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ABSTRACT

EXCEPTIONAL LIE ALGEBRA g; AND ITS REPRESENTATIONS

Kayakokii, Mehmet Mustafa
M.S., Department of Mathematics

Supervisor: Assoc. Prof. Dr. Ibrahim Unal

September 2022, [81] pages

In the classification of complex simple Lie algebras, there are five of them whose
Dynkin diagrams are of exceptional type. The Lie algebra g- has the smallest dimen-
sion among these exceptional Lie algebras and together with its corresponding Lie
group (7o, it plays an important role in differential geometry, mathematical physics,
and modern string theory. In this thesis after a general introduction to Lie algebras,
we show the classification of complex simple ones. Afterward, we give several con-
structions of the exceptional Lie algebra g, and investigate its fundamental represen-

tations.

Keywords: Lie algebra, Lie group, exceptional Lie algebra, exceptional Lie group
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ISTISNAI g, LIE CEBIRI VE TEMSILLERI

Kayakokii, Mehmet Mustafa

Yiiksek Lisans, Matematik Bolumii

Tez Yoneticisi: Dog. Dr. Ibrahim Unal

Eyliil 2022 , 81| sayfa

Basit kompleks Lie cebirlerinin siniflandirilmasinda Dynkin diagrami siradisi olan
5 tane Lie cebiri vardir. Bunlar arasinda g» en kiiclik boyuta sahip olanidir ve go
ye karsilik gelen Lie grubuyla beraber diferansiyel geometri, matematiksel fizik ve
modern sicim kuraminda 6nemli role sahiptir. Bu tezde genel bir giris yaptiktan sonra
basit kompleks Lie cebirlerinin siniflandirmasini verdik. Daha sonra siradisi g, Lie

cebirinin farkli ingalarin1 ve temel temsillerini inceledik.

Anahtar Kelimeler: Lie grup, Lie cebiri, siradisi Lie cebiri, siradis1 Lie grubu
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CHAPTER 1

INTRODUCTION

Lie groups and Lie algebras play an important role in many branches of mathematics.

Among these, the most well-known branches can be given as the following:

e differential geometry (e.g. Chern-Weil theory),

e Riemannian geometry (e.g. holonomy and symmetric spaces),
e mathematical physics (e.g. gauge theory),

e algebraic topology (e.g. characteristic classes)

e low-dimensional topology (e.g. Chern-Simons theory),

e algebraic geometry (e.g. flag varieties),

e number theory (e.g. the Langlands program).

Lie theory was initiated by Norwegian mathematician Sophus Lie in the late nine-
teenth century. His ideas were to develop a theory of symmetries for differential
equations, similar to the theory of Galois for algebraic equations. One big difference
here was that the groups were not finite or discrete but they were continuous which
can be said right now that they are also manifolds. His ideas were motivated by the
work of Jacobi for differential equations and they were developed with a close col-
laboration with F. Klein.

Lie groups are smooth manifolds with a group structure where the group multiplica-
tion and inversion are smooth maps. They are very essential in geometry; in many
cases they provide the first interesting examples due to the fact that they are the groups
of symmetries of certain manifolds.

One of the fundamental results in the theory of Lie groups is that many properties



of Lie groups can completely be determined by the corresponding Lie algebra, the
tangent space of the Lie group at identity. (Conversely, Lie’s third theorem states that
every Lie algebra g has a unique Lie group GG which is connected and simply con-
nected such that the Lie algebra of G is g.) Studying the Lie algebras reduce most of
the problems in Lie groups to the linear algebra level. Furthermore they provide an
important role in the big problem, the classification of Lie groups. Hence, by giving
a complete classification of a large class of Lie algebras, namely complex semisim-
ple Lie algebras, in 1888 a major improvement was done in Lie theory by Wilhelm
Killing.

In the classification of complex semisimple Lie algebras, aside from a few classes of
big families there are some exceptional Lie algebras, which are g, f4, ¢, ¢7, ¢s. The
Lie algebra go, the main topic of this thesis, is 14-dimensional and it is the smallest
in this list whereas f4 is 52, ¢g 1s 78, ¢7 1s 133 and eg is 248 dimensional.

The Lie algebra g, was first realized by W. Killing. when he was trying to prove
that there are only two families of complex simple Lie algebras, namely so(n, C)
and s[(n, C). The reality was dramitacally surprising that there is actually one more
family which is the symplectic algebra sp(n, C) other than the five exceptional Lie
algebras g, {4, ¢, €7, es. Although Killing was able to make the correct classification,
there were mistakes and missing parts in Killing’s work, which was later completed
by Elie Cartan [1], [2]].

