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ABSTRACT

DYNAMIC MODELLING AND ANALYSIS OF SPLIT-TORQUE FACE-
GEAR SYSTEMS

Aydojan, Mustafa ¥zge¢r
Doctor of PhilosophyMechanical Engineering

Supervisor : Prof. DiH . Nevzat ¥zgg¢gven
Co-SupervisorAssoc Prof.Dr.Zi h n i B. Sarébay
August 2022229 pages

In this study it is aimed to develop a dynamic model for a-fgae drive system that
accounts for all important physical parameters related to the operation to achieve an
optimized splittorque facegear based transmission system. With this new model,
nonlinear dynamic response of a fagear drive system is sought and dynamic
stability and limit states of this structuaeeinvestigated. The main motivation for

the current study is the recent development and utilization ogaedrive systems

in the helicopter industry. Faegear drive systems are subject of many research
studies for the past 30 years. However, mesh stiffness of thegdaceis not
modelled accuratelyln this study, a nonlinear dynamic model of a maigsh
involute spur pinion drign facegear splittorque drive system is developed. A
lumped mass system consisting of five pinions and two face gears is constructed.
The system has seven rotational degrees of freedom. All pinion and gear blanks are
assumed to be rigid disks. The counsted splittorque model includes two input,

two output and three idler gears. The mesh parametersyegh stiffness and mesh
damping, have time varying characteristics. The model includes cledygace

nonlinearity for backlash. The proposed moddtwatesthe time varying mesh



stiffness of the gear pair from the generated point clouds of theyéereand spur

gear pair by using the finite strip method (FSM). The nonlinear equations of motion
are solved with Harmonic Balance Method (HBM) for peicedeady state response

of the system. The accuracy of the results is compared with direct numerical
integration solutions. The stability is checked with Floquet Theory and bifurcation
diagrams from Poincare Sectiofi$fie effects of mesh phasing betweantepinion

and facegear engagement, the effect of static torque and the effects of backlash
variations to the response of the system are sought. The effect of subharmonic motion
on the dynamic response is demonstrafddo, torquesplit characteristicsfahe

system has been sought.

Keywords: Nonlinear Dynamics of FaeBear Drive Systems, Nonlinear Gear
Dynamics, SpliTorque, Helicopter Rotor Drive System, Finite Strip Method
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TORK-AYRIMLIALIN -DKKkLK SKSTEMKNKN DKEMMESKMODE |
VE ANALKZK
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Bu - al & kdnawlai, il €themi yapélaré i-in, oper
tem et kil eri gayreémigae sastbeml drodek kul | a
di nami k analiz model:i gel i ktiriddmdii ame
sistem ni n, mar uz kal dej é yekl emel er al ter

arakteéereéel mék ve bu yapeéelareén dinamik kar :
y°neli k yeni ve et kil.i bir met ot gel i Kt
kaynaj-e&i knail gim eden aktarma sistemlerind

gel i kmeler ve bu sistemlerin helikopter
al-@ink | i aktarma sistemleri bir- oki kalriakt &
kavrama direngnmneondeljlienteame no lka ri ak Bu -al éi

kavr amal é -civioll ivleenrt tdgrzaafyé nedrelné kshe réepli esnt etna r

dojrusal ol mayan bir dinami k anal4z mode
di kIl i wea kKilki ialdggend ediir stispgleum kur ul mukt ur
serbestli k derecesine sahiptir. Tem di k|
Kurulantorkayr éml € model , i ki girik, iki -ekéx
Té¢em kavrama paratheteabeniijl(ik,avkamaama s
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zamanla dejiken ©°zellije sahiiptiirdojDiuss abock

ol mayan bir el eman ol arak dahil edi | mi ktir.
dej i ki ml i kavramdi dli ir einkgleinl,gzé o met r iasiémden t
nokta bulutlarénée kull anar ak, Sonlu kerit
ol mayan hareket denklemleri, Harmoni k Denge
-0zl meXanu-.l ar €n dojrul uju, neg meri k i nt

kar kél akt ér é FogekTeaisi ve Péirecareakesitiéihderkelde edilen

-atall anma diyagraml #ddleé bdexkbgigdden agpeni riln
birbirine ge-mesi séraséndaki kawtltaka fazeée,
deji kKimlerinin, sistem tepkisine etkisi ar a
cevabéna et ki si gesterifamiretm r karAxrnté&ca st i

incel enmi Ktir.

Anahtar KelimelerAl ®m k1 i Si st eml erinin Dorjisalusal Ol ma
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CHAPTER 1

INTRODUCTION

A facegear drive systermomprises amvolute spur oahelical pinionmeshing with

a facegear This gear drive system is generally utilized ttansformthe torque
between intersected and crossbafts An exampleof afacegear drive meshing
with a spur pinion is shown inFigure 1-1. A set of face gear drive systems with

different shaft angles is shownHgurel-2.

Figure 1-1 A face-gear and a spur pinion mesh

The facegear drive systenenables weight reductionand volume saving byoad
sharing or torquesplitting capabilities [68]. Therefore such drive systems are
generally found in the helicopter or marine transmissions. An example of a
helicopter's main gearbox incorporating a torque split among twegksaxes at the
engine input is given ikigurel-3.



Figure 1-2 FaceGear andgur pinion assemblies at different shaft angles

Before 1990's, dcegear drivesystems were known to be used for {power
applications. By then, helicopter companies started several researches for a light and
reliable main rotor drive system having advanced capabilities of temjiteHence,

facegear drives become popular dudheir several advantagd4r 3].

Rotor shaft output

Sun gear

30

NOTAR™
output

)

Combining gear

Driving spur pinion

Face-gears
Engine input

Figure 1-3 Application of facegear drive in helicopter transmission [25]



1.1 Introduction

Split torque facegear drive systems are typically driven by spur or helical pinions
meshing with one or two faagears, which are utilized to deliver power between
intersecting shafts and reduce transmission weight by introducing torque sharing and

torquesplitting capabilitie§4,5].

The facegear drives have been investigated for helicopter transmission systems due
to potential weight savings [2,3]. This drive train consists of an involute spur pinion
meshing with a face gear, assm in Figure1-1. One of the first higipower face

gear designs is named Cylkro Angular Face Gear Transmigsijn

Different methods to generate the spur shaper and theé&areaooth are presented

in [8] and[9]. The design aspects and validation of face gears are presefitédl in
and[11]. The benefits of the face gears are (i) reduced sensitivity to the bearing
contact to gear misalignment, (ii) reduced level of noise due to a very low level of
transmission error, (iii) more favorable power transfer from one tooth to another and
(iv) tolerance to the assembly inaccuracies compared to the spiral bevel gears
[12,13]

1.2 Literature Review

1.2.1 FaceGear Geometry

The theory of face gears was not sufficiently developed forigter applications

until the first mathematical tooth modeling and the computational tooth contact
analysis (TCA) work performed byitin et al.[14,15] The tooth geometries of a
spur pinion and a conjugate fagear are defined using the gearing theory and
differential geometry principlesthe surface of the face gear is derived from the
simulation of meshing with the spur shaper. The critical dimensions of the produced

face gear are identified from the limiting conditions of the geometry. These are tooth



undercutting at the inner diametand tooth pointing at the outer diameter. Hence,
an exact tooth surface equation and tooth enveloping parameters are generated for

mathematical modeling, contact analysis, and machine settings.

Face gears are studied by several researchers. LitvifiBtlajenerated the surface

of a facegear by simulating the machine tool motions. He also studied tooth contact
and bending stress ayses using the finite element method (FE8]16]. Heath et

al. performed experiments on tooth contact performances and failure modes of face
gearq17], conducted split torque tests on a 250 hp face gear transmission with two
inputs, two idlers systerf#,5], and also perfoned tests to seek fagear surface

fatigue characteristid4.8].

1.2.2 Mesh Stiffness and Dynamic Modelling

There are a limited number of studies on dynamic analysis of theyéacedrive
systems. These studies may be collected under two titles, namelystatiasor
dynamic analysis of faegear meshing with spypinion pair,and quasstatic or
dynamic analysis of spiibrque facegear drive systems.

Guingand et al[19] presented a quastatic analysis procedure for the load
distribution among the faegear pairs with experimental validation. The tooth root
stresses and the resulting load sharing among the pairs are obtained with reasonable
accuracy. The related deformations are calculated using FEA tools and the contact
mechanics. Wang et 4R0] proposed a method for loaded tooth contact analysis of

a facegear pair, where bending and contact deformatesesdetermined by FEA

and Hertz theory. Load distribution under an applied torque among the tooth pairs is

sought.

Peng et al[21] investigated the paranm& instability characteristics of a fagear
pair. An annular Kirchhoff plate with a moving spring is utilized to model the drive
system. Floquet theory is used to calculate the stability of the system. The mesh

stiffness is obtained through the contatio calculated by Tregold's approximation.



The spur pinion is assumed to be rigid, and the mesh stiffness is taken as-the face
gear tooth stiffness. Later, this study (dynamic stability) was improved for a split

torque multipinion facegear drive systa [22].

Hu et al.[23] studied the effect of the mesh stiffness variation on the dynamic
behavior of a 6 DOF (degree of freedom) fgear pair. The bifurcation diagrams

of the pair's response auxding to the pinion speed are presented. Chen g244l.
investigated the effect of profile modification on the dynamic behavior of a 6 DOF
facegear pair where support stiffness is also considered. They demonstrated the
effect ofthe stéic load on the input pinion through bifurcation diagrams, which are
plotted according to the input speed of the pinion[2iti 24], the instantaneous
contact rab is calculated via Tregold's approximation, and with these calculated

values, the tim&arying mesh stiffness is obtained by assuming it to be rectangular.

Tang et al[25] studied the effect of directional rotational radius variation on a face
gear pair's dymaic response. A single degree of freedom #iragying rotational

model is proposed using finite element method tools to obtain mesh stiffness. Hu et
al. [26] proposed a fourteen degrekfreedom (DOF) coupled translational and
rotational dynamic model offacegear pair. The effects of backlash and the applied
torgue on the system's dynamic response are sought. The mesh stiffness of the pair

is calculated by the finite element method as in the previous references.

Aydogan et al[27] proposed a nonlinear dynamic model for a rauéish facegear
split-torque system focusing on the effects of several mesh parameters (i.e., phasing,

stiffness, backlash, and power values ) on the system response.

Zhao & al.[28] studied quasstatic analysis of a torgtsplit facegear drive system

by a hybrid 3D finite element and lumped parameter model. The mdsestibf a

pair is calculated by commercial software (ANSYS). The load sharing among the
pinions is investigated by changing the support stiffness, the backlash, and the tooth

number.



Feng et al[29] proposed a geometric study of a face gear system with an involute
helical pinion. The study does not give any mesh stiffness calculatonsver, it
refers to Ambarisha and Park860], which utilizes a 2D finite element model for a
planetary set developed from a unique finite elercentact analysis solver

specialzed for gear dynamics, the Calyx package program.

Liu and Zhang31] performed a quasstatic analysis to investigate the effect of shaft
angle for a facgear pair. Loaded Tooth Contact Analysis (LTCA) is performed by
comnercial software (ABAQUS). Dong et 4B2] presented a quastatic analysis

of a splittorque facegear drive system. The effect of the pinions' orientations, the
number of idlers, and the load sharing among them are discussed. ABAQUS is
utilized for TCAand mesh stiffness calculations. Later, Dong €88l presented a

semtanalytical method for the calculation of mesh stiffness of the face gear.

Li and Zhao[34] studied the effects of rotational speed and a pinion's support
stiffness on a facgear pair's dynamic response. They presented the bifurcation
characteristics of the pair's response concerning thiegehin the pinion's support

stiffness and the rotational speed of the pinion.

1.2.3 Split-Torque Systems

Torque splitting is an important phenomenon in the helicopter industry due to its
weight and volume saving advantage for a given reduction ratio. Wheretsrqu
transmitted through several paths, the contact force between teeth becomes smaller,
allowing smaller and lighter gears. In addition to weight saving, torque splitting
allows redundancy; when any of the designed branches fails during operation, the

required torque is transmitted through the intact p§@bé

The first reduction stage splits the main torque into more than one parallel branch.
Ead branch may also be split into several branches at different reduction stages.

Generally, before the last stage, the split torques are collected through a collector



gear, which drives the main rotarast. Figure 1-4 showsthe main transmission
system for a typical Sikorsky GB3 Helicopte36,37], [37].
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Figure 1-4 Sikorksy CH53 type helicopter sphtorque main transmissiora)
Helicopter full view, b) Motor and main transmission configuratiot) main
transmission showing three motor inpditthe main transmission showing only one

motor input



As seen fromFigure 1-4 (d), torque coming from one engine is splitted into four
branches at the second stage of reduction and then each dirdred®es are further
split into two branches. Finallyhey are colleid on double herringbone that rotates

the main rotor mast.

As another example, the main transmission model of, A8l helicopter is given in
Figure1-5. Similar to the previous example, torque provided by one engine is split
into four and then into two branches and collected at two bull gears to turn the main
rotor mast of the helicopter. Figurel-5-c, the power or torque distribution is drawn

as a circuit diagram.
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First Engine Input

Tailrotor

}r

Main Rotor 11'

d) Second Engine Input

Figure 1-5MIZ 26 type helicopter sphtorque main transmissioa) Helicopter full
view, b) main transmission showing two motor inpuaj, Closer view for main
transmission showing two motor inpwt) Torque distribution sketch as a circuit

diagram

The disadvantage of this design is that the torque must be distributed equally between
the parallel branches. In other words, if it is notraanded design feature, the torque

at every parallel splitorque stage should be split evenly. Uneven load sharing at any
parallel branch leads to excessive load at that brambich causes the related
components at that load path (gear, shaft, splieatitg etg to wear earlier than

the components located at the lesser load carrying branch.

