We us&0* weight decay for
BNInception backbone and4 1* wight decay for ResNet50 backbone. We use
batch size of 128 (4 samples per class) for BNInception backbone and 112 (4
samples per class) for ResNet backbone (following [7]). We evaluate validation
P@1 for every 25 steps of training in CUB and Cars196, for 250 steps in SOP
and In-shop. We stop training if no improvement is observed for 15 steps in
CUB and Cars196, and 10 steps in SOP and In-shop. We recover the parameters

with the best validation performance.

Ablation studies. We use Adam [114] optimizer with constanfl0® learning

rate, 10 weight decay, and default moment parameters,;=:9 and ,=:99. We

37



use batch size of 32 (4 samples per class). We evaluate validation MAP@R for
every 25 steps of training in CUB and Cars196, for 250 steps in SOP and In-shop.
We stop training if no improvement is observed for 40 steps. We recover the
parameters with the best validation performance. We train a single model on

the = of the training set while usingi=s for the validation.

Embedding vectors

Fair evaluation. Embedding dimension is xed to 128. During training and
evaluation, the embedding vectors ar& normalized. We follow the evaluation
method proposed in [6] and produce two results) Average performance (128
dimensional) of 4-fold models andi) Ensemble performance (concatenated
512 dimensional) of 4-fold models where the embedding vector is obtained by

concatenated 128D vectors of the individual models before retrieval.

Conventional evaluation.  Embedding dimension is 512 in both BNInception

and ResNet50 experiments.

Ablation studies. Embedding dimension is xed to 128.

Losses with CCP

We evaluate our method withC1+CCP: Contrastive [29],C2+CCP: Contrastive
with positive margin [9], MS+CCP : Multi-similarity (MS) [33], Triplet+CCP :
Triplet [30].

Regarding the other popular losses, ProxyAnchor [37] is indeed proxy-based MS
loss except for missing a margin term. Similarly, ProxyNCA [15] is logexp-
approximation of proxy-based Triplet with hard-mining and for single proxy case
SoftTriple [25] is equivalent to ProxyNCA. Therefore, we should note that our

experiments cover wide range of the DML losses.
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Hyperparameters

For the hyperparameter selection, we exploit the recent work [6] that has per-
formed parameter search via Bayesian optimization on variety of losses. We
further experiment the suggested parameters from the original papers and o cial
implementations. We pick the best performing parameters. We perform no
further parameter tuning for the loss parameters when applied to our method to

purely examine the e ectiveness of our method.

C1l: We adopted XBM's o cial implementation for fair comparison. We use 0.5

margin for all datasets.

C2: C2 has two parameters(m*; m ): positive margin,m*, and negative margin.
We set(m*;m ) to (0;0:3841) (0:2652 0:5409) (0:2858 0:5130}) (0:2858 0:5130)
for CUB, Cars196, In-shop and SOP, respectively.

Triplet : We set its margin to 0.0961, 0.1190, 0.0451, 0.0451 for CUB, Cars196,
In-shop and SOP, respectively.

MS : MS has three parameterg ; ; ). We set(; ; ) to (2;40,0:5),
(14:35; 7583, 0:66), (8:49,57:38,0:41), (2;40C; 0:5) for CUB, Cars196, In-shop and
SOP, respectively.

ProxyAnchor : We set its two paremetery ; ) to (0:1;32) for all datasets. We
use 1 sample per class in batch setting.€.,32 classes with 1 samples per batch),
we perform 1 epoch warm-up training of the embedding layer, and we apply

learning rate multiplier of 100 for the proxies during training.

ProxyNCA++ : We set its temperature parameter to 0.1 for all datasets. We
use 1 sample per class in batch setting.€.,32 classes with 1 samples per batch),
we perform 1 epoch warm-up training of the embedding layer, and we apply

learning rate multiplier of 100 for the proxies during training.

SoftTriple : SoftTriple has 4 parametery; ; ; ). Weset(;;; )to
(20;0:1;0:2; 0:01), (17:69,19:18,; 0:0669 0:3588) (20; 0:1; 0:2; 0:01),
(100, 47:9; 0:2; 0:3145) for CUB, Cars196, In-shop and SOP, respectively. We use
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1 sample per class in batch settingi.€.,32 classes with 1 samples per batch), we
perform 1 epoch warm-up training of the embedding layer, and we apply learning

rate multiplier of 100 for the proxies during training.