The Lie algebra g, together with its corresponding Lie group G5 play a crucial role
in Riemannian geometry and in theoretical physics. 7-dimensional manifolds whose
holonomy groups are in (G, are called G'o-manifolds. These special manifolds are very
important in string theory. The mathematical structure of M-theory compactifications
of four-dimensional space time determines the physics. These compactifications are
7-dimensional and they carry the structure of a (Gy-manifold.

In this thesis, we mainly investigate complex simple Lie algebras, especially the ex-
ceptional Lie algebra g- and its several constructions. The organization of the thesis
is as follows.

In Chapter 2, we first give the necessary background on Lie algebras, and then focus
on complex semisimple Lie algebras, their equivalent formulations and basic proper-
ties.

In Chapter 3 starting with a motivational example, namely s[(2, C) we summarize the



classification of complex simple Lie algebras.

In Chapter 4, we give an outline of the representation of Lie algebras, first for an
important example s[(3, C) which is mainly used in the following chapter and then in
general setting.

In the concluding chapter, namely Chapter 5, we give two constructions of the excep-
tional Lie algebra go. The first one is done by using the Dynkin diagram and its root
system. The second is a recent construction by Wildberger [3] which basically uses

combinatorics.






CHAPTER 2

PRELIMINARIES

2.1 Basic Concepts On Lie Algebras

Definition 2.1.1. A vector space L over a field [F, with a bilinear operation L X L —
L denoted [xy| and called the bracket or commutator of = and y, is called a Lie algebra

over [ if the following axioms are satisfied:
(L1) [xz] =0 forany x in L.

(L2) [x[yz]] + [y[zx]] + [z]xy]] = 0 for z,y,z in L. (Jacobi identity)

Observe that for any =, yin L, 0 = [z+y, v+y| = [xz]+[zy]+[yx]+]yy] = [ry]+[yx]
implies that [zy] = —[yx].

In this thesis, we only study the finite dimensional Lie algebras over the complex field
C. Other than that we assume all the vector spaces to be finite dimensional over C

unless otherwise stated explicitely.

Example 2.1.1. Any vector space V' can be made into a Lie algebra trivially by defin-

ing [xy| = 0 for all z,y € V. This Lie algebra is called abelian.
Example 2.1.2. Cross product on R? defines a Lie algebra.

Example 2.1.3. Let IV be an n dimensional vector space over I, gl(1") denotes the
set of linear transformations from V" to V' with the multiplication [f,g] = fog—go f.
Then gl(V') is a Lie algebra, called the general linear Lie algebra. Fixing a basis
for V, we may prefer to write the matrix representations of the elements of gl(1") and
denote it by gl(n, F) with the bracket defined by [M, N] = M N — NM forthe n x n
matrices M and N. We can show that the Jacobi identity

5



[M, [N, K] + [N, [K, M]] + [K, [M, N]| = 0

1s satisfied.

Definition 2.1.2. A subspace K of L is called a Lie subalgebra if [zy] € K Vz,y €
K. A subspace I of L is called an ideal if [xy| € I,forxz € [,y € L.

Any subalgebra of gl(1) is called a linear Lie algebra.

Remark We only have two sided ideals for Lie algebras since, [xy| = —[yz].

Example 2.1.4. The set of trace 0 matrices form a subalgebra of gl(n, ), called the

special linear algebra, denoted, s[(n, IF). Indeed; for the matrices A = (a;;) and B =

n

(blj> in g[(n, F), we have tI‘(AB) = i(AB)“ = i i aikbki = Z Z bkiaik =

i=1 i=1 k=1 i=1 k=1
n

Zzbkiaik = Z(BA)kk = tr(BA). Therefore, tr([A, B]) = tr(AB — BA) =
k=1 i=1 k=1
tr(AB) — tr(BA) = 0. This shows that sl(n, ) is actually an ideal of gl(n,F).

Example 2.1.5. Among all, there are 4 families of linear Lie algebras which are

fundamental to the classification.

A, =slln+1,C)={Aecglln+1)|tr(A) = 0} the special linear Lie algebra,

B, =s50(2n+1,C)={Aegl(2n+1) | A+ AT = 0} odd dimensional orthogonal
algebra,

C, = sp(2n,C) = {A € gl(2n) | J, A+ ATJ, = 0}, where J,, =
symplectic algebra,

D, = s0(2n,C) = {A € gl(2n) | A+ AT = 0} even dimensional orthogonal
algebra.