In order to providean even torquesplit, several methods have been propogs],

such as,

a) Geared differentials: This method uses a differential mechanism similar to

utilization in the automotive industry. A typical examplea planetary gear
system ishown inFigure1-6 [4], in which carrier rotates one branch and the
ring gear drives the other branch, both of whicive a collector gear. The

deviations from the intended geometry may lead to uneven load distribution.



This deviation is compensated dgmall relative rotation of the sun gear and

the ring geaf38].

Figure 1-6 Epicyclictorque splitter

b) Pivoted systemsThis method utilizes a floating pinion that finds a position

to provide equal load shalg seeling a position where tooth loads are equal.
Irrespective of gear teeth errors or gearbox shaft misalignments, the input
pinion will float and split torque between the two gears by aasilfsting

(or thrustbalancing) mechanism that moves the gears axialigsponse to
excessive load88]. Figurel-7 gives an example of a system in which axial
thrust difference passes to a balance beam whose pivot motion induces

sufficient angular motion to equalize the tooth |og3$.
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Figure 1-7 Split-torque helicopter transmission with twowerbranches utilizea
selfadjusting system

c) OQuill shafts: This method utilizes an assembly, allowing torsional flexibility
between the connected gears. A torsion divideh witseparate gear and
pinion, each supported on its bearings, are connected through the quill shaft,
which allows torsional flexibility.

Achieving an even torque split between the two paths requires the gear train
to have an adequate amount of torsionanpliance. Cumulative tooth
spacing errors, housing deformations, and assembly backlash values are the
main obstacles to achieving an equal percent torque split.

Figure 1-8 shows a conventional quill shaft. Due to lower torsional
compliance of the quill shaft, when one load path transmits more torque than
the other one, the angular deviation between the input shaft and the output
shaft increases, and this increase leadsltaé that transmits less torque to
increase its load. Apart from conventional quill shafts, quill shafts based on

elastomeric elements and spring elements alsg3it

11
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Figure 1-8 Conventional quill shaff35]

Figure 1-9, as another quill shaft exae, demonstrates the CHBK
helicopter one motor input stage mentioned above. The power from the
engine at theistage bevel pinion is split into two branches by tHestage

spur pinions, one of them is large, and the other is small. P4stage spur
pinion further meshes with two"@stage spur gears. Since the torsional
stiffness of the % stage gear shaft is very high, the torque split between the
two 2" stage spur pinions (large and small ones on the same shaft) becomes
even. Howevertorque split between the"®stage spur gears that are in
contact with the corresponding &tage spur pinions may not be even due to
manufacturing errors, assembly tolerances, housing deformations, etc. By
utilizing a torsionally soft quill shaft betweeeach % stage double
herringbone pinions and'®stage spur geaeven torque split is achieved
Quill shafts have two spline meshes at both ends. The torsional windup angle
of the quill shaft under a specified load level provides the required shaft
flexibility for equal torque splif3,40,41]

12
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Figure 1-9 Sikorky CH-53K One Motor Input Stage

d) Indexing or clocking: There is no special component in this method. It

requires the component to be manufactured according to strict tolerances and
is correctly assembled. The clocking angle is utilized as a design parameter
to provide an equal torque split among the pargdeths. The gears are
clocked to eliminate any cumulative tooth spacing errors and assembly

backlash values in order to provide that all gears are in cqafiet4].
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Figure 1-10 Torquesplit design with a dual power concept and clocking angle

measuremerjg2]

Facegear related studies in the literature utilize the floating pinion and quill shaft
concepts. Referencptb] and[46] give testresults for dual input, single output split
torque facegear drive system with two idler§he input pinion shafts utilize a
cantilevered bearing mount arrangemdihtis componerdllows the pinions to float
between the two faegears and achieva center oftorque equilibrium. The test
results show thatising floating pinions inthe face-gearsystemleads toa closely

even torque split.

Boeing Company studiea splittorque facegear drive systenin order to impose
the effect of the quill shaftheyassumd the input pinions to float freelj47]. To
simulate this, a 2D ABAQUS model is developed that comgvisey soft springs in

"1" and"2" directions (0.5 Ib/in) for the input pinions where the idlers are fixed in

those directios, Figure1-11.
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Figure 1-11 The splittorque system and the corresponding FE model in ABAQUS

The RDS21 demonstrator gearbox of Sikorsky company employsstage face

gear meshes, given Figure1-12. It splits input torque in the®stagethrough one
spur pinion mesgiemg wvaintdh ageab@@uBabdduaslf e c e
[48,49] The output torque from eachi!4tage facayear is further split into two
branches before they are collected @@ A'stage large collector faggear through

helical gears and quill shafts. The difference between the torque split ratios for this
design is less than 1%. Precision grinding of the gear tooth (eliminating the
associated errors on teeth) yielded a 6% diffee@48]. The utilized qul shafts are
depicted inFigure1-13.

Figure 1-12 The RDS21 demonstrator gearbox
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Figure 1-13 Loadsharing quill shafts

Referencg50] utilizes a floating pinion (drive pinion, labeled as 12igurel1-14)

carried by the power input shaft that meshes with two coaxial cergigging ring

gears (upper and lower face gears, labeled as 15, Hi§une 1-14). The ability of

the floating pinion to move in a direction parallel to the axis of the two ring gears
(labeled as 15, 16 ifigure 1-14) enables the torque transmitted by the pinion
(labeled as 12 ifrigure1-14) to be distributed equally between the two ring gears
regardless of inevitable dimensional tolerances of the gearing, where at least one
transmission pinion (idler pinion, labeled as 23Figure 1-14) is supported by

elements flexible in a circumferential direction with respect to the ring gears.

However, thissolve the issue faa singleinput system For multiple inpusystems,
havingmore than ondller pinion makes ichallengingo split even torque ih the
fixed axes of rotatiorSeveral factors such asettooth thicknesshe msition of the
pinions, operating conditionmay affect the equal load distributi0]. This is the
mesh phasing during the operation.

16
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Figure 1-14 Split-torque facegear drive system

The floating pinion, in fact, makes the pinion shaft a-famwe member. The
transmitted forces on the two force dianahy opposite meshing points on the

pinion are forced to balance easther in order to accomplish even toregmit [51].

1.3  Motivation, Scope and Objectives

In the last three decades, there has been a significant increase in interest about
research on main rotor drive systems in the helicopter industry to reduce the weight,
to save volume while improving the efficiency and reliability.

The application ofacegear drive become popular among some new helicopters
mainly due to its advantage to split torque between multiple drives more efficiently.
In addition, when compared to existing drive systems, the application has several

advantages, as listed in Chapl.1.

17



Facegear dynamics is an emerging topic, and the current trend of the investigations
relies on commercial tools for stiffness calculations. Although using these models
for a frozen design is advantageous, it is not easy to make parametric shatdies a
evaluations of the gear traseveral timesTherefore, in thishesis a novelnonlinear
dynamic model of a mukinesh spur piniowriven face gear spiibrque drive

systemis developed and adapted to be used in complex parametric studies.

Figure 1-15a) Example 3D modelb) Produced tootiygeometries

Thenonlinear dynamic model of a sptidrque facegear drive system is composed

of two facegears (one output, one idler) and five pinions (isers, two inputs, one
output) One of the faceears is considered connected to the main rotor mast of a
typical helicopter, while the output pinion emukatie tail rotor shaft of the
helicopter. Two input pinions are the power input locations to the system
motors The mesh stiffness and damping have tiragying characteristicsThe
model includs clearance type nonlinearity asacklash at all meshgnlocations.

Each backlash value at these meshing locatihglso be set separately.

The dynamic model will utilize mesh stiffness values calculated thrthegbxact
face-gear tooth profile which is based onthe detailed theory of gearing and
differential geometry of the faegear. The bending contribution of the mesh stiffness

will be calculated fronthe generated surface of the fagear and spur gear tdot

18



The contact contribution will be calculated through the available analytical methods
cited in the literature. The tooth witle modeled with Mindlin Plate Theory. In order

to extractthe compliance matrix at each meshing instahé tooth surface will be
discretized via Finite Strip Method.

The nonlinear differential equatiomsll be solved wih Harmonic Balance Method
(HBM) in conjunction with the Ardength Continuation Method to obtain the
system's dynamic response and to capture the stiffening and the softening regions
within the specified frequency ranggll time-variant parameters will bexpressed

in discrete Fourier Series.

Finally, several parametric studies will be performed to seek the effects of critical
system parameters on the dynamic response of the proposed system. The potential
design parameters will be proposed to be utilirethe system's preliminary and

detailed design phases

1.4  Organization of the Thesis

Chapter 1 presents a brief introduction to fgear drive systems. A literature review
is given in which the studies are grouped under the following titles;geae
geoméry, mesh stiffnessand dynamic modeling of face gears and dpliue
systemsThe notivation, scopgand objectives of this studyredescribedFinally,

the organization of the thesis is portrayed.

Chapter 2 describasoth surface generation for a typical face gear and assayer
from a point cloud bythe theory of gearingThen the surface fitting procedure,
which usedNonrUniform Rational BSplines (NURBS) curves to approximate the
thickness at any location oretfooth surface, is presented. Unloaded Tooth Contact
Analysis for a facgear and spupinion is presentedith some special case studies

Chapter 3 presents the stiffness calculations for a single gear toothSlidan
Method, Plate Models for RayleigRitz Approximation, Finite Strip Method (FSIV)
and QuasPrism Method (QPMpreinvestigated For the bending contribution of

19



the mesh stiffness calculations, FSM is chosen for its advantagediscretization

is performed by this method. The tooth iswsed to possess the properties of a
Mindlin Plate. For the contact contribution of the mesh stiffness, several analytical
methods given in the literature are presented and compared with each other, i.e.,

Hertz's, Conry's, Cornell's, Palmgren's, Wéband Brewe&Hamrock s met h o d

Chapter 4 proposes a torsional mathematical model for-mekh splitorque face
gear drive systems. The modieals 7 degrees of freedoihe system parameters, i.e.
mesh stiffnessand damping have timevarying characteristicsClearance type

nonlinearity is imposed into the modelrepresenbacklash.

Chapter 5 demonstrates several parametric studies mlrestigatehe effect of the
orientation angle patterns of the pinions of a dplijue systenthe effect of time
varnant parametersandtheeffect of power values on tisgstem'’s dynamic response
The resulted mesh phasing effects and the resulted tepiiieharacteristics are

demonstrated.

Finally, Chapter 6 summarizes the main findings of this study and disdhseses
applications for the design of sptirque facegear drive systems. The potential
critical design parameters for such systems in the preliminary and the detailed design
phases are discussed. Currently, there is not any AGMA standard availablehfor su
systems. A discussion is performed here with the highlight of available AGMA
standard for epicyclic gears and the results obtained with this thesis study.
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CHAPTER 2

FACE-GEAR AND PINION TOOTH SURFACE GENERATION

2.1 Introduction

Facegear geometry is generated as a point cloud by transforming the spur gear
(shaper) tooth profile into faegear tooth profile by simulating the machine tool
motions. The position vectors resulted from the equation of the shagace is
transformed into the faegear position vector by simple and wed#fined three
rotation around appropriate axf13,15,16,5P56]. The first transformatin is
defined as the tation of spwgear around its own rotation axis. Second
transformation is defined as the rotatibaetween the spur shaper and fgear
rotation axes. Finally, the thitdansformation is defined as thetaition of facegear
aroundits own rotation axisk-or the conjugate action of tooth profiles, the equation

of meshing equation is satisfied. At-tithe instants, surface normal at the point of
contact must be perpendicular to the sliding velocity between the two meshing
surfaces. @ the other hand, two limiting criteria exist for surface generation of a
facegear; namely undercutting condition and pointing condition. The first criterion
(limiting point for the surface generation) denotes the cutting region of the involute
spurgearshaper that is beyond the active conjugate region and should be avoided.
Since undercutting point is a singular point, normal vector for thegaeae surface
should be equal to zero at the prescribed singular point. The second criterion,
pointing, denoteshe location where the thickness of the tooth on the top surface
becomes zero. Whole procedure for the surface generation isdefieied in
[8,13,15,16,5P56].
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2.2 Surface Generation

The crosssectional view of facgear spur shaper mesh is schematically illustrated
in Figure2-1. Here,ys-zs frame is a body fixed coordinate frame of the shaper, and
2 axis is the rotation axis of the fagear. Symbolsas, rrsand rps are the addendum
circle radius, pitch radiuand base circle radius of the shaper, respectiiRaly R,

and Rout are inner radius, mean pitch radius and outer radius of thegésse
respectively. Furthermoréy, Lp andL> are the inner radius, mean pitch radius and
outer radius to the pitch coapex, respectively. O is the pitch cone apex and Ol line

is the pitch cone line. In this figurejs the shaft angle and calculatedyasg, + g,

, Whereo is the pitch cone angle of the spur shaper and formulated as:

L&m,, . +cosg o (2-1)

=cot’
% sing =

and2 is the facegear pitch cone angle and formulated as:

o

5 (2-2)
g, = cor B Mus 00508
C mzlssmg -

wheremys is the ratio of facegear number of toothH\g) to shaper number of tooth
(Ns) and shown asn,,, = N, /N, [14,15,57 61].
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Figure 2-1 Facegear and spur shaper dimensions

The geometric properties of a spur shaper are representéidure 2-2-a. The
symbolsdsandus are the shaper surface parameters. They are the surface coordinates
in the curvilinear coordinate system. The paramg{er an angle andsis a length.

The parameteus is parallel to the gdirection inFigure2-2. In this figure,dosis the

half space width on the base cylinfle8,14] The parametric surface equation of the

spur shaper tooth surface as a functiods@ndus is:

6° rbs[Sin(qs +gs) _sqzoa s qO sm (2-3)
rdcos(q £ tain®, g )
u .