XBM : We evaluate XBM with C1 and C2; since, in the original paper, contrastive
loss is reported to be the best performing baseline with XBM. We set the memory
size of XBM to the total number of proxies {.e.,proxy_per_class # classeg

to compare the methodology by disentangling the e ect of proxy number. With
that being said, we also evaluate XBM with the memory sizes suggested in
the original paper. In this manner we use two memory sizes for XBM for each
dataset: (S; L) whereS and L denote the number of batches in the memory. For
CUB and Cars196, CCP uses 1(8) proxies per class f8fL) . Thus, we set(S;L)

to (3;25) for CUB and Cars196. For In-shop and SOP, CCP uses 1(4) proxies
per class forS(L). Thus, we set(S;L) to (100 400}, (400, 1400)for In-shop and
SOP, respectively. We perform 1K steps of training with the baseline loss prior

to integrate XBM loss in order to ensureslow drift [14] assumption.

CCP : For the hyperparameters of our method, we use 8 proxies per class and

=210 for CUB and Cars datasets, as the result of the parameter search; and
use pool sizej=12, for greedy k-Center method. We select pool size based
on our empirical studies on the e ect pool size and number of proxies. Due
to computation limitations, we use 4 proxy per class, =213* and b= 7 for
SOP and In-shop dataset. We perform no warm-up or do not use learning rate
multiplier for the proxies.

Compared Methods and Fairness

Compared methods. We compare our method against proxy-based SoftTriple
[25], ProxyAnchor [37] and ProxyNCA++ [15] methods as well as XBM [14].

Fairness. We note that like the compared methodsi(e.,loss functions, proxy-
based methods), our method's improvement claims do not demand any particular
architecture or experimental setup. Therefore, to evaluate the improvements

purely coming from the proposed ideas, we implemented the best version of

40



the compared methods in our framework and evaluate on the same architecture
and experimental settings. In this manner, we stick to BN-Inception with
global average pooling architecture to directly compare our method with the
benchmarked losses in [6]. To eliminate any framework related performance
di erences, we re-implemented the methods within our framework and produce
the consistent results with [6].

Our experimental setting is fair and unbiased; since,

The compared methods are either invented loss functions or proxy-based ap-
proaches, which do not demand a particular setting to show the e ectiveness

of the proposed ideas.

We use the same experimental setting for each method.g image size,

architecture, embedding size, batch size, data augmentation).
We implement and re-evaluate all the compared methods on our framework.

We reproduce consistent results reported in [6] to eliminate any framework
related performance bias.

We use the same train and test split as the conventional methods, but we
do not exploit test data during training.

3.3.2.2 Results

Fair Evaluation

We provide guantitative results in Tab. 3.1 for the evaluation of the methods
under the same experimental settingsi.€.,fair evaluation). We summarize
the results in Fig. 3.4 through average 128D and concatenated 512D MAP@R
performance of 4-fold models on In-shop and SOP. We use Method-S/L naming
convention to denote memory size in XBM, and the proxy per class in SoftTriple
and CCP where S denotes 1, and L denotes 4(10) for SoftTriple and 4(8) for
CCP in In-shop, SOP (CUB, Cars196). For a fair comparison, we match XBM

memory size and the number of proxies in CCP.
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Figure 3.4: Summary of relative improvements

We observe that CCP consistently outperforms the associated baseline methods
on each dataset. Contrastive loss' great performance with CCP is important
to support the implications of our formulation. Furthermore, performance
improvements on the loss functions which does not directly t in our formulation
show the broader applicability of our method to the pairwise distance based loss

functions.

Additionally, the proposed CCP framework outperforms not only the related
proxy-based methods but also every single benchmarked approaches in [6]. When
compared with SoftTriple and XBM (i.e.,multiple proxy methods), our method
outperforms by large margin especially in the cases where less number of proxies
are used (.e.,methodS comparisons in Fig. 3.4). We observe especially in large-
scale datasets (SOP & In-shop) that even single proxy per class brings substantial

performance improvement with our CCP.

Conventional Evaluation

We additionally follow the relatively old-fashioned conventional procedure [32]
for the evaluation of our method. We provide R@1 results in Tabs. 3.2a and 3.2b

for the comparison with SOTA.
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Table 3.2: Comparison with the existing methods for the retrieval task in
conventional experimental settings with BN-Inception and ResNet50 backbones
where superscripts denote embedding size. Red: the best. Blue: the second best.
Bold: previous SOTA. YResults obtained from [1].