Definition 2.1.3. A linear map ¢ : L — L' is called a (Lie algebra) homomor-
phism if ¢([zy]) = [¢(z)o(y)] Vo, y € L

Definition 2.1.4. Two lie algebras L and L’ are called isomorphic if there exists a

Lie algebra homomorphism which is bijective.

6



Example 2.1.6. Let dim V' = n and B be an ordered basis of V. Then the map
U gl(V) — gl(n, C) defined by U(T') = [T is an isomorphism of Lie algebras.

The restriction W ., establishes an isomorphism between s[(V) and sl(n, C).

Definition 2.1.5. Let L be a Lie algebra over F. A homomorphism ¢ : L — gl(V)

of Lie algebras where V' is an [F-space is called a representation of L.

If we define z.v = ¢(z)(v), a representation ¢ affords an L-module structure by the

rules:

1. xz.vis linear in z and v.

2. [zylv=x.(yv) —y.(xw) forz,ye L, veV.

Conversely, if the action x.v satisfies 1, 2, then L-module structure affords a represen-
tation by the rule ¢(x)(v) = x.v. Therefore, studying representations and modules

are equivalent.

Definition 2.1.6. Any linear map ¢ on a Lie algebra L is called a derivation if it

satisfies ([zy]) = [26(y)] + [0(z)y] forz,y € L.

Example 2.1.7 (Adjoint Representation). Let x be any element of the Lie algebra L.
We define the map adx : L — L by adz(y) = [zy]. This map is linear but not
a homomorphism. However, it is a derivation since, [x[yz]] = [y[zz]] + [[zy]z] by

Jacobi identity.

Now, we consider the map ad: L — gl(L) defined by ad(z) =adz. This map is a

homomorphism, i.e, ad[xy| = [adx,ady], called the adjoint representation of L.

ladz,ady](z) = adrady(z) — adyadx(z) = adx([yz]) — ady([zz]) = [z[yz]] —
ylzz]] = [zly2]] + [[z2]y] = [[xy]z] = ad[zy](2).

Lemma 2.1.1. The set of derivations DerL of L is a subalgebra of gl(L). Moreover,
adL is an ideal of DerL.

Example 2.1.8. A basis for sl(2, C) is given by

7



It can be easily checked that [zy] = h, [hz| = 2z and [hy| = —2y. This implies that
h acts on the subspaces Cz and Cy by the bracket operator. In other words, We may

write the Ch-module s((2, C) as a sum of 1-dimensional Ch-submodules, namely

s[(2,C) = Ch& Cz & Cy.

Moreover, This observation can be generalized to sl(n, C) for any n. Indeed, if b is
the subalgebra of diagonal matrices of sl(n,C) then b acts on the subspaces CE; ;
where 7 # j. Later, in chapter [3] we will see that any semisimple Lie algebra has a

decomposition with this property.

Definition 2.1.7. If I and J are ideals of L then we define [/J] = {D [z;y]|z; €
[,yi € J}

Remark It is easy to show that [[.J] is also an ideal of L by using Jacobi identity. In

particular, [LL] is an ideal of L.

Definition 2.1.8. A non-abelian Lie algebra L is called simple if it has no ideals

except L and 0.

Example 2.1.9. s[(V') is an ideal of gl(V). So, gl(V') is not simple.
We have two sequences of ideals of L :

(i) The derived series of L is defined to be the sequence of ideals L(©®) = [,
LW = [LL], L@ — [L(I)L(l)], ..... L LM = [L(n—l)L(n—l)],

(ii) The lower central series of L is defined to be the sequence of ideals L’ = L,

L'=[LL],L?=[LLY, ---- ,L" = [LL"Y].

Definition 2.1.9. Let L denote a Lie algebra,

1. L is called solvable if L™ = 0 for some n.



2. L is called nilpotent if L = 0 for some n.

Remark 1 L is abelian <= L) = L' = 0, that is, any abelian algebra is nilpotent.

Remark 2 By induction, L™ C L™ for any n, that is, any nilpotent algebra is solv-

able.

Definition 2.1.10. The center of the Lie algebra L is defined as Z(L) = {z € L |
[zz] = 0Vz € L}. Itis obviously an abelian ideal of L and L is abelian if and only if
Z(L) = L.

Example 2.1.10. E;; denotes the matrix with (7, j) entry 1 and other entries 0.

(i) 0(n, C) the subalgrebra of diagonal matrices of gl(n, C) is abelian.

