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ABSTRACT 

 

IDENTIFICATION OF POSITION -DEPENDENT 

WORKPIECE  DYNAMICS IN MILLING PROCESS  

 

 

 

Altun,Barēĸ 

Master of Science, Mechanical Engineering 

Supervisor : Assist. Prof.  Dr. Hakan ¢ALIķKAN 

Co-Supervisor: Assist. Prof.  Dr. Orkun ¥ZķAHĶN 

 

 

August 2022, 129 pages 

 

Frequency Response Functions (FRFs) are utilized for analyzing vibrations created 

during milling process. FRFs obtained with external excitations are often not 

sufficient as machine-tool dynamics are position-dependent (to machine-tool axes, 

workpiece placement) and frequency domain to be identified requires specialized 

equipment. In this thesis, an identification method based on operational excitation 

addressing these problems is proposed. A single rectangular workpiece is processed 

and acceleration measurements are taken. FRF is calculated according to the 

proposed method of sampling engagements individually and force calculation based 

on mechanistic models. Results are compared with tap test results. Force coefficients 

to be used are identified by tap tests obtained from a different spot and mechanistic 

force model by processing a similar rectangular workpiece. Results are confirmed 

with FRF obtained in the same location. 

Keywords: Operational Modal Analysis, Position dependent Machine-Tool 

Dynamics, Identification of Force Coefficients, Chatter, Milling Force 
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Frekans Tepki Fonksiyonlarē (FRF) frezeleme s¿recinde oluĸan titreĸimlerin 

analizinde kullanēlēr. Dēĸarēdan gelen uyarēmlarla elde edilen FRFôler sēklēkla 

frezeleme s¿recinde ortaya ­ēkan titreĸimleri tanēmlamakta yetersiz kalmaktadēr. 

Bunun baĸlēca sebepleri FRFôin tezgahēn o anki pozisyonuna baĵlē olmasē (eksenler 

ve par­a pozisyonu) ve incelenen frekans bºlgesinin bºlgeye uygun ekipmana 

ihtiya­ duymasēdēr. Bu tezde, bu sorunlarē aĸan operasyonel bir uyarēm metodu 

sunulmuĸtur. Tek, dikdºrtgen bir par­a frezelenmiĸ ve ivme ºl­¿mleri alēnmēĸtēr. 

Frekans Tepki Fonksiyonu bu ­alēĸmada ºnerilen ĸekilde takēm-temas ivmelerinin 

tek tek ºrneklenmesi ile mekanistik kuvvet modelleri sayesinde 

hesaplanmēĸtēr.Sonu­lar ­eki­ testleri ile karĸēlaĸtērēlmēĸtēr. Kuvvet katsayēlarē freze 

tezgahēnēn baĸka bir konumunda yapēlan ­eki­ testleri ile yine dikdºrtgen bir 

par­anēn iĸlenmesi ile tanēmlanmēĸtēr. Sonu­lar aynē konumda elde edilen FRFôlerin 

­eki­ testiyle karĸēlaĸtērēlmasē ile doĵrulanmēĸtēr. 

Anahtar Kelimeler: Operasyonel Modal Analiz, Pozisyona Baĵlē Takēm-Tezgah 

Dinamikleri, Kuvvet Katsayēsē Tanēmlamalarē, Tērlama, Frezeleme kuvveti
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2 

Just like all manufacturing processes, milling process has challenges. One major 

source of problems is vibrations present during operation. Because machining 

processes rely on material removal with an application of force in a small area, 

vibrations are inherent to machining processes. Vibrations are known to be 

detrimental to manufacturing results and harmful to machine-tool. For this reason, 

handling of vibrations in milling process is an important research area. 

Fundamentally, there are 3 types of vibrations are categorized. Transient vibrations 

occur when there is displacement but no additional force, such as when cutting tool 

leaves the workpiece. Forced vibrations are the direct result of force applied due to 

milling process itself. Self-excited (regenerative) [2] vibrations are observed with 

forced vibrations and caused by workpiece and machine-tool vibrations changing 

chip removal rate and consequently, the force applied. Regenerative vibrations are 

associated with a phenomenon called chatter when this self-excited event becomes 

unstable and starts diverging. Chatter can be diagnosed with abnormally high noise 

together with a characteristic wavy pattern left in the workpiece. Chatter results with 

poor surface finish and possible damage on workpiece and machine-tool. 

The most critical thing to be known about these vibrations is the fact that just like 

any other vibration, they are a function of force applied and dynamic characteristics 

of machine-tool. In other words, machine-tool can be modelled and vibrations can 

be regarded as an output. This conclusion is used in some prominent ways such as 

chatter detection and suppression methods or chatter stability studies like Stability 

Lobe Diagram [2], various identification methods such as operational modal analysis 

[10], and even tool and spindle monitoring techniques related to noise and vibrations. 

This means that machine-tool identification techniques are in demand both in the 

Academy and the Industry.  

One of the most useful methods to represent machine-tool behavior under excitation 

is utilizing Frequency Response Functions. FRFs are useful for milling dynamics 

analysis for several reasons. They are fairly easy to calculate and utilize in practice 

with minimal training. Since a lot of machinery used in industry, such as milling 

machines, have some sort of periodic or mostly periodic excitations, frequency 
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domain methods like FRF are well utilized for representing such dynamics of such 

systems. Utilizing multiple measurements for a better estimation is easy to apply 

with FRFs and for this reason, they function well with noise and uncertainties. 

Finally, together with some assumptions such as a linear system, they can be used to 

construct a transfer function.  

1.1 FRF Identification Methods for Milling Machines  

In the previous chapter, the motivation for obtaining FRF from machine-tool is 

explained. This chapter gives the literature regarding how to obtain FRF in machine-

tool. 