(a) (b)
Backbone ! BN-Inception-512D Backbone ! ResNet50
Dataset ! CUB Cars196 SOP In-shop  Dataset ! CUB Carsl96 SOP In-shop
Method # R@1 R@1 R@1 R@E1
Method # R@1 R@1 R@1 R@1
C1+XBM 128 [14] - - 80.60  91.30
SoftTriple-L [25] | 65.40  84.50  78.60 - ProxyAnchors2 [37] | 69.70  87.70  80.00 92.10
C1+XBM-L [14] | 65.80 82.00 79.50 89.90 DiVA 512 [23] 69.20 87.60  79.60
ProxyAnchor [37] | 68.40 86.10  79.10 91.50 ProxyNCA++ 512 [15] | 66.30 ~ 85.40  80.20  88.60
DiVA [23] 66.80 84.10 78.10 _ Margin—SZSlflz [24] 69.00 89.50 81.20 -
LIBCS52 [1] 70.30 88.10 81.40 92.80

ProxyFewer [59] | 66.60 85.50 78.00

; ProxyAnchor-DIML 28 [65] | 66.46 86.13 79.22
Margin-S2SD [24]| 68.50 87.30 79.30

C1+CCP-L522 69.87 87.12 8277 9207
Cl+CCP-L | 67.74 8374 7986 90.98 C2+CCP-L52 7104 8593 8234 9246
C2+CCP-L | 69.87 8390 80.01 9172 MS+CCP-L5%2 7037 89.02 8227 9271

MS+CCP-L 69.09 86.01 79.75 91.84

We observe that our method outperforms SOTA in most cases and performs
on par with or slightly worse in a few. We should recapitulate that R@1
IS a myopic metric to assess the quality of the embedding space geometry
and hence, pushing R@1 does not necessarily re ect the true order of the
improvements that the methods bring. As we observe from Tab. 3.1 that the
methods sharing similar R@1life.,P@1) performances can dier in MAP@R
performance relatively more signi cantly. In that manner, we rmly believe that
comparing MAP@R performances instead of R@1 technically sounds more in

showing the improvements of our method.

3.3.2.3 Ablations

E ect of Proxy per Class and Projection Regularization

We perform Bayesian search on the-# proxy space to see the e ect of two Iin
CUB with C2-CCP. We provide the results in Fig. 3.5. We observe that absence of
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Figure 3.5: Bayesian search on-# proxy space

degrades the performance. Similarly, large values otauses over-regularization.
We obtain interval of [10°*; 10%] that works well for . For the number of proxies,
we observe increasing the proxy per class improves performance. On the other
hand, the increase saturates as it can also be observed from Fig. 3.6. As the
result of Bayesian parameter search, we take=2 1* and # proxy= 8 with pool
sizelb=12in our evaluations against other methods for CUB and Cars. For SOP
and In-shop, we reduce #roxy=4 and b=7 owing to relatively less number of
samples per class in the dataset.

E ect of Proxy Selection

We perform ablation study with C2-CCP to see the relation between the number of
proxies and the pool size used for the proxy selection. We give the corresponding
results in Fig. 3.6. We observe that both increasing the number of proxies
and the pool size for proxy selection helps performance. We interestingly see
that for single proxy case, increasing the pool size gives no better results than

random selection. Owing to our greedy proxy selection, we do consider the past
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Figure 3.6: Analysis of the relation between the number of proxies and the pool
size used for the proxy selection on CUB (left) and Cars (right) dataset with
C2-CCP.

geometry no earlier than single step. Thus, in the single proxy case, we are
prune to oscillate between similar samples for proxy selection. On the other
hand, selecting the samples that reduce the covering radius most brings better
generalization over random selection. With that being said, random sampling in
proxy selection {.e.,pool size = #proxy) still works well; since, random sampling
indeed can provide diversity in the samples as well. Such a result supports that
the key to our method is alternating the proxies with new samples. As long as
we re-initialize the proxies with new samples, we will have some diverse proxies
through the iterations. To this end, we use Greedy K-Center to pick the samples
in a clever way to reduce the covering radius as much as we camé#logous to

mining in batch construction).

E ect of Alternating Problems

We provide results on MNIST in Fig. 3.2 to show the e ect of solving alternat-
ing problems instead of single proxy-based DML. We additionally evaluate the
baseline losses through solving only a single proxy-DML (Loss-Proxy) to show

(Fig. 3.7-(a)) that our performance increase is not solely coming from augmenta-
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tion of proxies in the problem. We clearly observe that alternating proxies helps
performance as our formulation suggests. Moreover, we also provide a typical
distribution of the steps per proxy-based projection problem in Fig. 3.7-(b) to
show that we are not greedy on alternating the proxies just to provide more
examples. We do have some steps that are relatively low, implying the selected

proxies are not informative enough to change the embedding space geometry.

(a) (b)
Figure 3.7: Impact of alternating proxies (a) and typical distribution of the steps

per projection problem (b).