S

ACR AL

— -

whererps is formulated as a function of pitch radius and pressure angle at the pitch

point () as:

Mos = r‘ps COS@O) (2'4)
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The upper and lower (plus and minus) signs in the first row of Equéi@h
correspond to left and right profiles, respectively. In addition to shsydace
equation, a mathematical coupling between the shaper parameters needs to be
derived and used in the fagear tooth dimension calculations. The equation of
meshing is a scalar function of two shaper surface parameadefg &nd one shaper

generalized motion parametéf, . Formulated as:

fi (us’qs’ /s) = r‘bs CD ms g CO@ g) - (2-5)
us%g Smgm COé‘Ijs Og+ s)q_'{

where, on = -3 in radians andmyg = 1limys The equation of meshing is a
mathematical couplingetween the shaper parameteks () and motion parameter

(7). To obtain the actual tooth form, critical dimensions of the-fgee must be

identified. The critical dimensions dictates the value of the shaper parameteys

and 7. The simultaneous solution of surface equations and equation of meshing

with the satisfying parameters produce the actual tooth geometry. This procedure is
called enveloping the surface contact lines. The-fgae tooth surface malled the
envelope of the family of contact linfis3,15]. In Figure2-3, the enveloping process

is summarized. Heref

7. smin

and 7, are the angles of rotation of shaper that

ax
correspond to the start and end of the meshing cycle for single pair of teeth,
respectively. These angles are calculated from simulation of meshing and enveloping
process as explained [ib3] and[15]. Calculated undercut and pointing dimensions

of the facegear identifyusmin and usmaxvalues. The equation of meshing is then
solved numerically to establish curvilinear coordinates of each contact line at each
instant of meshing cycle. The calculated curvilinear coordinates are substituted in
shaper and faegear surface equations to puog the faceyear tooth form. These
enveloped contact lines between shaper and thegtzareare numerically generated

from simulation of meshing and presentedrigure2-2-b, viewed ats-zs plane. In
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this simulation the mesh cycle starts from the fasze-radius (,s) of the shaper
(point B) and ends at the addendum of the shaper (point A). The shaper tooth
geometry is bounded with the rectangleAR-B-B™. The facegear tooth is
presented ifrigure2-2-c, where, the tootfacewidth is symbolized af..

b B ** Contact Lines on the Shaper . Start of Mesh
) — Addendum

a)

D522, Endofmesh = — Dedendum

Z;
0s 0s I

Xs

I‘bs

rPs

Figure 2-2 a) Spur shaper parametdds$]; b) Shaper from side view with contact

lines;c) face-gear tooth
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of the coordinates of
Rin and Rout

\/

Equation of Meshing
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smin
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Figure 2-3 Flow diagram of facgiear modeling process

Reorganizing the meshinigquation (2-5) after solving, the parametek can be

calculated as,

(-1 m, ctxy,) (2-6)
rrL/g Gln(gm) @S( é Oy s}

U, = A

S

2.2.1 Transformation of the Spur-Shaper Surface to the Facé&ear

The position vector for the spshaper is transformed to the fagear position vector

through three rotations around appropriate axes. As mentioned above, this is defined
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as the process of simulating the machine moolions, as depicted fFigure2-4. f
and f, are the rotational motion parameters of the gmar and the faegear,

respectively.

Figure 2-4 Spurshaper and faegear assembly

The first transformation is defined as the rotation of gggararound its own rotation

axis and determined by the following expression,

(2-7)

acog(-f,) sin( -f) O
M =gsin( £) cof 8 0
(? 0 0 1

The second transformation is defined as the rotdigiween the shaper and face

gear rotation axes and determined by the following expression,
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a0 0 (2-8)
M. :i cofg) sif y
8@ - sin(g) cog ¥

The third transformation is defined as tlwation of facegear around its own

rotation axis, and the corresponding transformation matrix is written as,

(2-9)

gecos(fz) sif §) O
M, =Zsin(r.) cos £) O
1

e
¢ 0 0

The resulting transformation matrix is written as the product of all three matrices as,

MZs(f27 Q = M ZaM an fs (2-10)

As it is seen from the equation above, the total transformation matrix is a function of

the rotational motion parametefsand 7, , where the angle between spur and face

gearsg is a constant parameter. Also, between two motion parameters, the following

relation may be written,

N (2-12)

whereNsandN: are the teeth numbers of the shaper and thegaag respectively.
Then, after appropriate substitutions, the transformation matrix can be written as a

function of £, only as;
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MZs(fZ’ Q =M 25( s)’ (2'12)

2.2.2 FaceGear Surface Equations

The spurshaper surface given Equation(2-3) may also be written as,

ex,(u.q;) | (2-13)
rs(us’qs) :i ys(us! Q) |‘
tz(u..q.)

Similarly, thefacegear 6 s surface equation may be ex

8X,(Us, g, 0 | (2-14)
r2(us’qs’ !) :i y2(us7 sq s) ]ﬁ
EACY-ANR

Different from the surface equation of the sgear, the rotation parameter is added
to the equation due to the transformation. In terms of-spaper parameters and

the total transformation matriquation(2-46) may also be expressed as,

rz(us’qs’ D =M 25( s)fs(u 9 9 (2'15)
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2.2.3 Limiting Conditions of Surface Generations

The undercutting condition and the pointing condition are the two limiting factors
for surface generation of a fagear, as mentioned in the introduction of this chapter.
The undercutting criteria constructs a region at the bottom of the tooth, beyatd whi
conjugate action does not work (the blue regioffrigiure 2-5). And the pointing
criteria determines the location where the thickness of theuttgcebecomes zero.

This also fixes the outer radius of the faysar.

undercut regions

Contact Lines pointing

Figure 2-5 Undercut regions on faagear tooth surface and pointing
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Figure 2-6 The undercut definitior{62]

Sliding Velocity:

The meshing teeth of a gegaair at a contact point is givenkigure2-7. 0 and U

are the peripheral velocitie§, andv are the normal velocities, andb are

the tangential velocities of the driven and the driver geéaiis.called ashe sliding

velocity which plays an important role in generating the surface profiles of the teeth

and may be expressed as,

where, the peripheral velocities are calculated as,

—

o
f,

Vi

— .
V2_f2 r'2
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Tooth surface

Figure 2-7 One point of interest at the contact line of the meshing {68th[56]

Surface Normal:

The termgp is the unit normal vector of the surface, and it may be defined as the
cross product of the directional derivatives over a surface in space, as dgriguren

2-8. It can be calculated as,

urs(u,.q.), ps(u, @ (2-18)

0 = MU 458

'S —

s (u,g), Rs(uy )
l'l'uS ns
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Figure 2-8 Surface normal and the directional derivatives over the specified

surface

Equation of Meshing:

For the conjugate action of togthofiles, the following equation should be satisfied,

f(U.q, D=0, @ © (219

whi ch i s t her eduatonef neshitg. e dAtime sastamth, surfdte
normal at the point of contact must be perpendicular to the sliding velocity between
the two meshing surfaces. As mentioned above, sliding velocity is the difference
between theperipheral velocities. Since the normal vdiies of the two surfaces
must be equal both in direction and magnitude, the sliding velocity may also be

defined as the difference between rolling velocities.
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2.2.3.1 Calculations for Undercutting

This criterion (limiting point for the surface generation) desdhke cutting region
of the involute spugear shaper that is beyond the active conjugate region, and this
region is to be avoided. Since the undercutting point is a singular point, normal vector

for the facegear surface should be equal to zero at thecpieed singular point,

o ur O (2-20)
nzzu_rz S_F& (3

“us nS
Therefore, the points of undercut region may be detected with the above equation.
Litvin [8,1315,52,53] proposes another method for detecting the undercutting

pointswhich can be expressadth the following formula,

(2-21)

where first term is the velocity of the contact point in its relative motion over the
generating surface (spshaper) and the second term is the sliding velocity. Both
vectors are defined with components of coordinate system that is rigidly connected
to the generating surface. Equati#i21) may also be written as in the following

form;

o du g B dg, (=22

w, dt g, dt

For detecting the undercut region, differentiated formEqgtiation (2-19) and
equation (2-22) should be satisfied simultaneously. Therefore, the -time
differentiated form of equation of meshing giver(2Al9) may be written as,
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df(u.g, O_ 1t du,  fdg fud,/ (223
dt pu, dt p, dt f dt

Writing equationg2-22) and(2-23) in matrix form vyields,

e, B 0 4 e (2-29
1 ko a7 "V

\I uus ns ..us U_ I..

| u-d =0 i,

T ey -

1 7 | I'lfs

LS A7

By solving theEquation(2-24), the undercut region is determined.

2.2.3.2  Calculations for Pointing

Pointing denotes the location where the thickness of the tooth on the top surface
becomes zero, as depictedHigure2-5. For this, the two tooth surfaces of the face

gear and the spwpinion may intersect at a point A, as showirigure2-9.

For determining the |l ocation where the p.
of the pointed teeth is determined. FrbBigure2-9, the following expression can be

written,

O N+NM +MA § 2 (2-29)
where

‘m =/, (2-26)
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‘W‘ = bsqs (2-27)

<l (2-28)
O, N[=1,
0z Parallel to Y,
_1
Tim R{ Ths
0 =Bos+ b5
N
N
A
M
I
Parallel to xq

Figure 2-9 Cross section of tooth profiles of sgghiaper and the faggear at the

pointing cross section, cross sectiondepicted inFigure2-11[13]
Substitutingequations(2-26), (2-27) and(2-28) into Equation(2-25) yields,

(2-29)

2
+

a
.. o : . —aa .. = :
@ 2%k g8 [ &% ojo A}=e*'

3v 8 I} o

a

where . Then, separating the vector equation into two scalar equations yields,

36



a . o ) f_F* (2-30)
Sa@ Q“FbsQCOS( p+Ra éfdosz(a;e + a. _aA|‘
3 0 ‘ 2-31
rbsSin%-'-% 8F s gsin( p+)a tsin E%e + 4 (2-31)
g = g N

The following expressions may be derived frbrgure2-9 andFigure2-10,

fos =T, cos@ ) (2-32
a, —acos%—bs

Cps
QS = a- og

wherer and g, are expressed as,

N, (2-33)
le=
p: 2Pd
_ P
=L _ dnv
Qs N, (g

Substituting Equations(2-32) and (2-33) into Equations(2-30) and (2-31), and
eliminating vyields,

(2-34)

a- sin (N os@ )) _2N inv(g)
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where denotes the pressure angle at the pointing location.

Oa Ys

Qg

Pitch circle

Ls

Figure 2-10 Cross section of tooth profiles of spsltaper and the faggear at any
cross section before the pointing, cross secipdepicted inFigure2-11[13]

Secondly, kLis calculated by using the value bietpressure angle at the pointing
location. Usingthe Equation (2-47), the length, given irFigure 2-9, may be

expressed as,

__ T N,cos@,) (2-35)

O, 1= _
cos@) 2, cos@

a

FromFigure2-11, L is written as,

Y (2-36)




. Ly

zl:lrzi
Ths
Figure2-11Cr os s sm@aatki[Bhs Y
Substitutingequation(2-35) into Equation(2-36) yields,
_ N, (2-37)
> 2P, cos@ )tan(g

Assumingg.”, ., andu,” arethe corresponding values of the parameterg, and
u, where the pointing is achieved, then the parametardy be formulated as the z

component of the sptghaper, as depicted Equation(2-3), (2-6) and(2-50), and
can be written as,

L, =u’@’, £) (2-39)

is also the outer radius of the fagear. Rewritingequation(2-13) for only the x
and y components of the fagear at the location of pointing yields,
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ex,’(ul,qgr, £) 060 | (2-39)
I o i
|, y2p(usp7qspa f) y i L2 \

Therefore, solving the two equations simultaneously dgrand 7. °gives the

pointing location.

An example is shown iRigure2-12. Here, spur shaper number of tedth Xis 20,
gear modulerfy) is 5.08 mm ordiametral pitchq) is 5(1/inch). Facegear number

of teeth ) is 120, and the shaftangl®)( i s 9 0 gngfac&dear tootteferma | t
is presented ifrigure2-13.

The critical dimensions of the fagear drives can be assessed by two approaches.
The first approach is based on the conversianffandusmaxvalues into faceyear
coordinates as presented1®]. The second approach is reading the coordinates of
the minimum and maximum values ywn direction specifed in Figure 2-13. This
approach requires further coordinate transformations and more compuitaigon
Hence, the first approach is more convenient for parametric studies and repetitive
calculations; however, the method still requires complex numerical calculations and
computer time. Depending on gear parameters these two methods may show up to

5% difference both in inner and outer radii.
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Figure 2-12 Envelopedus, ds and /s parameters witiNs = 20,N>=120,9= 9 0 e ,

Mo = 5.08 mm
a) Shaper | b) Face-gear
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Figure 2-13a) Shaper tooth spack) Facegear tooth flank in their local coordinate

frames

The numerical method used in this chapter is compared to the publishegbéace
data to estimate the accuracy of the model. The references are listed at the last

column of Table 2-1. The numbers of teeth, shaft angle and gear module are
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presented in the first four columns ®&ble 2-1, respectively. Here, the critical

dimensions are extracted from the minimum and maximum values of the respective

y> coordinates of the tooth forms shownFhigure 2-14. In this table, the shaper
s 25karndr2 Ca sfeor

pressure angleat)

shaft angle 4

outer radii andheir percentile differencelk and Uu) from the references are also
listed inTable2-1. Both inner and outer radii are in a good correlation (less 5%

n

Cases

from 1

t he

to 4.

Case

rest .