FRFs for milling applications are commonly obtained by measurement of output 

under excitation, i.e. empirically. These methods can be separated into two based on 

the method of excitation as experimental and operational. Experimental methods rely 

on external force application devices such as hammers or shakers and output 

measurements. Experimental methods to obtain desired data for identification is a 

practical and reliable approach in terms of excitation control and for testing a select 

few spots. Such methods are great at applying accurate excitation but implementing 

them can be challenging, especially during operation [22]. Operational approach is 

to obtain data during the machine under investigation is performing its intended task. 

In other words, excitation is provided by the system itself. In this approach, 

information regarding input excitation can be obtained through various methods 

depending on the system, such as modelling of the system or assuming randomized 

excitation such as white noise, as in Output-Only Modal Analysis which is the most 

common form of operational modal analysis methods. Operational methods have the 

potential to reflect behavior during operation more accurately but control over 

excitation is more challenging. 

Empirical methods of obtaining FRF have vast literature behind them. Significant 

work has been put into Experimental and Operational Modal Analysis [3], as well as 
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obtaining FRF only, i.e. without modal analysis. Experimental Modal Analysis is a 

highly automatized identification method [3,4] and is widely used. Yet, modal 

analysis results are not equivalent to FRF obtained and even on highly automatized 

systems, the accuracy of results depends on abilities of the researcher. Operational 

method applications for the milling process have motivational reasons supporting 

their development, such as machine tool structure dynamics are known to change 

during operation [3,7,8-11,13-15,17,21] and application of experimental methods 

during operation requires additional work as excitation reflecting operation 

conditions can be necessary and challenging to satisfy as an application of force at a 

specific spot can require accommodations [3,22].  

Obtaining the desired excitation on operational methods is an important research area 

for milling applications. Major challenges regarding milling process are uncertainty 

in force excitation due to the complexity of the process and harmonic excitation 

being dominant during operation. ¥zĸahin et.al. [13] utilize a workpiece with 

randomized channels and processed this workpiece with feed direction vertical to the 

side of a set of walls in order to achieve randomized excitation. The excitation 

method is confirmed with coherence function and frequency content of excitation. 

Dynamometer measurements are taken as input and a laser vibrometer is used on 

cutting tool. Li et.al. [10] utilize inertia of the machine itself for excitation for 

identification of machine tool structure at lower than 500 [Hz] domain where main 

structural mode frequencies reside. The core idea is to shake the machine tool by 

moving the table and the spindle of the machine under investigation at a desired 

speed and acceleration. The core purpose of the paper is to show differences in the 

dynamics of the worktable (table) at different movement speeds and locations. The 

method provides mode frequencies and damping ratios but not amplitude as there is 

no force measurement and the method relies on a flat frequency profile. In other 

words, scaling is missing Author explains which parameters change during the 

process. Li et.al. [11] apply the first single thin workpiece for machine tool 

identification. This method assumes an impulse model for excitation which is 

explained by parameters such as angular speed, feed and wall thickness for 
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excitation. The method intents to achieve white noise for application of Operational 

Modal Analysis methods. This article also offers several simplified calculations for 

estimating where excitations will be effective. Cai et.al. [7] have taken the method 

used by Li et.al. and in order to obtain better random signal which is used with Output 

Only Modal Analysis methods, designed a workpiece with a randomized shape. 

Moreover, the authors also randomized angular speed and feed. Berthold et.al. [21] 

apply the same principle with a generic process and have shown that white noise 

requirements can be satisfied without a special workpiece. The author also presents 

methods to select process parameters to achieve excitation with various frequency 

content. Koike et.al. [6] apply chip regeneration model with servo motor information 

to check chatter stability experimentally through a spindle model and real time data. 

This is not an identification application but sensors present in the machine itself is 

used to describe tool-tip behavior. Similar applications are done for force 

calculations. [20, 23] Wang et.al. [8] have also applied a designed workpiece but 

only targeted modal shapes and for heavy machinery by randomized channels 

approach. So far, the scaling issue had not been mentioned. There are various ways 

to approach scaling. The mass change approach is popular for cutting tool 

identification [9, 26] but it is hard to apply on heavy moving parts such as machine-

tool table.  Peng et.al. [9] address this issue with a hybrid approach. The author 

utilizes movement and so inertial forces of the machine tool structure for 

identification. In addition, the author utilizes tap tests on the same machine. Mode 

shapes are expected to stay stable during operation and mode frequencies and 

damping are obtained through operational modal analysis. Iglesias et.al. [12] util ize 

a simple sweeping method for exciting desired frequency domain for identification. 

Force and acceleration measurements were present. This method gives excellent 

control over excitation frequency and is very intuitive to use. The author also 

explains non-diagonal members of the transfer function matrice and how to obtain 

them. A major disadvantage of this method is that exciting higher frequencies can be 

limited by spindle speed.  Berthold et.al. [12] compare EMA and OMA methods 

while questioning position dependence and time-invariance of the machine itself and 
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identifies regions (position of spindle and table) with constant FRF on the 

investigated machine. This is critical to maintain the white noise assumption. Li et.al. 

[15] develop another inertia based application. In this case, multiple axes are moved 

simultaneously for more accurate results. Effects of machine tool structure itself on 

transfer functions, namely collisions inside the screw nut pair and impact excitation 

as a result of it are given as problems and so different sequences of impulses are 

tested to see if there is a nonlinearity as a result of it. Results indicate no significant 

nonlinearity. There have been studies regarding FRF identification or utilization 

without force measurement for table of machine tool structure. One critical work is 

that of Cai et.al. [18]. This article applies a conventional uncut chip thickness based 

cutting force model with previously known force coefficients in order to obtain an 

input similar to white noise but predictable. The advantages of this approach are that 

the method obtains a great amount of test data and force calculation is confirmed 

with measurements. Moreover, this approach gives a great deal of control over force 

excitation. However, problems with the reliability of force coefficients and phase 

measurement are reported. 