E ect of Batch Size

Batch size plays important role in DML methods to perform well. Therefore, we
analyze the robustness to the batch size especially for the cases where increasing
the batch size is prohibitive. We train baseline contrastive loss and CCP con-
trastive loss for the batch sizes of 16, 32, 64 and 128. The training setup is the
same as in thefair evaluation (Y 3.3.2.1). In each batch we use 4 samples per
class. We provide the results in Fig. 3.8. We observe that baseline contrastive
loss has increasing performance as the batch size increases whereas our method's
performance with small batch size is on par with the large batch size. Thus, our

method has reduced batch size complexity.
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Figure 3.8: Analysis of batch size dependence of the performance on CUB (left)
and Cars (right) dataset with C2-CCP.

Computational analysis

Proposed method outlined in Algorithm 1 puts little computation and memory

overhead on top of the traditional approaches.

Table 3.3: Total steps of training in SOP and In-shop

Method SOP In-shop

C2 62K 114K
C2+XBM 81K 93K
C2+CCP 69K 127K

MS 67K 98K
MS+CCP 91K 131K
Triplet 93K 73K

Triplet+CCP 124K 115K
ProxyAnchor 54K 87K
ProxyNCA++ 88K 103K

SoftTriple 48K 82K

For the computation, we have proxy initialization and weight update steps at the
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beginning of the each problem instance. In overall, in our system with RTX 2080
Ti GPU and i7 CPU, that additional computation adds on the average 5-10 ms
per step (batch update). In particular, for batch size of 32, we typically have rate
of 105 ms/batch with Contrastive-CCP whereas vanilla has 97 ms/batch rate.
In In-shop and SOP dataset, we have the same rates however for CCP, we have
200 to 400 ms computation overhead due to sampling for proxy initialization.
We do not have such overhead in Cars and CUB owing to the much less number
of classes. With that being said, we have such 400 ms overhead in In-shop and
SOP only at the beginning of new problem instance, which has no signi cant
e ect in long run. Due to alternating problems, our method takes more steps to
converge than their baseline counterparts. We provide the optimization steps per
proxy-based problem instance for several losses in Fig. 4(b) (main paper) from
which relative convergence can be compared owing to each problem instance
being a proxy-based method. Nevertheless, we also provide Tab. 3.3 to compare
the convergence of the methods for SOP and In-shop datasets. The reported
numbers are the rounded averages of the 4 models. We observe 10%-35% increase

in the optimization steps for the pairwise losses.

For the memory, we store the weighs of the previously converged model in the
memory as well as the variables for proxies. For the model, approximately 40-45
mb additional GPU memory is used and for the proxies 16.6 MB and 5.9 MB
memory is used in SOP and In-shop dataset (75 kb in CUB and Cars).

In summary, increasing the number of proxies results in 8% increase in back-
propagation computation time and only 60 MB increase in memory for the

largest model. Proxy re-initialization happens rather infrequently; thus, has no
signi cant e ect in the long run. Our method takes 10%9 35% more steps to

converge than their baseline counterparts due to alternating problems. With
that being said, our method with small batch size performs on par with the large
batch size owing to alternating proxies. In this manner, marginal increase in
computation is seemingly a fair trade-o in improving the performance along

with robustness to batch size.
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CHAPTER 4

IMPLICATIONS OF GLOBAL AVERAGE POOLING

Recapitulating, distance metric learning (DML) is the problem of nding suitable
parameters for an embedding function so that the semantically similar samples
are embedded to the small vicinity in the representation space as the dissimilar
ones are placed relatively apart in the Euclidean sense. The typical embedding
function for visual tasks is implemented as a convolutional neural network
(CNN) followed by a global pooling layer. In supervised setting, the function
parameters are learned through minimizing the empirical expected pairwise loss
with pairs sampled from a class-labelled training dataset. As we discuss in detail
at Ch. 2, the e orts to improve the performance includes) tailoring pairwise loss
terms [6] that penalize the violations of the desired intra- and inter-class proximity
constraints, ii) pair mining [7], iv) augmenting the mini-batches with virtual
embeddings callegroxies[14, 15], andiv) suggesting training strategies upon
characterization of the generalization bounds [16,17,115]. While such approaches
are based on test and training samples to be drawn from the same distribution,
the intended behaviour for a trained embedding function is generalization to
unseen classes.¢.,zero-shotperformance) which is commonly achieved bgarly-
stoppingregularization with validation performance monitoring. That being said,

it is widely observed that the generalization in training domain indeed transfer
to the test domain. Then a critical question is'"How does embedding function

transfer its training?"