5

Shaper

has

differencg with the published data. The inner radius results vary from 0.4% to 4%
forg=9 Qgnd-1.7% forg=8 0 e . The
=9 0&nd4.6%fog=80 e .

numerical techniques, different initial value assumptions, or different step sizes used

These

outer

in the numerical calculations each reference and this study.

r

Table 2-1 Comparison to selected literature

adi

ug

Case Ns N2  g(® me(mm) Rn(mm) Reu(mm) G % Uu% Ref,
1 28 160 90 6.35 469 558.1 0.4 0.2 [13]
2 20 100 90 2.54 117.6 140.2 -40 15 [15]
3 19 71 a0 4.00 131.2 157 20 -11 [64]
4 28 107 80 3.175 161 182.2 -1.7 4.6 [65]
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Figure 2-14 Facegear tooth forms from viewed gg-z plane

2.3 Derivation of analytical formulas

In this section, the dimensions, L2, Rn, Rou, fw are derived using geometric
relations presented Higure2-1 andFigure2-2. The dimensions dhe shaper and
the facegear are shown iRigure2-1. The important coordinates of the shaper and
the facegear are labeled iRigure2-15-a and bFigure2-15-b is the illustration of

the shapetooth from the side view.

z Rp - Rm
a) T i &k - > A
B
S 3 ~ ty I bL’ e 4,\»:-::;' ,,,,, Ta 9
N - T \_’P
N N A P / B | RuR | A

Figure 2-15a) Facegear & spur shaper relations dmdshaper tooth dimensions
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2.3.1 Inner Radius Formulation

In Figure2-15-a, QP line is perpendicular t®T line and parallel t&B, TA lines.

Also, UB line is parallel to zaxis and perpendicular oM line. TrianglesDSBand

OB'B share a common hypotenuse whiclOB line and its length is:

OB=r,,/sin(g,) (2-40)

Here,rpsis the length ofBB’ line. Hence, the relationship for the lengith(Figure
2-1) is:

L, = (rs/sin(@,)) @0s@,) (2-41)

where,L; is the length oDB’ line in Figure2-15. The facegear inner radiusRy) is
derived from OBS triangle where the length o8B line is the corresponding
dimension. Equatio2-41) is rearranged as cot(g,) and reformulated by using

Equation(2-1) as:

N, cos@,) ,am,,. +cosgd (2-42)
L1 — @0) %rnZ/ g

2P, sing =
Consecutively, the inner radius length$8= L, sin(g,) and rearranged as to give

the radius as:

Rn =Tps COt(gl) @In(gz) (2'43)
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where, 2, is calculated from Equatio(2-2). The facegear inner radius is then
reformulated as a function of shaper number of toot)) idessure angle at the pitch

c i r o)l damdtréal pitch (B and pitch cone angles: @nd,) as:

N, cos@,) (2-44)

R, = TQOK%)@'“(%)

and redefined with Equatiori2-1) and(2-2) in its final form as:

(2-49)

N cos@ ) S+cosgo a1+ . Cosg a0
Rn C%rnﬂ @n%ot m2/ %
P, sing = m,,.Sing 2

2.3.2 Outer Radius Formulation

Similar to inner radius formulation, the outer radius of the-fgear is calculated

from OTA and OAA triangles. Here, the common hypotenuseia line and its
length is

OA= AA /sin(g,) (2-46)

Here,ras is the addendum radius andequal to thdength of aa line. Limiting

length for outer radius is:

I-2 =g QOt(gl) (2'47)
where, the addendum radius is calculated frgm=r  +a , anda=1/P,. Hence:
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(2-48)

Ns ) 1) otg,)

L, =
2 (2Pd P,

The termcot(x) is alreadyformulated in Equatiori2-1). By substituting this term

into Equation(2-48), L> can be expressead terms ofNs, P4, mys, ando as:

Qo
Z

. 10 . +cosgd (2-49)
L, = +F§(%—m2’ _ 8

sing

Lol
aU

Finally, the outer radius is calculated from OTA triangle as:

Rou = L, SIN(G;) (2-50)

By replacinga with Equation(2-2), the outer diameter formula as a functiorNgf
P4, mps, andois presented in its final form as:

(2-51)

R = LN, smz,s + Cosggelngot . COsg %

Q P, sing g m2 sing

2.3.3 FaceWidth Formula

Finally, the face width of a faegear generated by a spur shaper is the difference

between limiting dimensions; andL.. Simply, formulated fronk.; - L1 as:
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. (N, +2- N_cos@,))am,,, +cosgd (252
" 2P, f;@ sing =

As a specific case, the face width ofthefgce ar s wi t h 90e shaft

from:

f - r.nZ/s(Ns + 2_ Ns COS@O)) (2_53)
Y 2P,

2.4 Unloaded Tooth Contact Analysis

Unloaded Tooth Contact Analysis (UTCA) is performed over meshing teeth in order
to obtainthe contact paths on the gear surfaescalculate the transmission error.
Besides manufacturing errors, using pinion other than shaper with different tooth
number, shaft angle misalignment, axial displacement of the pinion, micro
modifications (i.e. profile and faesidth modifications) can also lead to

transmission errors in the drive systei®is,66].

For the facegear drives, excephe micro modifications over the surface of the tooth,
misalignments along any axis and also shaft angle does not lead to any significant

transmission errors, which is considered to be an advantage of thgetacdrives.

For the localization of the beag contact, two approaches are generally suggested
[67,68] oneis double crowning of the pinion and the other is using a pinion having

less teeth number than the shapieion of the facegear.

In this chapter, the second approach is utilizewl coupled with shaft and pinion

position misalignments. Three case studies have been performeter to validate

a7
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the developed surface generation code and calculate the resulted unloaded static
transmission error§ he cases studies are taken fri@"], [68]. For all three case
facegear generated by an involute shaper vattooth numberof Ns=28 and a
diametral pitchof P4=8, driven by an involute spyginion with a tooth numbeiof

N1=25. The tooth number of the fagear isN>=108,

In Casel, no axial and shaftnisalignmerg are imposedgcO mm,Dg 0 U) . The
shapeipinion and the utilized sppinion tooth number difference is taken atNg (
N1=3).

In Case2, a misalignment along rotational axis of the gpnion has been imposed
(9=0.1 mn). No shaft misalignment is imposé® g 0). The shapepinion and the

utilized spugpinion tooth difference is taken asis(N1=3).

In Case 3, a shaft misalignmentisimpoedf 0. 04 U) . Al ong rotation:
Spurpinion an axial misalignment has been imposgd(1 mn). The slaperpinion

and the utilized spypinion tooth number difference taken as 3Ns-N1=3).

2.4.1 Procedure for the Unloaded Tooth Contact Analysis

arethespupi ni onds surface geomeshpppadtamesuerf aca

geometry parameterf the parameters, and f representhe rotatioal degree of

freedom of the spwpinion and the facgear respectively,then the following

relations existbetweerthem

sz :I '1’& (2-54)

where Df, defines the static transmission erfdi,andN; are the tooth numbers of
pinion and the facgear respectivelylf, on the other handhe parameters_ and
f, representhe rotatioal degree of freedom of the spsinaper and the faggear

respectivelythenthe following relation existbetweerthem
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0=7, - ;ﬁ (2-55)
N2

where and are the tooth numbers of pinion and thedaee respectively. Note that,

due to perfect conjugate action, the resulting transmission error is zero.

For the unloaded tooth contact analysis, generally, the perfect conjugate tooth
geometry (which is the shaper pinion here) and the modified tooth geometry (which
is the driving spupinion here) are compared by equating the surface geometries and
the surfae normal of both pinion® each othelEquation(2-56) represents #tooth

surfaces and their surface normals.

(g, 0=r.( /. a) (2-56)
E1.(ql’ D:m( s’fs’qz)i}

r,and n, belongto the driving spwpinion andr,, and n., belong tothe

generatedace gear geometryEquation(2-56) gives 6 nonlinear equationbutonly

5 of them aréndependent due tihefact thatn,, andn,, are unit vectors.

By the help to the surface formulations given by Equat#s8) and(2-15), and the
transformation matrices given in Equati@i7), (2-8) and(2-9), Equation(2-56) is

reformulated as,

eE
rf2(fsji g sy:iB !I.:j-lMaf( mg+ PNDZQ s)ir_z(ﬂsa Q g (2_57)

] I

1dy

)C>
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N,(fi @ JF=My( we DMR( Jing O) (2-58)

whereE is the shortest distance between pirgaar axegj is the axial displacement

of the facegear, is the change of the shaft anBlés the center distance defined as,

B=(n, +,)cosa,) (2-59)

Thefive unknownsu,,q,, fj, f,, andg, aresolved by ncreasingfj incrementally

(rotation degree of freedom of the fagear), and the unloadetiatic transmission

error Df,isobtained Matfsowd Ef @incti on is utilized as

utilized procedure is described|it3,14,55,6870].

Figure 2-16 Assembly of a facgear drive, mating surfaces of sginion

and facegear

2.4.2 The Obtained Results and Discussion

The unloaded static transmission error resaedisplayed inFigure2-17, Figure
2-18 andFigure2-19for Casel, Case2 and Cas&, respectively.
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As depicted inFigure 2-17, utilization of spwpinion having different number of
tooth from the spushaper used to generate the surface geometry of thegdace
does notcreate any transmission errorhd shapepinion and the utilized spur
piniontooth number difference was taken atN3N1=3).

Figure2-18 demonstrates that utilization of sgainion having different number of
tooth from the spushaper, and also addition ah axial misalignment along
rotationalaxisof the spwpinion (@=0.1 mnJ), again does not create any transmission

error.

w102 TRAMSMISSION ERROR

—#— CASE 1: Ns-N1=3, g=0 mm, gamma=0 degrees

Ay, arcsec
%]

_8 1 1 1 1 1 1 1 1
-01 -0.08 -006 -0.04 -0.02 0 0.02 0.04 0.06 0.08
LR rad

Figure 2-17 UnloadedStatic Transmission ErrpCasel
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w10 TRANSMISSION ERROR
3.8 T .

—®%— CASEZ: Ns-MN1=3, g=0.1 mm, gamma=0 degrees

Ay, arcsec

Dy rad

Figure 2-18 UnloadedStatic Transmission Errp€ase2

Finally, Figure2-19 shows that defining shaft misalignment witl® g= 0 . © th&)
face-gear systemn addition to the imposed axial misalignment and using different

number of tooth for spepinion, does not azate any transmission error.
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x 10" TRANSMISSION ERROR

—®— CASE3: Ns-N1=3, g=0.1mm, gamma=0.04 degrees

Ad,, arcsec

Figure 2-19 UnloadedStatic Transmission Errp€ase3

In Figure2-20, the resulting transmission errors of all cases are plotted together. The
facegear drive system is less sensitive to transmission error caused by imposed
misalignments of shaft and pinion position along its axis; the calculated values in

arcseconds (1/8®th of a degree) are almost zero.
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Ady, ATCSEC

%107 TRANSMISSION ERROR

1 T T T I I I

—®— CASE 1: Ns-N1=3, g=0 mm, gamma=0 degrees
©— CASE2: Ns-N1=3, g=0.1 mm, gamma=0 degrees
06k —®— CASE3: Ns-N1=3, g=0.1mm, gamma=0.04 degrees

=]
na
T

Figure 2-20 UnloadedStatic Transmission Error, Ca%e2 and 3

CONTACT POINTS

—#— CASE 1: Ns-N1=3, g=0 mm, gamma=0 degrees
—@— CASE 2: Ns-N1=3, g=0.1mm, gamma=0 degrees
—C— CASE 3: Ns-N1=3, g=0.1mm, gamma=0.04 degrees

Figure 2-21 Contact points on faegear, for althree cases, 3D view
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Figure2-21 and Figure 2-22 demonstrate the contact points on the fgear tooth
surface. It is noted that, using a sypimion with different number of tooth from the

shapeipinion leads to point contact rather than the line contact, as in the case of
shapeipinion driven facegea.
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—#— CASE 1: Ns-N1=3, g=0 mm, gamma=0 degrees
—&— CASE 2: Ns-N1=3, g=0.1mm, gamma=0 degrees
—O— CASE 3: Ns-N1=3, g=0.1mm, gamma=>0.04 degrees

Figure 2-22 Contact points on faegear, for all three cases, view alongayds

2.5 Model for The FaceGear Thickness Variation

After the surface of the faggear is generated as a point cloud, whoidase is
approximated via NURBS (Nedniform Rational BSplines) functiongd71,72]
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This is a necessary step to estimate the thickness throughout the generated surface of
the facegear and the spypinion. By this approximation, a continuous thickness
variation along the face width and along the profile direction of the gears is achieved
within the Finite Strip Elements established for the discretization, whidatailed

in Chapter 3. A typical generated point cloud and a FSM discretization is shown in
Figure2-23.

Figure 2-23 a) Point cloud extracted for a typical fagear and) the assigned
finite strip elements

NURBS method is a piecewise parametric approximation for a curaesorface.

To be generated shape is defined by a set of control points, blending functions and
knots. The control points are used to define the general shape while the blending
functions and the knots are used to control how much each point influences the
generated shape. NURBS curves are more popular among the CAD system
developers compared to with other parametric andpasametric curves due its
several advantages. They easily represent geometrical shapes in a very compact

form. The utilized fomulationis given in Appendix A

Figure 2-24 shows the involute profile of the spshaper which has the properties

given in
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Table2-2. The profile is approximated by utilizing NURBS in one dimension. The
red dots are taken from the point cloud data, and the continuous line represents the

results of the NURBS approximation.

Table 2-2 Input parameters

Parameter Ns N2

Number of teeth 28 108
Diametral pitch 1/inch) 8
Pressure ar?20

Facewidth (inch) 1.33

237

Figure 2-24 Original spufrgear invdute profile and the data generated via NURBS
curves, withp=3 and 101 control points along the x axis

Figure2-25, on theotherhand, shows the faggear surface generated with the spur
pinion specified inTable 2-2, and the data generated via NURBS curvés red
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dots are taken from the point cloud data where the blue dots are the taken from the

NURBS curvesThe fillet region is also accurately fit Ibye NURBS curves.