The current research area regarding modal analysis without measurement of force 

measurements relies heavily on white noise production at desired frequency domain 

in order to obtain modal shapes. This means identification quality is based on the 

quality of produced white noise and while modal parameter identification can be 

accurate, it necessarily includes these additional assumptions. Compounding with 

the fact that FRFs of machine-tool, especially table, is position dependent and so 

accurate positioning can be necessary, white noise approaches or even experimental 

methods can be not sufficient. Methods with force information are possible as Cai 

et.al. [18] have shown but they either require force measurement or accurate 

estimation of force in which it requires some initial knowledge.  
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1.2 Force Modelling 

In the previous chapter, it is shown that some form of force data is necessary for FRF 

identification unless output only methods are utilized. One method of obtaining force 

data is (direct or indirect) measurement of force. Taps and shakers automatically 

does force measurement but for other methods additional sensors are necessary. 

Dynamometers are commonly used for such applications. However, dynamometers 

have some issues preventing them from widespread application. Many facilities, 

industrial or academic, do not possess such device. They are significantly expensive. 

Moreover, they are cumbersome as they are required to be attached to the table and 

used as a workpiece holder to function. This would change table dynamics. Indirect 

measurements with accelerometers or encoders are a possibility but they require 

knowledge of the machine-tool beforehand as this is not an option if identification 

of the said machine-tool is the mission. Another method of obtaining force data is 

force calculation. Force calculation does not have the same equipment limitation or 

knowledge requirement regarding the machine-tool but it requires process 

parameters such as axial depth or angular speed of cutting tool. 

There are multiple approaches to force calculation in milling. Empirical models are 

interpolated formulations that are on top of experimental data. Such an approach is 

cumbersome and preferred only when other approaches are infeasible but most force 

calculation approaches are at least partially empirical as force coefficients need to be 

determined. Finite Element Analysis and similar numerical calculations are preferred 

for studies regarding contact surface and deformation zone research of machining 

applications and they are not easily scalable. Mechanistic calculations are the most 

popular and suitable calculation method for force estimation of milling process 

beforehand. Mechanistic models are based on geometric calculation of static chip 

thickness with process parameters and force coefficients which are usually obtained 

empirically. Total chip thickness is the summation of dynamic and static chip 

thicknesses. Static chip is calculated based on geometry of workpiece, cutting tool 

and kinematics and it is explained in this section. Dynamic chip thickness is based 
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on displacements that are the result of milling forces applied and they are explained 

in Chapter 1.3. The oldest known model regarding static chip thickness comes from 

Martellotti [27]. This model takes cutting tool edge as circular and takes cutting tool 

geometry ideal. In this model, the force is based on cutting tool angular position, 

diameter of cutting tool and feed per insert. This model is suitable when feed per 

tooth is small compared to cutting tool diameter. In literature, there are more 

advanced models with more process parameters [28]. Especially in micro-

machining, there are models based on high eccentricity and high feed per tooth 

compared to cutting tool diameter [29]. Moreover, works such as the study of Niaki 

et.al. [30] offer geometry based numerical static chip thickness calculation methods 

as an alternative to analytical calculations. Such methods have high calculation cost 

but they are easily adaptable to various conditions and they are selected on trochoidal 

milling. As important as calculating static chip thickness, application to the tool 

geometry is also a must. Koenigsberger et.al. [31] are the first people to develop 

mechanistic model of milling process. Kline [32] include tool eccentricity into 

calculation. All models mentioned above utilizes coefficients called as force 

coefficients. These parameters change values depends on process parameters and the 

material of workpiece. Such a change may be critical depending on the application. 

Considering this factor, linear and nonlinear milling force models can be selected. 

Linear milling force models rely on constant force coefficients and edge force 

coefficients as such a model relies on the assumption that force coefficients does not 

change drastically under the process parameters selected during milling [33]. This 

means that such a model is suitable under a range of process parameters they should 

not be exceeded. Nonlinear milling force models utilizes force coefficients that are 

an exponential function of chip thickness and possibly many other process 

parameters. Compared to linear milling force model force coefficients, they can be 

applied to a wider range of process parameters but they are harder to obtain. Force 

coefficients in general are affected by multitude of factors [28] such as chip thickness 

[33], cutting tool geometry, cutting tool material and workpiece material [34]. 

Although it is observed comparably rare, literature also includes axial depth and 
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cutting tool angular speed of cutting tool [35] as possible process parameters to effect 

force coefficients.  

1.3 Process Modelling 

Given that force is created during chip removal and chip removal effects force itself, 

there should be a process model explaining this behavior. Dynamic chip regeneration 

model commonly used in chatter research in machining processes is the default 

approach regarding milling dynamics. This model is also used with mechanistic force 

calculations and transfer functions of machine-tool. 

 

Figure 1.2 Example Demonstration of Milling Dynamics (A Review Of Chatter 

Vibration Research In Milling [40]) 

Entire milling dynamics can be described with merging of force model and cutting 

tool-workpiece vibration model. Force created during milling process is a function 

of chip thickness. Chip thickness is not just effected by process parameters but also 

displacement at workpiece and cutting tool as a result of force created. Since such a 

displacement during tool contact changes chip thickness, this causes a different 

amount of chip removed the next time cutting tool makes a contact. This results in a 

closed loop system in which chip thickness functions as delayed feedback [39]. 
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Delay differential equations are usually analyzed under chatter research and they are 

the basis of self-excited vibration models [40].  

1.4 Identification  of Force Coefficients 

Accurate information of force coefficients requires time and money investment to 

get. As the first approach, getting accurate force coefficients from literature is 

challenging from multiple points. First of all, there is no widely available database 

for such parameters that is easily reachable, contains desired information regarding 

materials or process parameters selected and accurate. Another factor is that force 

coefficients are usually specific to given cutting tool unless it is a generalized 

identification like orthogonal cutting test. Finally, material characteristics are varied 

from one manufacturer to another. Given these conditions, available coefficients 

without required knowledge of their method of obtainment are useful as a proxy and 

not much else. As the next approach, application of identification methods where or 

when it is needed with materials and tools to be used is attractive and this is an 

applied way of solving this problem. However, this usually requires a dynamometer 

for force measurement. Issues with dynamometers are mentioned in force modelling 

Chapter 1.2.  