In this chapter, we aim to address that question for the embedding functions
having global average pooling (GAP) as the global pooling layer. In other words,

we are to discuss the particular family of the embedding functions that yield
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a single vector for an input image by aggregating the local features extracted
by CNN. The ndings we present in this chapter are the foundations of our

motivation for the method we develop in Ch. 5.

4.1 Preliminaries

In this section we set up the notation that we use throughout the chapter and
give some background of which we make use while analyzing the behavior of

global average pooling.

We use capital letters €.9. X) to represent the matrices, X = (x;); 2 R™™M.
The vectors,x = (X;); 2 R", or scalars, 2 R, are represented by lowercase

letters. We express amm by n matrix, X, with its column vectors, x; 2 RY, as

The simplex inR" is denoted as

P
n=fp2RY,] ip=1g (4.1.1)

We use 2-tuple,(p; X) 2 » RY ", to denote a probability mass distribution
with massesp 2 ,, and d-dimensional support,X =[Xilizjnj 2 R*".

De nition 4.1.1 (Optimal Transport Distance) The optimal transport (OT)

distance between two probability mass distribution§; X) and (q;Y), is:

. P
k(p; X) 9(a; )kor = min ;¢ (4.1.2)

Q=0
i i =hi

wherec; = kx; 9y ko.

Optimal transport distance is a meta distance which is the optimal value of a
transportation problem [116]. Optimal transport distance measures the minimum
amount of cost to move masses from one support to another to match the masses.

Hence, it can measure the dissimilarity between two mass functions.

52



De nition 4.1.2 (Maximum Mean Discrepancy) Maximum mean discrep-

ancy (MMD) between two probability mass distributiongp; X) and (q;Y), is:

k(p:X) 9(q: Vkuwo = max ipf(x) 5 aqfy) (4.1.3)

f2C(XY)
whereC(X; Y ) is the set of continuous and bounded functions de ned on a set

covering the column vectors oK and Y.

Similar to OT, MMD is a metric to measure the dissimilarity of two mass
functions. OT is indeed an MMD-based metric. Such a relation is more explicit

once we write the Lagrangian dual of the OT distance.
De nition 4.1.3 (Optimal Transport Distance Dual) The Lagrangian dual
of the optimal transport distance de ned in De nition 4.1.1 reads:
P P
k(p:X) 9(a; kot = max i pfi+ " qg (4.1.4)
i i ij
with the dual variables = ff;gg.
Note that x; = y; impliesf; = ¢ and from the fact that ¢; = ¢;, we can
express the problem in Eq. (4.1.4) as:
P P
k(p;X) 9(a: Y)kor =max i pf (xi) —  qf (x;) (4.1.5)
kx  yk2

whereL = ff j supf&) W g 1g s the set of 1-Lipschitz functions.
Xy

In the next section, we use OT and MMD to show that global average pooling
maps the collection of local features to a point which lies in a convex of hull
and that the vertices of such a convex hull are the prototype vectors of some

semantic entities.

4.2 Analysis of Global Average Pooling

Given n-many convolutional features,fx;gi»(,;, of an image, global average

pooling computes the global representatiorxg, of the image as:

Xi (421)



42.1 Classication Problem

We rst consider a typical classi cation task wherexq is passed through a
classi cation layer, i.e.,a linear transformation followed bysoft-max operation.
Speci cally, for a c-class problem, we have-many vectors,[ 2R%;,q correspond-
ing to class representatives (or equivalently class means or class proxies). We

obtain similarity to each class as,
a = !xg (4.2.2)

and then apply soft-maxnormalization onato obtain predicted class probabilities,

- EXP@) .
j exp(a)
The critical desiderata forp(class j Xg) is to have a peak at the index corre-

p(class | xg) = (4.2.3)

sponding to the true label and to have a low entropyife.,only the true class
index has the peak). To achieve such behaviotross-entropyloss is typically
used to optimize the feature extractor parameters. We now investigate how

global average pooling shapes the learning process.

Obtaining class similaritiesa; = | Xg Is a linear operation and so is global average
pooling. We can interchange the order of the global average pooling and linear

transformation. Namely, we can represerd; as:
P
a= ;Llx: (4.2.4)

From Eg. (4.2.4), we observe that the local features of an image must be aligned
with the direction of the corresponding class feature. In other words, to have
large a; for an image from class, the dot products with the features, i' Xj, must

be high and such a condition must hold for as much as local features as possible

L I'y;. On the other hand, the local features must give

i

low similarity values with the class features of the other classese(, iloXj must

P
to have a large sum

be small fori®6 i). Therefore, using global representations obtained by global
average pooling results in local features that are concentrated around a particular

vector and that particular vector represents the class semantic.