-155

geEEEEeE

@@E@EEE

® data generated via NURBS curves

® C
s B g O original point cloud
0.05
18]
015 74 72 7 ©8 e

78 -76

Figure 2-25The point cloud for ther@inal facegear surfacandthefillet, and
data generated via NURBS curves witt8, discretizing facewidth direction by 9
grids and profile direction by 8 grids
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CHAPTER 3

MESH STIFFNESS CALCULATIONS

Mesh stiffness is an important parameter for the dynamic analysis of the gear drive
systems since it varies with the load position and affects the load distribution among

the other tooth pairs in contact.

In literature, the mesh stiffness calculations rhayclassified into three categories:
analytical, finite element based, and experimej2@]. Experimental methods give
accurate values, but they need repetitive measurements from different kinds of (or
from a specific kind of) gear specimen, which costs R}t Finite element models

are generally less expensive and more efficient but require more modelling and

computational time than the other methods.

There is no analytical solution to the mesh stiffness for adaee because of the
tooth surlce's complex geometry and the variation of the tooth thickness (and the
pressure angle) along the tooth fagdth direction. Several studies on the spur,
helical, and face gears are based on mesh stiffness calculated from a uniform cross

section cantilegred beam assumpti¢@2,25,74]

Figure 3-1 Uniform cantilever beam assumption for thesh stiffness
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For analytical calculation of the mesh stiffnedfsany type of gearmainly the
following contributors are taken into account; bending deformation, shear
deformation, axial compression, the flexibility of fillet and foundation, and local
compliance due to contact forcgi 85]. Generally, it is assumed that all contact
takes place along the line of action, and the rims of the gears are assumed to be solid
[86].

In literature, tooth bending and shear deflectiohany kind of geaare computed
by using a RayleigiRitz solution of a tapered plate modi@2], a beam model
[73,76 78,86,87] or a finite element solution of a tapered beam m[&H3!

Load Distribution Prograni88] uses a cantilevered tapered plate model using the
RayleighRitz method, first developed byakubek[89] and implemented by Yau

[90]. This model proves very reliable for use on the piniwhere the geometry is
constant across the face width and does not change as a function of the face width.

Hertzian deflectionf85] and deflection of the tooth bal#2] are the additional tooth
deflection components that have to be added aotdkal stiffness or compliance

appropriately.

This chapter investigates several methods for calculating bending and contact

contributors of the mesh stiffness.

3.1 Stiffness Calculations for OneTooth

3.1.1 Bending Stiffness Contribution

The following methods aretilized in the literature for a tooth's bending stiffness.
These methods, except the Finite Element Method (2D or 3D), are investigated in

this chapter.

1 Thin Slice Method (1D)
1 RayleighRitz Approximation (2D)
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1 Finite Strip Method (2D)
1 Finite Prism Method3D)
1 Finite Element Method (2D or 3D)

3.1.1.1 Thin Slice Method (TSM)

In this method, the tooth is divided into several slices, as depickagure3-2, and
their stiffness values are extracted independently. Compliance due to bending, shear,
axial load, base rotation, and compliance due to contact deformation is calculated

and then added together to obtain one tooth's total stiffness.

Figure 3-2 A face-gear tooth with several slices along its face wjatj

In order to have the effect of the accurate tooth profile in the stiffness values,
especially for the facgear, the interested tooth has to be sliced into an adequate
number of slices. This is because the section profile varies along the face width. For
the spurshaper, on the other hand, the profile remains consgtigpire 3-3-a shows

a TSM model of a spur gear with n uncoupled slices, whétigase 3-3-b shows

the coupled version.
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Figure 3-3 a) Uncoupled and b) coupled thin slices of a ¢@ay

For instance, for am sliced gear tooth, the uncoupled stiffness matrix due to

bending, shear, base rotation, axial load, and contact deformation is written as,

& O 0 0 (3-1)
é
0 kK 0 0
K=é
e
&0 0 k., O
80 O 0 Kk,

whereas the coupling terms between those slices are formulated as,

ec, - ¢ 0 0 0 0 (3-2)
S0 ¢t L ¢ 0 0 0
€0 -gc ¢+, 0 0 0
—e '. ..
C =6 : .
o 0 0 Cost G2 - G 0
é
é O O 0 - cn—2 G—Z + nq “n :p
&0 0 0 0 - C,q ¢

and total stiffness matrix isritten as,
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K. =K + (3-3)

B°rner suggests an empirical formul a fc
measurements and several finite element nsoidelan involute gear [26]. In his
formulation, the coupling stiffness between thamd (i+1)" slice is given as,

o

— dﬁ & l$+1 (3-4)
¢ =275 é@ 55

where by is the face width of the slican is the normal modulek is the calculated

stiffness of the slicek,, andis the calculated stiffness of the adjacent slice.

Application of this methodo a spur gear geometry for a straight loading and an
obligue loading are given in the following sections. The bending stiffness

formulation for a slice is given iAppendix B.

3.1.1.1.1 Results and Comparison with FEM for Straight Loading

An example tooth is motled with 40 slices along the face width. Each slice has ten
segments along the profile for an arbitrarily loaded c@ke.results are compared
with the 3D FE model result.
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2.62-003
2.44-003
ements, Trapclaias 2.27-003
2.08-003
1.92-003
1.74-003
1.B7-003
1.40-003
1.22-003
1.06-003
8.72-004
5.98-004
5.23-004
3.48-004

1 .74—0%1

Figure 3-4 Spur Gear straight loading on the tip

The FE result is displayed Figure3-4. The deflections of the slices are shown in
Figure3-5. The TSM model approximates the FE results with a maximum error of
4.1%.

-3
2.6><10
"\ -& 3D FEM, MSC PATRAN hd
\ -& TSM, 10 slices, 40 segments
E25F '
£ \ ’
— \ I
= \ II
L24a- ‘
£ . /
] ]
') \
8 ‘ /
_%2.3* Y r
a v /
Ie) k,;h-* *“__-o
I922_ Tt - e- o - - - .____4-“"
*----® -—-—-—-—@8-—-—-—- ®----- * - --—- - - - -®--—--- *----- *------9
21 1 1 1 | 1 |
1 2 3 4 5 7 8 9 10
Slice No

Figure 3-5 Comparison of thin slice method results with the FE results for

straight loading
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3.1.1.1.2 Results and Comparison with FEM for Oblique Loading

The same FE and TSM models are also used for another arbitrarily loaded case. Here,
an oblique loading on the tooth's e is given irFigure3-6-a, and the FE result
is displayed irFigure3-6-b.

Translational. Magn

5.48-004
365-004
183-044
default_Fringe

Max 2 T4-003 @Nd 2743
Min 0. @Nd 1

Figure 3-6 a) Spur gear oblique loading on the conjugate surfacEE

displacement results

The deflections of the points where the load is applied are shokigure3-5. The
gear is sliced into 40 slices, but only eight have been loaded; therefore, only the
deflectiors of these loaded sliceare depictedin Figure 3-5. The TSM model

approximates the FE results with a maximum error of 15.6 %.
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Figure 3-7 Comparison of thin slice method results with the FE results for

oblique loading

3.1.1.2 Rayleigh-Ritz Approximation

For the deflection study of a tooth, the Kirchoff plate theory is employed and solved
through the Rayleigiritz approximation method. The resuttave been compared
with the values obtained from the FE model run within the Nastran package program.
The equation of motion is derived from the energy equations. Eigenfunctions for a
cantileverfree beam are utilized as shape functions along the lomggiuexis.
Similarly, eigenfunctions for a frefeee beam are utilized along the transverse axis.
The derived formulations are given in the Appen@ix The generated code is

developed in the Mathcad package program.

A uniform plate Figure 3-8-a), a oneaxis trapezoidal plate={gure 3-8-b), and a

two-axes trapezoidal plat&igure3-8-c) are constructed.

66



Figure 3-8 Utilized plate types) a uniform platep) oneaxis trapezoidal plate,
c) two-axes trapezoidal plate

In the energy equations, the plate type is varied through the thickness function
specified in Equatias (3-5), (3-6), (3-7), and(3-8).

3.1.1.2.1 Uniform Plate

For a uniform plate, as depictedkigure 3-8-a, the thickness does not vary across
the x and yaxes of the plate. The thickness variation is imposed into the energy

eqguation as follows;

h(x,y) =t (3-5)

The plate is modelled as a cantilevered Kirchoff plate along one longitudinal side via
RayleighRitz approximation, where the transverse shear effects are neglected. In
order to compare the results with those of therfeiflel, an example case is modelled

and solved in MSC Patran/Nastran as a bending plate. The following arbitrarily

selected loaded cases are solved;

f Casel, a uniform pressure loading of 2000 N/fimapplied to the plate
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1 Case2, a uniform distributed lindoading of 11000 N/mm along the
longitudinal axis

1 Case3, a point load line loading of 1000 N at the pomy)E(a,b2)

For Casel, the FE model gives the maximum deflection as 0.0328 mm, as depicted
in Figure3-9, whereas the RayleigRitz approximation with seven shape functions
in both directions gives 0.0312 mm. The error is calculated as 0.488%.

3.28-002)
3.06-002)
2.34-002
2.52-002
2.40-002)
2.18-002)
1.97-002
1.75-002
1.53-002
1.31-002

it 0b-Jun-14 09:46 67

fatic Subcase_2, Displacements, Translational, Ma

1.06-002
8.74-003
6.55-003
437003
278-00

default_Fringe
Max 3.28-002 @Nd 6
Min 0. @Nd 56

Figure 3-9 FEM results for uniform bending plate, uniform pressure loading

For Case2, the maximum deflection for a uniform distributed line loading of 11000
N/mm is obtained from the Nastran package program as 0.942 mm, as depicted i
Figure 3-10. The RayleighRitz approximation with eight shape functions in both
directions gives the maximum deflection as 0.0924 mm. The errolcislatad as

1.91 %.

68



ernents. Translational. Magnitude

Figure 3-10 FEM results for uniform plate, loading along a line

For Case3, the maximum deflection for a point load line loading of 1000 N at the
point ,y)=(a,b/2) is obtained from the FE model as 0.107 mm, as shoWwigure

3-11. The maximum deformation calculated by the RayldRifz approximation

with severshape functions in both directions is 0.126 mm. The error is calculated as
17 %.

1.07-001
-1411:27:10 9.99-002
9.28-002
8.67-002
7.86-002
7.14-002
6.42-002
5.71-002
5.00-002
4.28-002
3.67-002
2.868-002
2.14-002
1.43-002)

714003
default_Fringe :
Max 1.07-001 @Hd 6
Min 0. @nd 56

case_3. Displacements, Translational. Magnitude, (NON-LAY

Figure 3-11 FEM results for uniform plate, point load
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3.1.1.2.2 One-axis Trapezoidal Plate:

For a oneaxis trapezoidal plate, as showrFigure3-8-b, the thickness varies across
the x or yaxes of the plate, and this thickness variation is imposed into the energy

equation as,

o : - z
h(x) = t% G (3-6)
or

_& Y
h(y)—té% S (37)

where tis the thickness parametet, and c, are the taper ratio specifying the

thickness variation along the plateaxis or yaxis, respectivelya is the length of

the longitudinal side anlis the length of the transverse side of the plate.

The same plate model giver3at.1.2.1is utilized. The plate is loaded with a uniform
pressure of 2000 N/midor an arbitrarily loading case. As shownFRigure3-12,

the maximum deflection for a uniform pressure loading of 2000 N/imwbtained

as 0.0394 mm at the point,Y)=(a,b/2). On the other hand, the maximum deflection
from the RayleigkRitz approximation with five shape functions in both directions is

calculatedas0.0399mm. The error is calculated as 1.2 %.
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default_Fringe :
Max 3 94-002 @Nd 6
Min 0 @MNd LS

Figure 3-12 FEM results for onaxis tapered plate model, pressure loading

3.1.1.2.3 Two-axis Trapezoidal Plate:

For a tweaxes trapezoidal plate, as showifrigure3-8-c, the thickness varies along
both the x and y axes of the plate, and this variation is imposed into the energy

eqguation as follows;
o X y
h(x,y)=t -c — = 3
x,y) %él &7 &% (3-8)

where and are the taper ratios specifying the thickness variation along the-plate x

axis or yaxis, respectively.

The same plate model given3at.1.2.1is solved with the thickness function given
in Equation(3-8). The plate is loaded with a uniform pressure of 2000 N/forman

arbitrarily loading case.

In Figure3-13 below, deformation results obtained from Nastran are displayed; the
maximum deflection is obtained from Nastran as 0.104 mm. On the other hand, the
maximum deformation calculated by the RayleRjtze approximation i90.0979

mm, with two shape functions in both directiomsd0.1004mm, with seven shape
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functions in both directions. The error is calculated for seven shape functions in both

directions as 3.8%.

Figure 3-13 FEM results for tweaxis tapered plate model, uniform pressure
loading

3.1.1.3  Finite Strip Method

The finite strip method (FSM) is a numerical method that compares favorably with
the finite element method (FEM) in terms of +uime, storage of stiffness, loaahd
resuling output matrices. FSM combines the idea of the analytical Kantorovich
Vlassov's method and the FEM technid@2]. It is a semianalytical finite element
modelling using continuous functions to satisfy the boundary conditions in one
direction of the plate and finite element discretization in the otinecttbn. Thus,

the twedimensional plate problem reduces to a-dmensional problenf93]. A

typical plate discretized with n finite strip elements is showrigure3-14.