Force calculations without direct force measurement is a research area with multiple 

approaches. Aggarwal et.al. [20] utilize applied spindle motor current measurements 

together with inefficiencies on spindle structure to calculate tangential force 

coefficients. This method requires extensive initial study and only obtains tangential 

cutting force coefficient. Zhou et.al. [25] apply Kalman filter and tap test results to 

calculate force excitation. Yamato et.al. [21] apply motor current along with encoder 

readings and applies modelling of feed drive system to obtain force estimation. Load 

side disturbance observer (LSDO) relies on multiple encoder measurements and tool 

tip models. The method demands a force measurement reference for obtaining 

machine-tool parameters such as mass but process parameters or tap tests are not 

involved. Encoder measurements can require a strong enough excitation for 
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significant signal. Force observers in milling are an important research area but they 

are mostly omitted in this literature research because using indirect measurement in 

a machine-tool to be identified is challenging. 

Regarding identification of force coefficients without dynamometer, Pawelko et.al. 

[19] perform the most prominent research regarding this area. Pawelko et.al. [19] 

utilize FRF measurements for identification of force coefficients and lists various 

error factors. The method applied is based on frequency domain representation of 

force model at only first two harmonics and workpiece dynamics are assumed rigid. 

The main issue the article addresses is that obtaining all four linear force model force 

coefficients at the same time requires ill-conditioned matrices and Tikhonov 

regularization can be applied for this problem. The method is only tested numerically 

Wang et.al. [41] utilize only one dominant modes of FRF to obtain a mass-spring-

damper equation and by applying convolution, a set of linear equations in time 

domain to be used for least squares are created. The method does not give 

coefficients and results are accurate in amplitude for high radial engagement. 

1.5 Scope of the Thesis 

This thesis presents an easy-to-implement, in-operation identification method that 

offers more control over excitation compared to tap tests and the method offered has 

better control over the position force applied. In other words, this thesis proposes a 

quasi-operational FRF identification method for the table of a milling machine which 

can easily be applied in multiple spots with varying excitation levels and which does 

not rely on modal analysis. This is achieved by a force excitation that is obtained 

with pre-planned process and designed workpiece. The workpiece offered in this 

thesis is a single rectangular workpiece that is cut with small radial engagement. This 

provides a set of impulse-like force applied on a certain position with calculable 

amplitude distributed into a path, reaching numbers possibly more than a thousand 

individual excitations. Details regarding the utilized workpiece, the force model and 

the identification process are provided in their respective chapters. 
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The first step is to simulate the milling dynamics to observe effects of process 

parameters, dynamic chip thickness and transfer functions. This step allows to 

demonstrate accuracy and efficiency of following steps, as well as explains 

modelling choices, theoretical background and practical limitations regarding both 

the modelling itself and how process parameter selections affect identification 

methods to be applied in following chapters. Figure 1.3 describes the approach 

followed in this chapter. A milling dynamics model is developed. The model 

developed includes chip regeneration, transfer functions obtained with FRFs 

measured from the same milling machine the experiment performed, the force model 

and static chip thickness calculations chosen. Process model is a set of calculations 

obtained from the model that are merged together in order to be programmed. For 

programming, two different approaches are tested as MATLABÊ Simulink and 

Convolution Integral. Their differences are explained. Experiment is performed with 

same process parameters used in the model is confirmed with comparing acceleration 

data obtained from both approach.  

 

Figure 1.3 Milling Dynamics Model Verification 

For identification, this thesis is separated into two steps. Figure 1.4 summarizes the 

approach. Since force is calculated, force coefficients must be accurate. In the first 

step, force coefficients are identified by tap tests applied on a selected spot in table 

and milling process performed in the same spot on table. In the second step, 
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identified force coefficients are used to obtain FRF from different, various positions 

with engagements and responses sampled from data. Details of these approaches are 

given in their respective chapters. 

 

Figure 1.4 Identification Approach Summarized For Force Coefficients and FRF 

of Machine Tool Table 

This thesis is separated into 6 chapters. In Chapter 2, a milling dynamics and force 

model to be used are introduced, along with the simulation developed. Chapter 3 

explains identification of force coefficients. Chapter 4 explains the FRF 

identification method offered. Chapter 5 gives the experiment procedure and 

application of identification procedures introduced in the previous two chapters. 

Chapter 6 concludes the thesis. 
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before applying them to experimental results because experiments are costly both in 

terms of time and money. 

The millin g dynamics model to be used should reflect the purpose it is going to be 

used. In this thesis, linear milling force model is used and force coefficients are found 

experimentally. How they are found in this thesis is given at Chapter 3. For static 

chip thickness, Martellotti model [1] is deemed enough. A 2D delay differential 

equation model is utilized for X and Y directions of both table and spindle. For 

obtaining FRF, tap tests have been utilized. The model is programmed with two 

alternative solutions. The first approach is utilizing MATLAB  Simulink and the 

second approach is utilizing convolution integral. For MATLAB  Simulink, transfer 

functions are obtained with analysis done with CutPro. For the convolution integral 

approach, impulse response functions obtained with Inverse Fast Fourier Transform 

(IFFT) are utilized. The reasoning behind applying two different models is that so 

difference caused by modal analysis and transfer function format of MATLAB -

Simulink model can be tested as the convolution model does not use transfer 

functions obtained with modal analysis. Details are provided at Section 2.2.2. 