(ii) Let n(n,C) be the subalgebra of strictly upper triangular matrices of gl(n, C).
Then, it is easy to show that [0(n,C),n(n,C)] = n(n,C). Indeed, if N is strictly
upper triangular matrix, then fori > j, (E;;.N);; = N;; =0and (N - E;;);; = Ny =
0. Therefore, the i, j entry (i > j) of the matrix [E;;, N] = E;;N — NE;; is 0. Since
any diagonal matrix is a linear combination of E;;’s, we get [0(n,C),n(n,C)] C
n(n, C). For the inclusion n(n, C) C [d(n,C),n(n,C)], any N € n(n,C) is a linear

combination of E; ;’s where ¢ < j. Then, E; ; = [E; ;, E; ;] finishes the assertion.

(iii) Let L = t(n, C) be the subalgebra of upper triangular matrices of gl(n, C). We
can write t(n, C) = 9(n, C) & n(n, C). Then by (ii), [t(n, C), t(n,C)] = n(n,C) and
L?* = [LL'] = [t(n,C),n(n,C)] C [0(n,C),n(n,C)] + [n(n,C),n(n,C)] = n(n, C).
Also, L? contains n(n, C) since it contains [0(n, C), n(n, C)]. This shows that, L' =
n(n,C) for any i, and hence t(n,C) is not nilpotent. But we will show later that

t(n, C) is solvable by using Engel’s theorem.

Theorem 2.1.1.  (a) Subalgebras and homomorphic images of a solvable Lie alge-

bra are solvable.

(b) If I is a solvable ideal of a Lie algebra L such that L/ 7 18 solvable, then L is

solvable.

(c) If I and J are solvable ideals of a Lie algebra L, then sois I + J.

9



Proof. (a) Let L be a solvable Lie algebra and M be a subalgebra of L. Using in-
duction, we may show that /(™ < L™ which implies M is solvable. Now, for a
surjective homomorphism ¢ : L — N, we can show ¢(L™) = N by induction

on n.
(b) Apply part (a) to canonical epimorphism.

(c) By second isomorphism theorem, (I+J >/J = ]/< InJ) where I/( InJ) is
solvable since it is a homomorphic image of /. Then, (I+J )/J is solvable and
hence by part (b), / + J is solvable.

Remark Part (c) implies that the maximal solvable ideal is unique.

Theorem 2.1.2. (a) Subalgebras and homomorphic images of a nilpotent Lie alge-

bra are nilpotent.
(b) For a Lie algebra L, if L/ Z(L) is nilpotent, then so is L.

(c) If a Lie algebra L is nilpotent and nonzero, then Z (L) # 0.

Proof. (a) Same argument in the previous theorem works.

(b) Consider the canonical epimorphism 7 : L — L/ Z(L)" We can show that
(LY = 7(L)" = (L/Z(L))i' Assume that (L/Z(L))” = 0 for some n. Then,
(L") = 0 implies that L" C Ker 7 = Z(L). Therefore, L"*' = [L,L"] C
L, Z(L)] = 0.

(c) Let n be the smallest integer such that L™ = 0. Then, L™ = [L, L™"'] = 0 implies
that L"~! C Z(L) where L™~ # 0. Therefore, Z(L) # 0.

]
Lemma 2.1.2. [s5[(n, C),sl(n,C)] = sl(n, C). In particular, s5/(n, C)" = sl(n, C)™ =
sl(n, C) and so sl(n, C) is not solvable.
Proof. Let H;; = [E;;, E;;] = E;; — E;; fori # j. Then a basis for sl(n,C) is
{Eivj | 1 7é j} U {Hi,z'—i-l = [Ei,i+17 Ei—i-l,i]}' In particular, {Ei,j; Hi,j | 1 7é j} Spans

10



sl(n,C).

The inclusion C is obvious. Now, for i # j, E;; — E;; = [E;;, E;;] and E; ; =
1/2[ EJJva]:l/Q[HzJaE ] L

Lemma 2.1.3. [gl(n, C), gl(n, C)] = sl(n, C)

Proof. tr(AB — BA) = 0 implies that [gl(n, C), gl(n, C)] C sl(n,C). Then, by the
previous example sl(n, C) = [sl(n, C), sl(n,C)] C [gl(n, C), gl(n, C)]. O

The previous two lemmas show that gl(n, C)" = gl(n, C)™ = sl(n, C) implying that
gl(n, C) is not solvable.

Remark If L is nilpotent, say 0 = L™ = [L[L[L...[LL]]]], then [z [x2[z5....[z,y]]]] =
0. So, (adz)™ = 0 for all x € L. This means that every element of L is ad-nilpotent.
Converse of this statement is also true but not that obvious. We will state without

proving. It is referred as Engel’s theorem:

Theorem 2.1.3 (Engel). L is nilpotent if every element is ad-nilpotent.