FSM can be classified into two categories that differ in selectinghtiedunctions
for the longitudinal axis of the plate problem, nan{é}{,

1 Semianalytical FSM (SFSM)
1 Numerical FSM (NFSM).

SFSM uses a function series (beam eigenfunctions, orthogonal polynomial series)

that satisfy a finite strip's end conditions in the longitudinal direction. In the
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orthogonal direction, simple polynomials are utilized. Sample sine and cosine
functions defied over the width of a finite strip element are plotte&igure3-15

andFigure3-16, respectively.

Figure 3-14 A plate discretized with n finite strip elements

Figure 3-15 Sine functions for seven harmonics for SFMS
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Figure 3-16 Cosine functions for seven harmonics for SFSM

However, SFSM has some disadvantages while defining the concentrated forces,
multiple spans, and discrete supports at strip 2]s Since sine and cosine series

are continuously differentiable everywhere, this property causes problems when
there is an alpt change in any property (i.e., thickness) or the presence of any

concentrated loads, or internal supports, becaesend or third derivativesill be

discontinuoug92].

0.8

0.8

Figure 3-17 B3 spline functions, for NFSM, specified for a free variable at the

boundary of the problem

Therefore, to overcome these difficulties, NFSM is proposed by several authors.

NFSM utilizes spline functions instead of Fourier series. Samlspline functions
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defined over the width of a finite strip element are plotte&igure3-17 andFigure
3-18for free and fixed variables at the boundary of the plapectivhy.

0.5,

0.3

Figure 3-18 Spline functions for NFSM, specified for a fixed variable at the

boundary of the problem

FSM become the subject of many researches, several of them are given in the review
article[95]. Some of them are directly related to gear tooth modelling by using FSM
[96]. For the facegear and the spur pinion, the utilized strip element formulation is

given at ChapteB.2

Figure 3-19 A finite strip element

The following cases are solved for a uniform thickness plate. ForXZ@&eand 3,
the plate is loaded with arbitrary uniform pressure, simply supported on both long

sides (along x=0 and x=b) and free on the short sides (along y=0 and y=b). SFSM is
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utilized. Along the long side, appropriate shape functions are imposed by the Fourier

series with seven harmonics. The short side of the strip element is taken as,

1 2-noded at Casg, as depicted iRigure3-20-a,
1 3-noded at Casg, as depicted iRigure3-20-b
1 4-noded at Cas8, as depicted ifigure3-20-c

For Caset, NFSM is utilized Along the long side, appropriate shape functions are

imposed with B3 splines. The short side of the strip element is taken as,

1 2-noded at Casé, as depicted ifrigure3-20-a.

The deflection results for Cade 2, and 3 are tabulated Trable3-1. The deféctions

are also demonstrated Irigure 3-22. As shown in the table, the results are
comparable with the MSC Nastran model of the plate. As nodeber increases
along the plate's short side, the error is reduced for the displacement values at the

free edges and the specified arbitrary point on the first strip element.
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Figure 3-20 a) 2-noded b) 3-noded,c) 4-noded Finite Strip Element with the
appropriate polynomial$97]
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Table 3-1 Comparison of FE and FSM deflection results for Egsgase2, and
Case3

At an arbitrary point
At the free edges (mm)| In the middle (mm) (mm), at the edge of stri

1
(x=0, y=b/2 on 1strip) | (x=a, y=b/2 on 2 strip)

(x=a, y=b/2 on ¥ strip)

SFSM | MSC- Error | SFSM | MSC- Error | SFSM | MSC- Error
Nastran Nastran Nastran
(%) (%) (%)
Casel | 7.29 7.4 6.40 -0.25| 6.48 2.25
7.88 6.39 6.63
Case2 | 7.68 2.4 6.48 -1.5 | 6.57 0.84
Case3 | 7.74 1.6 6.48 -1.4 | 6.58 0.80

The deflection results for Cadeare tabulated iTable3-2. The deflections are also
demonstrated iRigure3-22. Even with four strip elementthe error is less than 1%.
This demonstration shows the power of the Finite Strip Method for the cases for

uniform or slightly varying cross sections.
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Table 3-2 Comparison of FE and FSM deflection results for Gase

At the free end of the plat _
In the middle (mm)
(mm)

(x=0, y=b on ¥ strip) (=2, y=b/2 on stp)

NFSM | MSC- Error | NFSM | MSC- Error

Nastran Nastran
astra (%) astra (%)

Cased4 | 7.29 | 7.88 4.0 22.47 | 22.6 -0.56

a)
735+000)

Palran 2010 64-Bit 14-Jan-16 112440 3 354000]

Fringe: Default, AT Static Subcase. Displacemente, Transiational, Magritude, (NON-_AYERED) 623+000)

Disform. Default. Al Stalic Subzase. Displacements, Translatonal, . (NON- 6:30+000
"

5254000
4734000
4204000
365+000)
3.15+000)
2634000
2104000
155+000)
1.05+000)
5.2500]
default_Finge
Max 7.88+000 @Nd 10€
default_Deformation
Max 7.08+000 @K 10E

Deformed Plate

Figure 3-21 Comparison for deflection Cagea) MSC Nastran FE Model with 50
CQUAD elementsbh) 2-noded FSM Model with four strip element3 3-noded
FSM Model with four strip elementd) 4-noded FSMModel with four strip

elements
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b)

Deformed Plate

Figure 3-22 Comparison for deflection Cagea) MSC Nastran FE Model with 50
CQUAD elementsbh) 2-noded FSM Model with four strip elements

3.1.1.4 Finite Prism and Quasi PrismMethod

Analysis of a structure with 3D FEM costs and sometimes is unnecessary for the
structures with a constant or a nearly constant shape in one directibisimple
boundary conditions. The Finite Prism Method (FPM) yields good results with a
much smder number of input data and compares favorably with FEM in terms of
run time. A typical FPM and QPM elements are depictétdgare3-23-a andrigure
3-23-b, respectively.

As Finite Strip Method (FSM), FPM also combines the idea of the analytical
KantorovichVlassov's method and the FEM techni§@®]. FPM can be considered

as a special form of 3D FEM concerning the shape of displacements along a given
direction [98]. FPM does not use polynomial displacement functions in all three
directions for the elementwise discretizatioft incorporates polynomial
displacement functions only in two directions. Along the third direction, it uses
continuous functions which satisfy the boundary conditions without any elementwise

discretization.
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Figure 3-23 Prismatic solids discretized in two dimensi@)svith FPM andb)
with QPM[99]

Similar to FSM, FPM can also be classified into two categories that differ in selecting
the shape functions for the longitudinal axis of the pladelpm.

Semtanalytical FPM uses a function series (beam eigenfunctions, orthogonal
polynomial series) which satisfies the end conditions of a gilsstructure a priori

in the longitudinal direction and simple polynomials in the remaining orthogonal
directions[98]. Numerical FPM combines Fourier expansions along the prismatic
direction and 2D solid elements for discretizing the transverse-seasion[100].

The mehod is suitable for analyzing prismatic solid structures that do not have
significant changes in transverse cross sections. The method have been utilized by

several authors for the analysis of different struct[ire& 107].

The finite QuasiPrism Method (®M), on the other hand, is a valuable method for
modelling structures that are only partially prismatic shapes or which have prismatic
shapes within thenj108 110]. A quastprism elementis a threedimensional
element. It is utilized for the analyses of the parts in which the-sszd®n remains

constant or nearly constant for the length of the element. It resembles the FPM
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element but differs in that, along all axode curves, depictdeigare 3-24, the
geometryis approximated with higher order Chebyshev functjd@s] in all three
dimensions. Element formhations for both methods have been given in Appendix
D.

Note: The higher order interpolation is
carried outalong the axode.

Figure 3-24 A typical QPM element with axodgld.08]

The following arbitrarilyloadingcases are solved.

1 Casel, an arbitrary unit point load is applied to a constant eseston
plate, which is modelled by FPM,

1 Case2, an arbitrary uniformly distributed line load along a straight line
applied to a constant cresection plate, which is modelled by FPM,

1 Case3, an arbitrary uniformly distributed line load along a straight line

applied to a variable cros®ction platewhich is modelled by QPM.
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10 N1 17 13
3 . 4 15 16
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7 i 0 51 2
3 34 i 3R 37

Figure 3-25a) The element numbering abyl the node numbers for the 2D

discretization

For all casesgight 8&noded iseparametric elements have been utilized for the
modelling, which is formulated in Appendix The two ends of the plate are simply
supported. The following discretization in tkeplane is performed. The element
numbers and corresponding node numbers hanl tonnectivity information are
given inFigure3-25. Figure 3-26-a andFigure 3-26-b show a plate modelled with

finite prism elements and a plate modelled with quasi prism elements, redgective
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a) b)

Figure 3-26 a) The prism with a constant cresection along the longitudinal axis

(FPM), b) the prism with a variable crosection along the longitudinal axis (QPM)

Casel:. Constant cross section, ends simply supported, point load is applied,

depicted inFigure3-27

V)
O

me.adb  Abaqus/Standard 6.13-1  FriJul 10 09:25:15 GTB Yaz Saati 2015

e ackon Scale Faccor: » 1. 20%-00

Figure 3-27 Application of point load, constant cressction
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Figure3-28 shows the FPM results and the Abaqus 3D FEM resulteatpper left
corner of element 1, varying the number of utilized harmonics and gauss integration

points. Note that position 0.6 is the load application point.

FPM comparison with 3D FEM element 1. at location [1.-1]. force application point

[ e ! IILLELOREELEeeR bereean e

L B= Abaqus 30 FEM data
| —H—FPM data, gauss point=9, harmonic=8
—&—FPM data, gauss point=5, harmonic=8
FPM data, gauss point=6, harmonic=8
—— FPM data, gauss point=6, harmonic=6
FPM data, gauss point=5, harmonic=6
FPM data. gauss point=4, harmonic=6
—&—FPM data, gauss point=4, harmonic=5
H H H —H—FPM data, gauss point=5, harmonic=9
e i A —#—FPM data, gauss point=5, harmonic=12 |-._........_._. [
; H H H —F— FPM data, gauss point=5, harmonic=10
—+—FPM data, gauss point=6, harmonic=12
—+—FPM data, gauss point=5, harmonic=16
—8—FPM data, gauss point=6, harmonic=16
T

deformation, mm

00 \ I I | . :
0 01 02 03 04 05 06 o7 08 03 1
position along the prism axis, -

Figure 3-28 FPM comparison with 3D FEM, element 1, locationI] (location is
depicted inFigureD-1)

Figure3-29 shows the FPM results and the Abaqus 3D FEM results at the upper left
corner of element 2, varying the number of utilized harmonics and gauss integration

points. FPM gives a very good appnmétion at the specified locations.
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FPM comparison with 30 FEM, element 2, at location [1.-1]
oo T ! ! T ! ! ! T !

0.04 mmmsmmem e i i - B et —

| == Abaqus 30 FEM data
—&— FPM data, gauss point=9, harmonic=8
—&—FPM data, gauss point=5, harmonic=8
FPM data. gauss point=6. harmonic=8
—%— FPM data, gauss point=6, harmonic=6
FPM data, gauss point=5, harmonic=6
002 el : s .- _________________ FPM data. gauss point=4, harmonic=6 _‘ _________________ r _____________ _
H H —&—FPM data, gauss point=4, harmonic=5 H H
—H&— FPM data. gauss point=5, harmonic=9
—%— FPM data, gauss point=5, harmonic=12

defarmation, mm

(1] A SU— . S— E—

001 |- ,,,,,,,,é 77777777777777777 . 777777777777777777 —=%— FPM data, gauss point=5, harmonic=10 71 77777777777777777 ‘ 7777777777777777

B ' ' —+— FPM data. gauss point=6, harmonic=12 H ! H

—+—FPM data, gauss point=5, harmonic=16

B ' ' —&— FPM data. gauss point=6, harmonic=16 ' H H

| | | | | | | | |

01 0.2 03 0.4 0.5 0.6 07 0.8 0.9
position along the prism axis, -

Figure 3-29 FPM comparison with 3D FEM, element 3, location]l] (location
is depicted irFigureD-1)

In Figure3-30, for a fixed number of harmonics, increasing the gauss pointg in th
integration process yields better results for all positions, exaephe load
application pointAsit can be seen by examining bditgure3-30 and Figure3-31

that increasing both utilized harmonics and gauss integration points will decrease the

error.
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FPM comparison with 3D FEM, & harmonics with different gauss points, element 1. at location [1,-1], force application point
0.09
T T T T T T T

0.08
0.07
0.06

0.05 A,

deformation, mm

0.04

0.02

Abaqus 3D FEM data g
H ]

1 | —E&—FPM data, gauss point=9, harmonic=8 o

i | —=—FPM data, gauss point=5, harmonic=8 H :

FPM data, gauss point=6, harmonic=8 [ =177 777777 T R T R T

001|—--g

i i
0.1 0.2 03 04 0.5 06 0.7 0.8 0.9
position along the prism axis, -

Figure 3-30 FPM comparison with 3D FEM, elemeh, location [1;1], numberof

utilized harmonics i8, number ofgauss points varse

As seen fronFigure3-31, especially for the load application point, as harmonics are

increased, better results are obtained for a fixed number of gauss points.