Models are tested by comparing the output of models with an experiment using the 

same process parameters. Considering the frequency domain where tap test results 

may be deemed reliable (in other words where coherence is high), in order to excite 

the given frequency domain, workpiece dimensions and process parameters such as 

angular speed of cutting tool have been selected accordingly. 

Chapter 2.1 explains the entire modelôs theoretical foundation. Chapter 2.2 explains 

MATLAB  Simulink model and convolution integral model programmed. Chapter 

2.3 validates the model with experimentation and discusses results obtained.  

2.1 Mathematical Model Overview 

Under this study, vibrations of spindle and table on X and Y directions are analyzed. 

Description of milling process is given in Figure 2.1. Here, the table of machine-tool 

(ñtableò for short) is represented by 'ȟ Ó, 'ȟ Ó and the spindle of machine 
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tool (ñspindleò for short) is represented by 'ȟ Ó, 'ȟ Ó. For transfer functions 

between X and Y directions, for table 'ȟ Ó, 'ȟ Ó and for spindle 'ȟ Ó, 

'ȟ Ó are used. Transfer functions are given together in matrice form as shown in 

equation (2.13), as ' Ó for table and ' Ó for spindle. Dynamic chip thickness is 

briefly described in the figure. This entire model is explained in detail at Chapter 

2.1.1.  

 

 

Figure 2.1 Milling Dynamics and Chip Regeneration 

Workpiece and cutting tool transfer functions at the contact region are used for 

representing table and spindle dynamics respectively. These transfer functions are 

the ones which affect vibrations at the contact region. In other words, transfer 

functions utilized in this thesis represent the relation between force excitation at the 

contact region and vibration at the contact region. 
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To make the presentation of the model easier, milling dynamics has been separated 

into three parts. In Chapter 2.1.1, mechanistic force model utilized is explained. This 

chapter also explains selection principles regarding process parameters. As 

mentioned in this chapter, this model is not enough by itself to calculate force if there 

is dynamic chip regeneration present. Chapter 2.1.2 explains transfer functions to be 

used, how to obtain them and how to apply them in calculations. This chapter also 

presents transfer functions that are obtained. Chapter 2.1.3 explains utilizing these 

together. 

2.1.1 Selection of Process Parameters for Mechanistic Force Model 

Cutting force, F, is the result of chip removal. Chip thickness is the sum of static chip 

thickness based on feed per insert and dynamic chip thickness based on vibrations 

between cutting tool and workpiece as in chip regeneration factor. Figure 2.1 

describes chip regeneration. Milling force created during operation pushes 

workpiece and cutting tool from their ideal path and this creates a difference in chip 

thickness when cutting tool contacts with workpiece for a second time. Ideal paths 

lead to static chip thickness È [m]. Chip thickness is measured in radial direction 

and static chip thickness depends on cutting tool angular position of cutting tool ʃ 

as given below: 

È Ô ÃÓÉÎʃÔ       Êɴ ρȟςȟȣȢ.  (2.1) 

where Ã Í  gives feed per insert and it is a function of feed in X direction 6[m/s] 

gives, angular speed of cutting tool Î [rad/s] and number of inserts .. It is found 

as equation (2.2). Ê gives insert index. 

Ã
6
Î
φπ.

 (2.2) 

In practice, cutting tool deviates from following a kinematically determined path, as 

shown in Figure 2.1. Since the same situation applies for the previous contact of 
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workpiece and cutting tool, chip thickness is given as difference on the radial 

direction between two real paths as below: 

ÈÔ È Ô ØÔ ØÔ ʐ ÓÉÎʃÔ ÙÔ ÙÔ ʐ ÃÏÓʃÔ  

Êɴ ρȟςȟȣȢ.  

(2.3) 

Here, ØÔ ʐ and ÙÔ ʐ) gives the surface left from the previous contact of 

workpiece and cutting tool. ʐ [s] describes time passes between two contacts. ʐ [s] 

can be found with angular speed of cutting tool Î and number of inserts . as below: 

ʐ
Î

.φπ
 (2.4) 

Forces in radial and tangential directions are given below: 

&ȟÔ + ÈÔ + ÁÇÔ (2.5) 

&ȟÔ + ÈÔ + ÁÇÔ (2.6) 

Here, +  [N/m2] and +  [N/m2] gives tangential and radial cutting coefficients and 

+ [N/m] and + [N/m] gives tangential and radial edge force coefficients. Axial 

depth of cutting tool is given with constant ἩἸ and chip thickness ἰἲἼ is given 

in equation (2.3). Helix angle is omitted and cutting tool is selected according to 

this assumption as shown in Figure 5.2. During the process, workpiece and cutting 

tool makes a contact at only a domain of angles. This domain is represented with the 

window function ÇÔ as in equation (2.7). There is contact during cutting tool insert 

and workpiece when cutting tool angle is between ʃ  and ʃ  as given in Figure 2.1. 

ÇÔ
ρȟʃ ÍÏÄʃÔȟςʌ

πȟÏÔÈÅÒ×ÉÓÅ                     
  Êɴ ρȟςȟȣȢ.  (2.7) 

Angular position of cutting tool (per inserts) ʃÔ is given below for constant angular 

speed of cutting tool.  
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ʃÔ ςʌ
Î

φπ
Ô
Ê ρ

.
    Êɴ ρȟςȟȣȢ.  (2.8) 

In this thesis, a shoulder face mill with inserts is selected and only one insert is used. 

This means that . ρ, as shown in Figure 5.2. 

Because vibrations are measured at X and Y directions, a transformation calculation 

from radial coordinates to Cartesian coordinates is necessary. It is given at equation 

(2.9a).  