Such a behavior of the global average pooling is empirically studied in [117].

The results support that local features represent semantic entities corresponding
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to their classes. Nevertheless, the implications on how the learning with global
average pooling can transfer to the domain of unseen classes are unclear. We
now extend our discussions to pairwise loss based metric learning setting and
expand on the empirical studies performed in [117] to provide a more general
explanation to success of global average pooling in transferring the learning to

unseen classes.

4.2.2 Metric Learning Problem

We see in Y 4.2.1 that we should have local features concentrated around some
prototype vectors that correspond to class semantics if we are to use global
average pooling in a classi cation problem. Such a behaviour is shaped by the
cross-entropy loss serving the classi cation objective. We now extend our analysis

to metric learning setting.

In metric learning, we want the distance between two samples to re ect the
semantic dissimilarity. Namely, given two representationsgyg and xg, we want

kxg 9xgks to be low wheneveix, and xg are of the same class and high otherwise.
To achieve this, metric learning methods [6] use pairwise distance bases losses
(e.g contrastive Eq. (2.1.1)). We want to nd out whether we can explain the

mapping of the global average pooling in terms of some semantic vectors.

Prior to moving forward, we introduce an operator to compose a histogram

representation from the collection of features.

De nition 4.2.1 (Histogram Operator) Given n-many d-dimensional fea-
tures, X = [x;2R%i»(n;, and m-many prototype features of the same dimension,
V=] iZRd]iz[m], the histogram ofX on V is denoted agp which is computed
as the minimizer of the following problem:
(p: )=argmin’ ;¢ (4.2.5)
i =

i i =P
p2 m; >0

wherec; = k ; 9xjka.
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Claim 4.2.1 The solution of the problem in Eq(4.2.5) reads:
j = =l@ = arglninfckj 0) (4.2.6)

where1(A) is 1 wheneverA is true and O otherwise.

Proof: We prove our claim by contradiction. For anyj, we express a solution

as j = | with ; > 0 and Pi i = =. Leti = argminfg;g9. We can write
i = = P ijisi i~ Our claim states that ; =0 fori 8 i . We assume an
optimal solution, © with ; > 0 for somei 6 i . Since °is optimal, we must
haveP i ﬁ’qj 6 P i i G forany . For the j column we have,
P 0 1

G =( i )G j + i G
0o = (1 Do G
P nogisi ) igiosq

P @ P
= %Ci j T 061 oG G j)> i G
where in (a) we use the fact that(cq G ;) > 0and j > 0 for somei® by

. P P .
the assumption. Hence, j; i?ci,- > j Gj poses a contradiction. Therefore,

ij
o =0 must hold for all i°6 i .

In words, histogram operator basically assign each feature to their nearest
prototype and accumulates'=» mass for each assigned feature. Thup, is a
probability mass distribution which masses are proportional to the number of

features assigned to the corresponding prototypes.

We now consider a set of prototypes in the feature space where the convolutional
features, x;, lie. We considerm-many prototype features,V = f ;gimj, SO that
the setV is -cover of the feature spaceX. Namely, for anyx 2 X , we have a

prototype 4 such thatkx 9 .k, 6

Given n-many convolutional features,X = [X;]izjnj, @and m-many prototype
features of the same dimensiory =[ ]i2;m;, we compute the histogram oX on
V (i.e.,p ) using Eq. (4.2.5). Hence, we obtain a probability mass distribution with
(p;V). We also consider our feature collectioX = [Xili2[nj @s a uniform mass
distribution with (q; X) whereq = 1= for all i. Note that global average pooling
pen‘ormsP i gX;. We show that such an operation i@pproximately equivalent
to P i B i, I.e.,convex combination of prototypesTo show such equivalence, we

. . P P
consider the error between the two representation& ;p, 9 ; gX;K.
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Proposition 4.2.1  Given n-many convolutional features X = [X;2X Jizn;, and
m-many prototype featuresV =[ ilizmj, With f ;gi2;m) being -cover of X. If p
is the histogram ofX on V, de ned in Eg. (4.2.5), then we have:

P P

k pi i 9 %Xj k% 6
i2[m] j2[n]
Proof: We can express
P P P P
kK p 9  Ixkd= " pf()9  qf(x)
i2[m] j2[n i2[m] j2[n]

wheref (x) = x! (P o i9P i =x;). Note that f is a continuous bounded operator
for X = fx j kxk, 6 1g (We can always map the features inside unit sphere
without loosing the relative distances). Moreover, the operator norm df,
i.e. kf k, which is kP PP 9Pj %xj k, is less than or equal to 1. Thusf lie in
the unit sphere of the continuous bounded functions set. Using the de nition of