FPM comparison with 3D FEM. 6 gauss points with different harmonics, element 1, at location [1.-1], force application point
0.09
I I I I I I I

deformation, mm

: Abaqus 3D FEM data
B HE FPM data, gauss paint=6, harmonic=8 |3 T R T N
—7— FPM data, gauss point=8, harmonic=6 T
H —+—FPM data. gauss point=6, harmonic=12
0.01 ===~ e —E—FPM data, gauss point=6, harmonic=16 |1 =-=""=====-===f---=----oe

i i i
01 02 03 04 05 06 07 08 09
position along the prism axis, -

Figure 3-31 FPM comparison with 3D FEM, element 1, location1],,gauss

point is 6,number of the utilizetharmonics vaes
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Figure 3-32 and Figure 3-33 compares the results for element 7 and element 5,

respectively, for several gauss points and harmonics with the Abaqus 3@&t&EM

FPM comparison with 30 FEM element 7, at location [-1,1]
T

0.035 - F

003

0.025

[ == Asaqus 30 FEM data B o

—&— FPM data, gauss point=9, harmonic=8
—&— FPW data, gauss point=5, harmonic=8
FPM data, gauss point=6, harmonic=8
—=— FPM data, gauss point=6,
FPM data, gauss point=5, harmonic=6
FPM data, gauss point=4, harmonic=6
—&— FPM data, gauss point=4, harmonic=5 k
—B— FPM data, gauss point=5, harmonic=9 |
—%—FPM data, gauss point=5, harmonic=12
—— FPM data, gauss point=5, harmonic=10
—+— FPM data, gauss point=6, 12 |-- -
—+—FPM data, gauss point=5, harmonic=16
—&—FPM data, gauss point=6, harmonic=16
] ] |

0.3 04 05 0.6 07 0.8 0.9
position along the prism axis, -

deformation, mm

Figure 3-32 FPM comparison with 3D FEM, element 7, locatieh 1], number of
gauss pointsand number of utilizedlarmonics var

FPM comparison with 30 FEM element 5, at location [-1,1]

0.05
0.045
0.04 \%\W
0.035
0.03
13
E
£ ouzs | == Abaqus 30 FEM data
g —B—FPM data, gauss point=9, harmanic=8
2 —&—FPM data, gauss point=5, harmonic=8
< 0 FPM data, gauss point=6, h i
—=—FPM data, gauss point=6, harmanic=6
FPM data, gauss point=5, harmonic=6
0.015 FPM data, gauss point=4 i
—&— FPM data, gauss point=4, harmanic=5
—&— FPM data, gauss point=5, harmenic=9
0.01 - —&— FPM data, gauss point=5
—— FPM data, gauss point=5. harmanic=10
—+— FPM data, gauss point=6, harmonic=12
0.005 —+—FPM data, gauss point=5, harmanic=16
—&— FPM data, gauss point=6, harmonic=16
| |
01 02 03 04 05 086 07

position along the prism axis, -

Figure 3-33 FPM comparison with 3D FEM, element 5, locatieh 1], number of

gauss pointsand number of utilizedarmonics var
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Case2: Constant crossection, ends simply supported, line load is applied along a

straight line, depicted iRigure3-34.

ng.odb  Abaqus/Standard 6.13-1 Sun Jul 26 02132:31 GTB Yaz Saati 2015

Figure 3-34 Application of line load, constant cresection; stress distribution,

and deformation results

FPM comparison with 3D FEM element 1, at location [-1.-1], force application point

T T T
: Abaqus 30 FEM data
H —&—FPM data, gauss point=4, harmonic=6

H H .- H H
0.14 : : g e b b =

0.16

01

=4
=
&

defarmation, mm

o
=1
&

0.04 L S ——— R S — S—
fl H ' H H H

Y i : L, SO S — S LN

04 05 0.6 07 0.8 0.9
position along the prism axis, -

Figure 3-35FPM comparison with 3D FEM, constant cr@extion, line load
application, element 1, locatiorl|-1], gauss point is 4, harmonics 6
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aerarmanon, mm

014 ! ! ! ! ! I !

0.2 : ; : : = ol

0.06

0.02

deformation, mm

FPM comparison with 30 FEM.element 3, at location [-1.-1]. force application point

T T
Abaqus 3D FEM data
FPM data, gauss point=4, harmonic=6

E-—

0.08

Y4 — T AR S— A

0.1 0.2 03 0.4 0.5 06 07 0.8 0.9
position along the prism axis, -

Figure 3-36 FPM comparison with 3D FEM, constant creextion, line load

application, element 3, locatioril|-1], gauss point is 4, harmonics 6

FPM comparison with 3D FEM,element &, at location [-1.-1], force application point
0.12
T T T T T T

T T T
: Abaqus 30 FEM data
: —H—FPM data, gauss point=4, harmonic=6

01 ' ' ‘ z= 1 s

0.08

=3
=
&

0.04

0.02

05

X 0.6
position along the prism axis, -

Figure 3-37 FPM comparison with 3D FEM, constant cr@extionline load

application, element 1, location {1], gauss point is 5, harmonics 6
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Case3: Variable crosssection, ends simply supported, line load is applied along a

straight line

0DB: Job-1.0db  Abaqus/Standard 6.13-1 Mon Jan 18 15:58:16 GTB Standart Saati 2016

g
S
vy

Figure 3-38a) 3D FE model and application of line lodi), ABAQUS results

Figure 3-39, Figure 3-40, Figure 3-41, and Figure 3-42 compare the deflections
obtained by the Abaqus 3D model and the variable «estson FIM (QPM) for
elements 1, 3, 5, and 7, respectively. The utilized gauss points for the integral
calculations are four, and the utilized harmonics along the-sext®n are taken as

five or six. The figures show that utilizing six harmonics with four gpogasts for

the variable crossection case is not enoughgietaccurate results. Increasing them,

on the other hand, will significantly increase the computational time. InTCasd
Case2, four gauss points incorporating five or six harmonics weregintiucatch

accurate plate deflection results.
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deformation, mm

025

015

deformation, mm

0.05

application, element 1, location {1], gauss point is 4, with harmonics 5 or 6

FPM comparison with 3D FEM, element 1, at location [-1,-1], force application point

T T
Abaqus 3D FEM data

T T T T T T
—HB—FPM data, gauss point=4, harmonic=5
H : 5 : 3 ! —— FPM data, gauss point=4, harmonic=6

i i i i i i i i i
0.1 0.2 0.3 0.4 0.5 0.6 07 0.8 0.9
position along the prism axis, -

Figure 3-39 Comparison with 3D FEM, variable cressction, line load

FPM comparison with 30 FEM element 3, at location [-1.-1], force application point

0.25

application, element 3, location {1], gauss point is 4, with harmonics 5 or 6

T T T T T T

: : : : : ¢ [ == Abaqus 3D FEM data

: : : : H : —&— FPM data, gauss point=4, harmonic=5
—%— FPM data, gauss point=4, harmonic=6

01 02 03 04 05 06 07 08 08
position along the prism axis, -

Figure 3-40 Comparison with 3D FEM, variable cressction, line load
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deformation, mm

deformation, mm

FPM comparison with 3D FEM element 5, at location [-1,-1], force application point

02 5
! I ! \ ‘ T Tt Abaqus 30 FEM data

H —HB—FPM data, gauss point=4, harmonic=5
P S —=— FPM data, gauss point=4, harmonic=6

01 02 03 04 05 06 07 08 09
position along the prism axis, -

Figure 3-41 Comparison with 3D FEM, variable cressction, line load

application, element 5, location {1], gauss point is 4, with harmonics 5 or 6

FPM comparison with 3D FEM, element 7, at location [-1,-1) force application point

Abaqus 30 FEM data
—B—FPM data, gauss point=4, harmonic=5
—=— FPM data, gauss point=4, harmonic=6

01 0z 03 04 05 06 07 08 09
position along the prism axis, -

Figure 3-42 Comparison with 3D FEM, variable cressction, line load

application, element 7, location {1], gauss point is 4, with harmonics 5 or 6
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3.1.1.5 Discussion on the methods for the bending stiffness

The TSM vyields good results compared to models created via the finite element
method. It savesonsiderablecomputational time and appears to be the most
straightforwardmethod However, since each slice is independent of each other, the
main problem is fiding the coupling stiffness between those slices. In literature,
these stiffness values are generally calculated by several 3D FE runs, by which an
empirical formula is generated for the coupling between the adjacent slices, and this
coupling term is addakto the uncoupled stiffness matrix of the gear, as in the

B°rnerds empirical f(3e4y. Whis Ifoamula gill be enadeli N Equat i
dependent ahwill not apply to a specific geometry.

double-axis tapered plate face-gear

isometric view . o ﬁ
Isometric view
top view top view ;

Figure 3-43 a) Double axistrapezoidal tapered plabg Facegear

Then, one should calculate the coefficient

severalFE runs and increase computational time.
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The RayleighkRitz approximation for the Kirchoff plate works very well. It has been
incorporated for different loading conditions and obtained comparable results with
the FE models run within the Nastran packagegmm. Also, with imposing
thickness variation along both x and y axes, any geometry may be modelled via this
method.Figure 3-43 showsthe doubleaxis trapezoidal tapered plate and fgear
profiles. In order to model the thickness variation on the-fgae's tooth surface,

the thickness Equatiq8-8) must be derivednalytically or numericalljor a typical

facegear.

Finite Prism Methodgives accurate results obtained via 3D FE model with a
favorable number ajauss points for the integrals and five or six harmonic functions
along the crossection. However, the fage ar 6 s surf ace geometry
face width and therefore has to be modelled by a varying -semd®n prism
element, which is, in facthe QuasiPrism element. On the other hand, the Quasi
Prism Method does not give accurate results for the same amount of gauss points and
harmonics. In order to catch the deflection of the varying cross section, the gauss
point and the harmonics incorpagdtalong the face width have to be increased. This
will lead to increased computational time. In addition, both FPM and QPM a priori
require modelling a 2D finite element model. They, therefore, require the
connectivity information of the nodes on this giddel to be provided, which will

increase the computational time.

The study in this chapter is performed to select an efficient, lesscomsiming,

andthe mosstraightforward stiffness calculation method for parametric studies. The
FSM appears to bine most advantageous method among the others. It does not a
priori require any 2D or 3D element formulation since it is an extension of a 1D
beam element. The second dimension is introduced by B3 splines or the Fourier
series, which are appropriately fagthaccording to the plate boundary conditions in

the problem. The Mindlin plate theory can easily be applied to finite strip elements.
As discussed in Chapter 2, a variable thickness strip element can also be incorporated

to increase the method's accuragth a small number of strip elements.

95



3.1.2 Contact Stiffness Contribution

Contact deformation between the meshing gear teeth is a contributing deflection to
the total deflection. In literature, apart from utilization of sophisticated hybrid FE
package programshe following analytical methods are utilized for calculating this
deformation[111]. Except Brewe&Hamrock's method, all equations assume line

contact between the meshing gears.

Hertz's Equation,
Conry's Equation
Cornell's Equation
Palmgren's Equation

Weber's Equation

= =2 =4 A4 -4 -2

Brewe&Hamrock's Equation

The formulations for thadted methods are given in Appendix

3.1.2.1 Comparison of the Methods

For the case tabulated Tiable3-3, the contact stiffness values are calculated for the
F=1000N,
and

|l oad |l evel s

Table 3-3 Input values

F=500N,
Weber/ Banascheckds

F=1500N,
Brewe&Hamrocko6s

Design Parameters

Symbol

CASE1

Number of teeth, spur

Ns

28

Number of teeth, face-gear

116

Module {mm)

3.175

Pressure angle (°)

20

Shaftangle (")

90

Density of steel (kg/m’)

7830

backlash value

20

STE {pm)

10

Reference torque values, [Tg; Tpl

[86.0769 ; 20]
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Figure 3-44 to Figure 3-47 show the contact stiffness values of the contact points

located on four idferent contact lines (at four different instants of a mesh cycle) of

the conjugate action between the fgear and the spypinion, specified inTable

3-3. The valuesare comparable fahebottom surface of the faggeab s tButo t h

as contact | ine approaches to top surfac

gives higher values than the values calculated by Palmgren and Weber/Banascheck
Method.

Contact Stiffness values for Weber/Banaschek

a) b)

Contact stiffness, x 10° N/m

(¢
-~

ZA’- 3 25 2
d) contact point number
Contact Stiffness values for Palmgren Contact Stiffness values for Brewe&Hamrock
- - . 1 - > .

} ©— 500N ‘ v S— 500N
ol 1000N | ]

o o *— | e 1500N
— 2000 N [

15 1

> 1000N |
125 —*— 1500 N |
— 2000 N |

Contact stiffness, x 10° N/m
Contact stiffness, x 10° N/m

o

R 35 3 25 2 15 1 “ 35 3 25 2
contact point number contact point number

Figure 3-44 Contact stiffness) at the first contact line, by) Weber/Banascheck,

c) Palmgrend) Brewe&Hamrock, for various load levels

97



1.15

Contact Stiffness val for Weber/B hek

a) b)

T —&— 500N

Contact stiffness, x 10° N/m

~—O—
095 B
—
——
an . . .
12 10 8 6 4 2 0

contact point number

\2)
&

Contact Stiffness values for Palmgren Contact Stiffness values for Brewe&Hamrock

E 13 £ 14

= =

z &— 500N z —&—500N
o IS - - - < - < - < - 1000 N @ 1000N | |
Q125 —¥—1500N | 4 = 32 —#— 1500 N
* —%— 2000 N * —&%— 2000 N

5 F A
12 0
084 a

5 M5f B s e

8 8 B s o

& &

- - S o o - " L
o 12 10 8 6 4 2 0 O 12 10 8 6 4 2 0
contact point number contact point number

Figure 3-45 Contact stiffness) at the fifth contact line, blg) Weber/Banascheck,

c) Palmgrend) Brewe&Hamrock, for various load levels

Contact Stiffness values for Weber/Banaschek

a) b)
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ORI x T —9—2000N
Mn_ 2 106 =
Oooowooﬁ M o
200353 & 8
0000, R €
e -
00002 Mo & i:: ]
0 o - | T —e—
oc“S“ et O 0951 e
038R0 o 2
W g &M‘G"K&
(STIPN L " . n L 0
o 14 12 10 8 6 4 2 o
C) d) contact point number
Contact Stiffness val for Palmg Contact Stiffness val for Brewe&Hamrock
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Figure 3-46 Contact stiffness) at the sixth contact line, iy) Weber/Banasheck,

c) Palmgrend) Brewe&Hamrock, for various load levels
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Contact Stiffness values for Weber/Banaschek

S— 500N

7 | % Yy 1000 N
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Figure 3-47 Contact stiffnesg) at the twenty fifth (last) contact line, toy

Weber/Banascheck) Palmgrend) Brewe&Hamrock, for various load levels

3.2  Mesh Stiffness Calculations for a Fac&ear and Spur-Pinion

3.2.1 Introduction

In this study, for the mesh stiffness calculations of the-fgze's, serranalytic FSM
(Finite Strip Method) is utilized. The fagear and the spgearteethare discretized
through FSM using Mindlin Plate Theory. As shape functions of the finite strip
elements, B3&plines are utilized for the longitudinal length of a strip element, and

4-noded simple polynomials are utilized along the short leofgthe strip element.