ἐÔ
& Ô

& Ô
ἐἬÔ ἐἻÔ  (2.9a) 

ἐἻÔ Á+ ÃἋἸÔ Á+ ἋἸȟ Ô (2.9b) 

ἐἬÔ Á+ ἋÔὀÔ ὀÔ ʐ  (2.9c) 

where Ô ØÔ ÙÔἢ. Here, ἐÔ gives total forces in X and Y directions. Force 

caused by static chip thickness ἐἻÔ is given as equation (2.9b) and likewise, force 

caused by dynamic chip thickness ἐἬÔ is given as equation (2.9c). Similarly, 

displacement at X and Y directions are represented with ὀÔ. ἋÔ, ἋἸÔ and 

ἋἸȟ Ô represents window function, angular relations and forces in general. 

Equation (2.10a) to (2.10g) explains  ἋÔ, ἋἸÔ and ἋἸȟ Ô with matrice members. 

ἋÔ
ρ

ς

Á Ô Á Ô

Á Ô Á Ô
     ἋἸÔ

ρ

ς

Á Ô

Á Ô
    ἋἸȟ Ô

Á ȟÔ

Á ȟÔ
 (2.10a)  

Á Ô ÇÔ ÓÉÎςʃÔ
+

+
ρ ÃÏÓςʃÔ  (2.10b) 

Á ȟÔ ÇÔ ÃÏÓʃÔ
+

+
ÓÉÎʃÔ  (2.10c) 

Á Ô ÇÔ ρ ÃÏÓςʃÔ
+

+
ÓÉÎςʃÔ  (2.10d) 

Á Ô ÇÔ ρ ÃÏÓςʃÔ
+

+
ÓÉÎςʃÔ  (2.10e) 
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Á ȟÔ ÇÔ ÓÉÎʃÔ
+

+  
ÃÏÓʃÔ  (2.10f) 

Á Ô ÇÔ ÓÉÎςʃÔ
+

+
ρ ÃÏÓςʃÔ  (2.10g) 

A general description of the milling process and the workpiece to be cut are shown 

in Figure 2.1. Entry and exit angles, axial depth, feed, feed direction and angular 

speed are known through the geometry of the workpiece and process 

parameters. All of these parameters are kept constant for repeating the same 

excitation. Together with this knowledge and force coefficients, the force is 

calculated through equations (2.10a) and its pieces, ὀÔ ʐ and ὀÔ. As mentioned 

previously in the beginning of Section 2.1, ὀÔ ʐ and ὀÔ require process 

dynamics to be known and those are explained in the next chapter. The primary 

selection of workpiece geometry is a single thin walled workpiece that itsô centerline 

is aligned to the feed direction In other words, ʃ ʃ “, as shown in Figure 

2.2. Workpieces that do not obey this rule (offset workpiece) are omitted from 

identification of force coefficients. 

 

Figure 2.2 Centered Workpiece and Offset Workpiece 
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A centered workpiece has several advantages. Given that qualities of static force are 

critical because it is used for identification at following chapters and the fact that this 

thesis is primarily challenged by not being able to measure the force applied with a 

dynamometer; a simple excitation is desired and a centered workpiece helps to 

simplify the procedure. This means for the selection of a centered workpiece: 

1. Due to low angular engagement, force excitation takes short time and is 

impulse-like. This means that the frequency bandwidth of force is high and 

uniform as possible. As an additional benefit, low radial engagement also 

reduces dynamic chip thickness.  

2. The workpiece is easy to produce as the shape is simple. Moreover, 

positions of tool-workpiece engagement are easy to calculate and this is 

helpful for localized identification of FRF. 

3. Cartesian forces (& Ô ÁÎÄ & Ô) are dominantly affected by tangential 

and radial forces and they are decoupled in case tool path coincides with the 

axis of the workpiece (longitudal centerline of the workpiece). 

4. Change in static chip thickness during contact is limited as possible. In a 

milling process where chip thickness varies significantly at logarithmic 

scale, such as down-milling, nonlinear force model with exponential force 

coefficients would be required. 

5. As it is shown on the next page, there is a certain level of control over force 

excitation characteristics by controlling milling process parameters. 

Here is a sample static force calculation done with the given equation (2.9b) to show 

basic manipulations on the input on a centered workpiece. Process parameters can 

be used to control amplitude, harmonic peaks and frequency domain but not 

independently. For example, angular speed of cutting tool affects amplitude but also 

harmonic frequency and zero crossing position. Some of these relations were noted 

earlier [11]. Effects of angular speed and wall thickness at cutting force in the 

frequency domain are as shown in Figure 2.3. 
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Zero crossing is where excitation reaches zero. The frequency of this point Æ (Ú 

is engagement duration and is defined as equation (2.11). Here, , gives distance 

cutting edge travels during the process, which is roughly wall thickness. 

 

Figure 2.3 Effects of Angular Speed and Wall Thickness on Cutting Force 

Spectrum, Centered Workpiece, Tool Diameter: 65 [mm], Axial Depth Of Cut: 2.9 

[mm], Ktc=1319 [Mpa], Krc= 788 [Mpa] 

Æ
ρ

Ў4

ʃ ʃ
Î
φπẗςʌ

ḙ
,

Î
φπẗʌẗ$

 (2.11) 

Zero crossing and as a result, the frequency domain to be excited is widened by 

decreasing the engagement duration which is possible by either increasing angular 

speed or decreasing the wall thickness, as given in equation (2.11). However, both 

actions reduce the amplitude of excitation, especially at lower frequencies. This 

effect is visible on Figure 2.3. At the zero frequency, force calculation with a 4 [mm] 

wall cut, which is given in black; has twice the force amplitude of force calculation 

with a 2 [mm] wall cut, which is given in red. However, zero crossing frequency is 
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also almost halved. Likewise, increasing the angular speed of the cutting tool from 

3000 [rpm] to 6000 [rpm] has the same effect. 

Frequency values of harmonics are a function of angular speed, equal to revolution 

per seconds. Changing angular speed from 3000 [rpm] to 6000 [rpm], moves the 

harmonic peaks from 50 [Hz] to 100 [Hz]. Changing the wall thickness has no visible 

effect on harmonics. 