MMD distance, we can bound the error as:

P P
B9 qf(x)6 k(p:V)9(a;X)kmmp
i2[m] j2[n]
whereqg = 1= for all i. For the continuous and bounded functions of the operator

norm less than 1, MMD is lower bound for OT [118]. Namely,

P P

_ RFCD9 - gf(x)6 k(p:V)9(aq; X)kumo 6 k(p ;V)9(q; X)kor:
i2[m] i2[n]

Since columns oV is -cover of the setX, the optimal transport distance between
the two distributions are bounded by , i.e.,k(p ;V) 9(q; X)kor 6 . Thus, we
nally have:

k.P P i9_P ixik36 :

i2[m] j2[n]

We visualize the result of Proposition 4.2.1 in Fig. 4.1. Proposition 4.2.1 implies
that the representation space de ned via output of global average pooling is
a convex combination of the prototype features that form a-cover of the
representation space. Hence, each image is mapped in a convex hull where the
vertices are the prototype features. What we desire in class-level metric learning

is non-overlapping class convex hulls. Once trained with a metric learning loss,
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clearly, such prototypes are to correspond to some semantic entity corresponding
to classes since CNN assign an embedding vector to a pixel according to the
semantic meaning of the spatial extent that the corresponding pixel represents.
In the next section, we validate our claims with empirical studies and then bring

an explanation on how the representations obtained by global average pooling is

transferred to unseen classes.

Figure 4.1: Visualization of Proposition 4.2.1. equivalence of global average
pooling to convex combination of prototype vectors corresponding to semantic

entities. Once local patches are embedded to a vector space according to the
semantic meaning, collection of local patches captures the latent semantic repre-

sentation of the image.
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Figure 4.2: Empirical illustration of the local feature distribution and feature
prototypes of Cifarl0 dataset on the 2D embedding space. We observe that

prototypes correspond to some semantic entities.
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4.3 Empirical Validation

We perform a metric learning training on Cifar1l0 [119] dataset using ResNet20

[105] architecture. We use 2D feature embeddings for direct visualization. Namely,

the local features of the image is mapped to 2D space and accordingly, so is the
global representation obtained by average pooling.

We scale the features so that the magnitude of the features are less than 1. We

sample 64 images from each class and obtain the local features as well as the

global features. We computel8many prototypes among the local features using

the greedy k-centeralgorithm outlined in Algorithm 2. We plot the set partition

and the prototypes in Fig. 4.2. We also provide the covering radius.€., in
-cover) of the prototype set. We observe that prototypes correspond to some

semantic entities.

Figure 4.3: lllustration of class convex hulls where the vertices are the active
prototypes for the corresponding class. Points are colored with respect to class
labels. We observe overlapping class convex hulls, meaning that the samples of

di erent classes are likely to be mapped close.
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Figure 4.4: GAP and PCC embedding of an image fromar class.

Figure 4.4 (cont'd): GAP and PCC embedding of an image fromdog class.
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Figure 4.4 (cont'd): GAP and PCC embedding of an image fromar class. For
sample images of several classa®g, car, horsg, we plot their GAP embedding

as well as the PCC embedding where each local feature is assigned to its closest
prototype and convex combination of the prototypes yields the global embedding
vector. Combination coe cients are proportional to the amount of local features
assigned to the prototypes. Empirically validating our claims on the behavior of
GAP, the distance between the two representations are bounded by the covering

radius of the prototypes.

To validate our claims on convex combination of the prototypes, we compare the
global average pooling (GAP) embeddings and prototype convex combination
embeddings (PCC) in Fig. 4.4. In PCC, each local feature is assigned to its
closes prototype and the prototype histogram is computed as in Eq. (4.2.5).
Then, histogram weights are used as the combination weights. We observe that
the error between the two distributions are always smaller than the covering
radius, validating the result of Proposition 4.2.1. We also observe that di erent
prototypes are active for di erent classes while some prototypes are shared among

the classes.
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We also plot the class convex hulls in Fig. 4.3 to show that each class has its own
convex hull. We determine the set of active prototypes for each class and then
obtain the convex hull of those prototypes. We observe that the class convex
hulls overlaps due to the shared prototypes among the classes. To this end,
learning to discriminate local semantics to have non-overlapping class convex

hulls can be a decisive step towards improving the generalization of DML.