The thickness along the fagedth and also along the profile direction is generally
varied with a linear function for the defined strip element. In this study, the
mentioned thickness values along both dimensions are approximat&tJRBS
(Non-Uniform Rational BSplines) functiong71], as mentioned in the previous

chapter. By this method, the tooth of the fgear is defined as a surface in space,
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which provides a continuous thickness variation within the finite strip elefieat.

analytical model is validated via finite element analysis.

Figure 3-48 shows a typical facgear tooth surface with its fillet, discretized into

eight finite strip elementgzirst, the point cloud is generated forthe fgce ar t oot hé s
surface, as depicted iRigure 3-48-a. Then, the boundariesf ¢he tooth are

calculated. The boundaries of the toathshown inFigure3-48-b andFigure3-48-

¢, with and without the generated point cloud, respectively. The tooth is discretized

into several elements, as shownHigure 3-48-d andFigure 3-48-e. Finally, the

stiffness matrix and the load vector for each @iszed element are calculated to be

assembled in a global stiffness matrix and in a global load vector.

The face gear tooth has a significant fillet at the base of part of the tooth. Therefore,
the fillet of the facegear is also included in the FSM elarthenowever compliance

due to foundation is not taken into account. The bending contribution is calculated
through Finite Strip Method (FSM) whereas the contact contribution is not taken into
account.n addition, the face gear has a different cross seeticach point along

the face width, and a single cresection model cannot hold for the entire face width.
Therefore, the facgear will be sliced into several parts through its face width, their
compliances will be calculated separately and finally thidl be averaged to get an
averaged stiffness value along the contact lines. The thickness of the toath also
varied in the element formulation. In other words, each strip elemend liagant
thickness valuéA typical facegear tooth modelled withféhite strip elemergalong

the profile directionand with seven B3 splireinctions along the tooth profile

direction is depicted ifrigure3-49.
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Figure 3-48 a) Generated point cloud for the fagear tooth profile and its fillet
surfacep) the boundaries of the tooth with the point clocidhe boundaries of the
toothd) thediscretizedooth into eight strip elementg) the resulted finite strip

elements
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Figure 3-49 a) A typical curved finite strip discretization, isometric vidwy view
in yz planeg) the gridssix nodes alonthe profile direction (utilizing 7 cubic B3
spline functions) and founoded element formulation along the faelth
direction
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3.2.2 Application of Finite Strip Method to Mindlin Plate Theory with
Cubic B-Splines

The formulation utilized for the FSM discreditron of Mindlin Plate by cubic B
spline is given below. For a finite strip element with n nodes, the resulted
displacement vector is defined[@6,112 114],

R g (3-9)
LR a -
u= a a éﬂ éqxi
m=1i% A.m
&%
where the vectod is given as,
islw g 4 @10

and the shape function matrg"is for the nf' harmonic of the't nodeand given

as

eNS 0 0 11
s'=¢0 NS 0 | 1
60 0 NS|

The generalized strain vector for a straight strip element is defined as,
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o € a Q
G=g M _HF 8 g @ qw W ¢ (3-12)
e I M oW o xpx oy fiyg
and for a curved strip elemeanis defined as,
.
o_eHg 14 g 01 ¥y [} %) 1 w
O= 7 = L - el r—+t g+—% ,G— (3-13)
S 7w AT T e

The stiffness matrix corresponding to th& harmonic of the' nodal line and the

n"harmonic of the'] nodal line is calculated as,

"= 88" D] BE dxqy (3-14)

where the strain matriB" for the ni" harmonic of the't nodal lines is defined as,

a N,
o -Hhig 0
2 by
= 0 0o -NFh
o * (3-15)
m Sm i -
grgg o -NEE DS
N
s NS, 0
& m I
L
&m0 NS,
¢ 'z
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Similarly, the stiffness matrix for a curved finite strip elemesmfiven as,

"= @B '@D] B rd/gir (3-16)

and the corresponding strain matBg for the ni" harmonic of the't nodal liness

given as,

20 -Hig 0 j

2 Klfs <

& i (

20 -—C N, Sd (

Hm e (
B g ® - N;Sd  uN S #l\lS' (3-17)

e r pr ro

(

Nis ns 0 <‘

aepr (

&N;sd 0 NS f

The utilized fournoded shape functions, whiete defined along the faeedth
direction of the toothareexpressed with the following equations and they are plotted

for a lengthb in Figure3-50.
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Figure 3-50 The fournoded polynomial shape functions of the finite strip element
for the facewidth direction of the tooth

The elasticity matrbD is defined as,

e2’/(1-v) 2¢*/@w) 0 O 0
Qu?/(1-u) 22/Qw) O 0 0
0

Et ~ .
= e 0 0 t* 0 (3-18)
24(1+u)é
é 0 0 0 122a O
& O 0 0 0 12/a

wherea may be taken as 6f6r rectangular cross sectif@y7]. The force vector for
the m" harmonic of theé" nodal line for a straight finite strip element can be defined
as

fm (3-19)

A Sf @ dxdy

and similarly, for a curved strip element, the force vecémbe defined as
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™= f, {6 rdddr (3-20)
whereq specifies the transverse force.

The utilized cubic B3spline with equally placed sections, which is defined with the

following formula, is plotted for a lengthis given inFigure3-51.

3 0 z<(i 2h @
; @ (i 2)h' (i-2h ¢ & D]
S=? h'+3n(z-( Bh) 3z (-0~ 3¢ -0 1hY - (i-Dh ¢ik L (3-21)
TRe+3(( Mh 2) 3W( DR - 3(i-Dh # - ihez < Bh ;
! ((+2)h 2y (i+Dh & @ 2h
f 0 (i+2h <
S S S S S S S S

NN

M—h —»€—h —€— h —»«—h —»a«—h —=

v
N

o
¥

Figure 3-51 The cubic B3spline functions for equally spaced sections along the

lengtha
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The tooth is assumed to be clamped from its botwmd, which specifies that all

three degree of freedoms are set to zero at the specified location
(w=0, g 0, ¢ §.In order to satisfy this boundary condition, the cubic

splines curves are modified as,

S,=0
$=§ 45, (22
$=% -,

which gives the new series asHigure3-52.

Figure 3-52 The utilized cubic B3&pline functions for the strip element along the

cantilevered side to free side of the toot (profile direction)
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3.2.3 Combining the stiffnesses of the meshing pairs

Figure 3-53 shows one pair of meshing fagear and spypinion pair at a time
instant. A unit load is applied to all contact poiatsa specific contact line and a
compliance matrix is constructed fitre specified time instant. The mesh stiffness

for that time instant, as depictedrigure3-54, is calculated.

Figure 3-53 Meshed surfaces of a fagear and its shaper at a time along a contact

line a) at the meshing positidm) a separated view of the case in a)

Figure 3-54 Averaged stiffness along the contact line
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In the application of the faegears, contact ratio is greater than 2. This means that
there exist time periods when three pairs come to contact at the samEigune.
3-55shows a time instant at which three meshing pairs exist. The mesh stiffness has
to be calculated with the appropriate combination of them. For this, the time instants

where two pairs othree pairs are in contact have to be calculated.

Figure 3-55 Facegear tooth pairs in contact

TheFigure3-56 to Figure3-61 demonstrate the instances where two or three Tooth
Pairs (TP) make coatt. The input parameters for this case study are given below:

Table 3-4 Input parameters

Parameter Spur Pinion Face Gear
Number of teeth 23 103
Module (mm) 3.175

Pressure 20

Shaftangl e 90
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Figure3-56 demonstrates the instant where TP 1 makes first contact whitke artel

TP 0 are already in contadthis ase is named &3ase [1 01], and rotation angle

is read ag$0=0.4826 radians.
TP 3
-6
- 65
—197 75 -
o 02 0 02 04 06 08 1 3
14 16

12

TP 2
P 1

™ -1 T 0 T

Figure 3-56 Tooth pairs-1, 0 and 1 are in conta€ase [1 0 1]

Figure3-57 demonstrates the instant where -IRust leaves the contact area while
TP 0 and TP 1 are already in contddtis ase is named &3ase [0 1] and rotation

angle is read a5=0.3466radians.

™ 2
™ -1 ™ 0 ™ 1 x
5 0 05

1 15

Figure 3-57 Tooth pairs 0 and 1 are in contacgse [0 1]
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Figure3-58 demonstrates the instant where TP 2 makes first contact while TP 0 and
TP 1 are already in contadthis ase is named &3ase [0 1 2Jand rotation angle is

read as ¥»0.2516 radians.

P 2
7P -1 T 0 TP 1 P 3
A4
-145 —
45—
155 —|
A6—]
-165 —
47—
yaE
475 —]|
18—
-7
85—
/hf?5
W@

05 1

15

Figure 3-58 Tooth pars 0, 1 and 2 are in conta@ase [0 1 2]

Figure3-59 demonstrates the instant where TP O first leaves the contact area while
TP 1 and TP 2 are already in contddtis ase is named &3ase [1 2] and rotation
angle is read a%=0.1046 radians

A 05 o

05 1

Figure 3-59 Tooth pairs 1 and 2 are in contacgse [1 2]
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Figure3-60 demonstrates the instant where TP 3 makes first contact while TP 1 and

TP 2 are already in contadthis @ase is named d%ase [1 2 3] and rotation angle is

read as’,=0.0176 radians.

Figure 3-60 Toothpairs 1, 2 and 3 are in contaCiase [1 2 3]

-5 -1 05 0

And finally, Figure3-61 demonstrates the instant where TP 1 first leaves the contact
area while TP 2 and TP 3 are already in confHuis @ase is named &3ase [2 3]

and rotation angle is read As=-0.1124 radias.

Figure 3-61 Tooth pairs 1 and 2 are in contacgse [1 2]
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The rotation angle valuesrable3-5, specifies the instances when tooth pairs make

contact for the first time and lose contact from their pairs for the first time. The

difference betweethe valuesof , and f, specifies the period of the variation of

mesh stiffness for the tooth pair (TP 1), whichAs- f #©.595C radians. Setting

f, =0, and knowing that, - g #.595( radians corresponds to 25 contact lines,

the contact line correspondents for each six time instants are calculated accordingly.

Table 3-5 Rotation angles and corresponding time instants for TP1

Time instant i fi(rad) f1- f(rad) Contact line
correspondent
case {1 0 1] 1 0.4826 0 1
case [0 1] 2 0.3466 0.136 6.71
case [0 1 2] 3 0.2516 0.231 10.70
case [1 2] 4 0.1046 0.378 16.88
case [1 2 3] 5 0.0176 0.465 20.53
case [2 3] 6 -0.1124 0.595 26

Table3-6 summarizesheinstants that tooth pairs mesh or lose contact in terms of
contact lines; for the current case, 25 contact lines are talkesmcicwunt’0" denotes

the instantvhentoot pair makes contac®5" denoteshe time whernooth pair loses
contact, and other intermediate values portrays the location of the contact on the

tooth surface accordingly, in terms of the available cofitzes.
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Table 3-6 Instants when the tooth pairs mesh or lose contact

TP 1

TPO TP1 TP2 TP 3

case {1 0 1]
case [0 1]
case [0 1 2]
case [1 2]
case [1 2 3]
case [2 3]

19.2
26

9.11
15.8
19.8
26

1

6.7

10.7 1

16.8 7.17

205 108 1
26 16.2 6.4

Figure3-62 gives the resultg mesh stiffness of the gear pair specified aile3-4.

at the center of contact line, (N/m)

slifness

3.24

Figure 3-62 Total Mesh stiffness

Determining the Appropriate Strip Elements

Application of a point force creates local singularity, and the deformafidhe

application point brings significant error. Refining the mesh size also worsens the

situation. For the bending contribution of the displacement of a contact point on tooth
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surface, in 3D FE model, the deflection of the point on the opposite side of the tooth
is taken into account. The following tooth surface is generated through the developed

Matlab code and exported to Abaqus FE package software.

a) b)

Figure 3-63 a) Generated tooth geometiy), 3D FE model in ABAQUS

The generated tdlo is discretized with 3D finite element type of C3D10 of Abaqus.
The generated number of node200614 and the created number of elemests
137970. The point load is applied at the pointing ¢aéer side)f the tooth, as

seenin Figure3-64 and at the inner side of the tooth, as sedfigure3-65.

The deformation due to bending is soyghit due to nature of the point load this
value cannot be read from the obtained result at the application point.

The same tooth is discretizeding4, 5, 8, 12, 16, 23, and 44 finite strip elements
and the point force is applied the same location. Endeformation is taken at the
nodal point that corresponds to the application point and the nearby nodal line within
the same element. These deformation values are averaged, and tivegresiules

are plotted below. Athe number of thetrip elementss increased, the resuity

value converges to the value obtained from the 3D Abaqus FE model, as shown
Figure3-64 andFigure3-65. Two arbitrarily loaded case studies are performed:

1 Casel: A unit load is applied at the depicted locatiofrigure 3-64.
1 Case2: A unit load is applied, at the depicted locatiofrigure 3-65.
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