2.1.2 Spindle and Work Piece Transfer Functions 

Cutting tool and workpiece dynamics are represented with transfer functions in X 

and Y directions. Cutting tool displacement is represented with ὀ Ô and workpiece 

displacement is represented with ὀ Ô. Total displacement ὀÔ is given as equation 

(2.12). 

ὀÓ ØÔ  ÙÔ ὀ Ó ὀ Ó (2.12a) 

ὀ Ó ἑ ÓẗἐÓ (2.12b) 

ὀ Ó ἑ ÓẗἐÓ (2.12c) 

Here, ἐἻ is Laplace domain representation of ἐἼ. Cutting tool transfer function 

ἑ Ó and workpiece transfer function ἑ Ó are given at equation (2.13). How to 

obtain FRFs and details of modal analysis applied are explained in following 

chapters.  

ἑ Ó
'ȟ 'ȟ
'ȟ 'ȟ

 (2.13a) 

ἑ Ó
'ȟ 'ȟ
'ȟ 'ȟ

 (2.13b) 
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2.1.2.1 Tap Test and FRF Calculations 

Any suitable experimental method for obtaining FRFs, such as hammers or shakers, 

can be used for this purpose, as long as a desired excitation at a desired spot in a 

desired direction can be applied. The excitation method applied here is what is 

selected according to the equipment available. What is critical in this chapter is that 

FRFs from both directions with at least two sensors placed at two Cartesian 

directions should be present because FRFs between forces and vibrations at X and Y 

directions are desired. 

For this thesis, FRFs that are to be used to obtain transfer functions to be used in the 

simulation are obtained through tap tests applied on both workpiece (representing 

table) and cutting tool (representing spindle). Tap hitting spots and accelerometer 

positions are given at Figure 2.4a. By hitting point 2 at X direction and measuring 

the response at points 1 and 3, FRFs 00 and 00 are obtained. Similarly, by hitting 

point 4 in Y direction and measuring the response at the same accelerometers, FRFs 

00 and 00 are obtained. 00 and 00 represents X and Y direction transfer 

functions while 00 and 00 represents cross relation between X and Y directions. 

 

Figure 2.4  a) Work Piece Accelerometer Positions (1-3), Tap Test Tap Spots (2-4) 

and Test Parameters b) A Representation of Tap Test at Spindle  
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For spindle, cutting tool to be used during experiments is attached to the spindle and 

the hammer is hit to the only insert in tangential direction while the response is 

measured from an accelerometer placed radially and at a ωπЈ distance. This way, the 

response of tangential force at the same direction is measured. Because spindle is 

roughly axi-symmetric, a single tap is deemed sufficient and FRF between X and Y 

directions are not measured. Axi-symmetry is observed from previous tap tests 

performed at the laboratory. Figure 2.4b gives a description of a hammer test for 

spindle. 

 

Figure 2.5 a) Hammer Used for Tap Tests. b) NI 9234 Data Acquisition Device 

Allows 4 BNC Ports That Measures Voltage Difference 

As hammer, DYTRAN 5800B3T (Figure 2.5a) and as accelerometers at X and Y 

directions respectively, PCB 352C23 [5.12mV/g] and DYTRAN 3225F1 [10.23 

mV/g] are used. These accelerometers measure at only one direction. For data 

acquisition, NI 9234 data processing card (Figure 2.5b) is used and the sampling 

frequency is 51200 [Hz]. This card has 4 BNC ports and takes measurements by 
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voltage difference obtained by any suitable sensor. This card supports data sampling 

up to 51200 [Hz] and a voltage difference of 10 [V]. Data is processed with CutPro 

software. 

Two different models that is applied requires different set of transfer functions. 

MATLAB  Simulink model can utilize Laplace Domain transfer functions. 

Convolution Integral model utilizes Impulse Response Functions (IRF). Figure 2.6, 

Figure 2.7 and Figure 2.10 provide FRFs and frequency domain representation of 

transfer functions obtained by them. Figure 2.11 to Figure 2.14 provide IRFôs 

utilized for Convolution Integral model. 

2.1.2.1.1 Transfer Functions for MATLAB  Simulink Model 

Cutpro program is used for modal analysis in this thesis. Tables from Table 2-1 to 

Table 2-5 give modal parameters obtained by utilizing this program on FRFs 

obtained. By applying equation (2.14) and modal parameters, transfer functions are 

found. N gives number of modes selected to construct transfer functions and tables 

provide number of modes and modal parameters at every mode. 

'ʖ ȟ 

ʖ
Ë

Ó ςʁʖÓ ʖ
    Äɴ ρȟςȟÆɴ ØȟÙȟÇɴ ØȟÙ  (2.14) 

Here, Ë gives modal stiffness and ʖ  gives mode frequency. ʁ gives modal 

damping. As mentioned at Figure 2.6, Figure 2.7 and Figure 2.10 provide FRFs and 

frequency domain representation of transfer functions obtained by them. At Figure 

2.6,  'ȟ  and 'ȟ  gives response of table at X direction by forces applied at X and 

Y directions as they are constructed from  00 and 00 FRFs. Likewise, Figure 2.7 

give 'ȟ  and 'ȟ  transfer functions as they represent table response at Y direction 

by forces applied at Y and X directions and they are constructed by 00 and 00, 

all respectively. Finally, Figure 2.10 gives spindleôs transfer function at both X and 

Y directions without a transfer function representing a relation between two 
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directions. FRF of cutting tool is also given as the FRF used for constructing '. Due 

to axi-symmetry, it is assumed there is no significant transfer function between two 

directions for cutting tool. 

The frequency domain to be analyzed is limited to 300-3000 [Hz]. This is because 

of two major reasons. At the lower end, force applied is not enough to overcome 

nonlinearities such as frictions and similar factors to achieve significant coherence 

at the end result (FRF obtained). At a frequency domain lower than 300 [Hz], 

coherence values may be lower than 0.5. For higher frequencies, coherence is also 

low but this is because there is no significant force excitation at such high frequency 

values due to contact time being too long. Process parameters should be selected 

according to frequency domain to be analyzed and this is explained in the next 

chapter with equation (2.18). 