4.4 Discussion

Figure 4.5: The big picture showcasing our analysis on the behavior of GAR.
methodthat is able to control the learning of the prototypes as well as their convex
combination weights can yield non-overlapping class convex hulls, meaning that

the samples of di erent classes are mapped apart as desired.

We show that the representation space de ned via output of GAP is a convex
combination of semantically independent representations de ned by each pixel
in the feature map. Such behaviour of GAP forces CNN to assign an embedding
vector to a pixel according to the semantic meaning of the spatial extent that

the corresponding pixel represents.

According to our analysis, collection of CNN's output features corresponds to
a histogram of some visual vocabulary once the features inherit the semantic
meaning of the local regions. Namely, if the local features are mapped in close
vicinity of their corresponding prototype featuresof some semantic meanings(g.

all "tire" patches in a"car" image are mapped very close), then CNN feature map
corresponds to a histogram of the prototypes. Averaging the local features can be

seen as convex combination of prototypes, where the weights are proportional to
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the occurrence frequency of the corresponding semantic feature vectors. Hence,
each image is mapped in a convex hull where the vertices are the prototype
features.

Using our analysis on local feature geometry shaped by GAP, we can explain the

e ectiveness of GAP in transferring the learning to unseen classes. As long as the
local semantics of the training and test samples follow the same distribution, the
embedding function can transfer its training. In other words, a metric learning
algorithm can generalize to unseen classes if such classes share the same local
semantics. As we also empirically observe, the class samples are mapped to a
convex hull. Hence, if a new class can be expressed by the learned prototypes,

then that class will also have its convex hull.

In our analysis, we conclude that the class convex hulls are shaped by two factors:
prototype features and the combination weights. lllustrated in Fig. 4.5, GAP
equally considers each prototype and such a behavior results in overlapping convex
hulls due to shared prototypes among the classes. To have non-overlapping class
convex hulls, we must only use class discriminative features as our prototypes.
Nevertheless, such an operation requires local-level label annotations which does
not exist in class-supervised metric learning setting. Therefore, with the current
DML approaches, none of prototypes nor combination weights is explicitly learned.
In the next chapter, we present a learnable and generalized version of GAP which
improves GAP with two distinct abilities: i) the ability to choose a subset of
semantic entities, e ectively learning to ignore nuisance information, and)

learning the weights corresponding to the importance of each entity.

64






	ABSTRACT
	ÖZ
	ACKNOWLEDGMENTS
	TABLE OF CONTENTS
	LIST OF TABLES
	LIST OF FIGURES
	LIST OF ABBREVIATIONS
	Introduction
	Problem Formulation
	Evaluation of DML Methods
	Summary of SOTA Approaches and Our Motivation
	Contributions
	The Outline of the Thesis

	Related Work
	Metric Learning
	Ranking Losses in DML
	Pair Mining and Sample Generation in DML
	Pair mining.
	Sample generation.


	Proxy-based DML
	Enhancing the Embedding Vectors
	Ensemble methods.
	Enhancing the loss gradient.


	Disentangling Features
	Characterizing Generalization Bounds

	Other Related Work
	Feature Pooling Techniques
	Optimal Transport Based Operators
	Zero-shot and Few-shot Learning


	Chance Constrained Programming for Deep Metric Learning
	Preliminaries
	Method
	Chance Constrained Formulation of Metric Learning
	Reducing Chance Constraints
	Solving the Feasibility Problem
	Implementation Details

	Experimental Work
	Proof of the Concept
	Deep Metric Learning Experiments
	Setup
	Results
	Ablations



	Implications of Global Average Pooling
	Preliminaries
	Analysis of Global Average Pooling
	Classification Problem
	Metric Learning Problem

	Empirical Validation
	Discussion

	Generalized Sum Pooling for Deep Metric Learning
	Preliminaries
	Method
	Generalized Sum Pooling as a Linear Program
	Generalized Sum Pooling as a Differentiable Layer
	Cross-batch Zero-shot Regularization
	Implementation Details

	Experiments
	Synthetic Study
	Cifar Collage Experiments
	Evaluation of Zero-shot Prediction Loss
	Deep Metric Learning Experiments
	Setup
	Results
	Ablations
	Computational Analysis
	Hyperparameter Selection

	Comparison to Other Pooling Alternatives


	Summary and Conclusions
	Summary
	Conclusion
	Future Directions

	REFERENCES
	Proofs for Chapter 3
	Proof for Lemma 3.2.1
	Proof for Proposition 3.2.1
	Proof for Proposition 3.2.2

	Proofs for Chapter 5
	Proof for Claim 5.2.1
	Proof for Proposition 5.2.1
	Proof for Proposition 5.2.2

	VITA