By comparing FRFs given at Figure 2.6 and Figure 2.7, it can be observed that the 

table is more rigid at Y direction compared to X direction. For this reason, the 

transfer function at XX direction (force at X direction and measurement from X 

direction) is the dominant transfer function for table. For YX direction, transfer 

function has significant modes compared to XX direction transfer function at 500-

1000 [Hz] and 1500-2000 [Hz] frequency domain (920 and 1750 [Hz], Table 2-9). 

These mode frequencies are close to XX direction transfer function mode 

frequencies (896 and 1745 [Hz], Table 2-9). For the frequency where transfer 

functions representing the relation between two directions (YX) is most dominant, 

that is 1750 [Hz], the ratio between YX direction transfer function to XX direction 

transfer function is around 20%. This means that for X direction, the effect of YX 

direction transfer function should be small if forces at both directions are similar. 

The situation is different for Y direction as XY direction transfer function is more 

significant compared to the effect of YX direction transfer function in Y direction. 

At the frequency domain where the effect of XY direction transfer function is the 

least significant, the ratio of XY FRF to YY FRF is around 30% and the ratio is 

higher for transfer functions. At frequency domain around 1700 [Hz], XY direction 

transfer function is bigger than YY counterpart.  
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Figure 2.6 Tap Test Comparison with Modal Analysis Outputs, Table (Workpiece) 

XX vs. YX 

 

Figure 2.7 Tap Test Comparison with Modal Analysis Outputs, Table (Workpiece) 

XY vs. YY 
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Coherence values for two selected tests are given at Figure 2.8 and Figure 2.9. Figure 

2.8 gives coherence of 00 (XX direction transfer function is constructed from) and 

Figure 2.9 gives coherence of 00 (XY direction transfer function is constructed 

from). 00 gives reliable coherence values but 00 is only reliable at some selected 

frequency domain values. 

 

Figure 2.8 Coherence Graphs for Tap Test Comparison XX (P2P1) 

 

Figure 2.9 Coherence Graphs for Tap Test Comparison XY (P2P3) 

Finally, cutting tool transfer function is 10 to 100 times bigger than table transfer 

functions as spindle is significantly less rigid compared to the table. 
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Figure 2.10 Tap Test Comparison with Modal Analysis Output, Spindle 

  



 

 

32 

Table 2-1:Modal Parameters of Spindle (Applicable to Both Directions) 

Mode ʖnȾςʌ (Ú ʊ kn [N/m]  

1 335.21 5.40e-3 6.09e7 

2 396.03 1.85e-2 1.40e7 

3 598.73 2.01e-2 2.49e7 

4 906.41 1.45e-2 2.41e7 

5 1002.41 1.30e-3 5.20e8 

6 1078.01 8.70e-3 9.69e6 

7 1744.95 7.60e-3 7.11e8 

8 1955.62 1.44e-2 3.26e8 

9 2336.14 8.30e-3 4.10e7 
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Table 2-2: XX Modal Parameters for Table 

Mode ʖnȾςʌ (Ú ʊ kn [N/m]  

1 286.93 3.60e-3 9.48e8 

2 317.87 1.00 e-3 5.25e9 

3 383.02 2.50 e-3 1.59e10 

4 432.92 1.70 e-3 3.13e9 

5 563.05 1.20 e-3 1.45e10 

6 689.47 2.50 e-3 9.44e9 

7 896.06 1.93 e-2 1.01e8 

8 1540.19 1.80 e-3 9.91e9 

9 1745.57 3.40 e-3 7.20e8 

10 2248.17 6.90 e-3 1.51e9 

11 3370.89 4.20 e-3 3.59e9 
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Table 2-3: YY Modal Parameters for Table 

Mode ʖnȾςʌ (Ú ʊ kn [N/m]  

1 427.04 3.15e-5 9.41e10 

2 846.03 9.30e-4 7.01e10 

3 889.62 5.17e-5 2.28e12 

4 907.48 5.90e-3 1.21e9 

5 1643.18 9.10e-3 3.50e9 

6 2010.65 1.53e-2 4.20e9 

7 2896.82 7.20e-3 2.39e9 

8 3610.77 1.80e-3 3.48e10 

 

Table 2-4: XY Modal Parameters for Table 

Mode ʖnȾςʌ (Ú ʊ kn [N/m]  

1 205.13 1.59e-4 6.23e10 

2 917.61 3.20e-3 4.43e9 

3 1706.37 4.70e-3 3.75e9 

4 2855.61 8.20e-3 3.23e9 
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Table 2-5: YX Modal Parameters for Table 

Mode ʖnȾςʌ (Ú ʊ kn [N/m]  

1 232.46 3.52e-4 2.58e10 

2 250.59 4.30e-5 1.61e11 

3 270.43 1.07e-4 1.42e11 

4 290.05 1.30e-3 2.60e10 

5 328.16 2.78e-4 7.86e10 

6 467.12 1.30e-3 1.38e10 

7 920.77 7.40e-3 1.93e9 

8 1750.24 5.50e-3 3.07e9 
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2.1.2.1.2 Transfer Functions of Convolution Integral Model 

Obtaining IRFôs can be done quickly by readily available functions. MATLAB  IFFT 

function [42] is used on FRFs shown at Figure 2.6 and Figure 2.7. One important 

point is that only the selected frequency domain is used for obtaining IRFs. Values 

of FRFs at other frequencies are taken as zero. 

 

Figure 2.11 Impulse Response Function of (P2P1) 
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Figure 2.12 Impulse Response Function of (P4P1) 

 

Figure 2.13 Impulse Response Function of (P2P3) 
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