As an application we can show that;

Example 2.1.11. (i) n(n, C) is nilpotent: Any element is a linear combinations of
E; ; with i < j. Then for k < [ we have adE; j(Ey,;) = [Eij, Ex)] = 0jxEis — 01 Ex
which is equal to either E;; or Ej, ;, but then applying ad one more time, [E; ;, E; ] =

0 and [E; ;, B} ;] = 0. By bilinearity of the bracket, we conclude that every element
is ad-nilpotent and hence n(n, C) is nilpotent (and solvable in particular) by Engel’s

theorem.

(ii) t(n, C) is solvable: By the example[2.1.10, we know that
(t(n,C)Y = [t(n, C), t(n, C)] = n(n, C)

Then by induction, (t(n,C))* = (n(n,C))® for any i. Since n(n,C) is solvable
by (i), then so is t(n, C).

(1) and (ii) imply that all the subalgebras of gl(n, C) contained in t(n, C) are solvable

and those contained in n(n, C) are nilpotent.

11



Lemma 2.1.4. sl(n,C) is a simple Lie algebra for n > 2.

Proof. Let k be a nonzero ideal of s[(n, C). Then it can be shown that & = sl(n, C)
by successive matrix operations on the elements of k. The details can be found in [4]

or [5].

Lemma 2.1.5. If f € gl(V) is nilpotent , then ad f is nilpotent.

Proof. Let \; and py be two endomorphisms defined as A\;(g) = fg and ps(g) = gf.
Then, A; and py commute and are nilpotent endomorphisms. So, we can use binomial

theorem to conclude that adf = Ay — p; is nilpotent.

2.2 Semisimple Lie Algebras

Definition 2.2.1. Let L be a Lie algebra. Then,

(1) The unique maximal solvable ideal of L is called the radical of L, denoted by
RadL.

(i1) L is called semisimple, if RadL = 0. In other words, L is semisimple if it does

not contain any nonzero solvable ideal.

(iii) An element x € End(V) is called semisimple if the roots of its minimal polyno-

mial are all distinct.

For any Lie algebra L it is easy to observe the followings.
(i) L is solvable if and only if Rad = L.

(i1) If 0 # L is semisimple, then L is not solvable.

(i) LRaqg, is semisimple.

12



To understand the semisimple Lie algebras better, we need to study the solvable Lie

algebras. We will give the theorem’s of Lie and Cartan without proving.

Lemma 2.2.1. Let L be a solvable Lie algebra with a representation ¢ : L — gl(V/).

Then there is a common eigenvector of all ¢(x), x € L.

As a corollary of this lemma, one can prove the Lie’s theorem using the induction on

dim V.

Theorem 2.2.1 (Lie’s Theorem). Let g be a solvable Lie algebraand p : g — gl(V)
be a representation. Then there exists a basis B of V' such that [p(x)]s is upper

triangular for any x € g.

Lie’s theorem is actually a generalization of the triangular forms of linear operators

in basic linear algebra.

Another corollaries of the lemma are the following.

Corollary 2.2.1. L is solvable if and only if [LL] is nilpotent. In particular, ad,x is
nilpotent for any x € [LL)].

Corollary 2.2.2. If L is solvable, then any irreducible representation is 1-dimensional.

Theorem 2.2.2 (Cartan’s Criterion). A Lie algebra L is solvable if and only if

tr(adz-ady) = 0 forall z € [LL] and y € L.

The proof of Cartan’s criterion uses the Jordan-Chevalley decomposition from the

basic linear algebra.

2.2.1 Jordan Decomposition

(i) If 71,75 € End(V') are semisimple (diagonalizable) and commute, then they are
simultaneously diagonalizable. That is, there is a basis B of V' consisting of all eigen-

vectors of both 77 and 75. (See, [6]]). Thus, 7} + 75 and 77 — T5, are semisimple.

(ii) If 7" is semisimple such that T'(1W) C W where W is a subspace of V, then T},

1s semisimple.
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Theorem 2.2.3 (See, [7]). Let 7" : V' — V be a linear map where V' is a finite

dimensional vector space over C. Then, the followings hold.

(i) There are unique linear maps 75 and 7}, such that T' = T + T,,, where T} is

semisimple, 7, is nilpotent and 75 o T, =T}, o T.

(ii)There are polynomials p,q € C[X] such that p(T') = T, and ¢(T') = T,. In

particular, 75 and 7;,, commute with any linear map commuting with 7.

(iii) For the subspaces U and W of V satisfying U C W C V,if T(W) C U, then
T,(W)CcUand T,(W)CU.

Lemma 2.2.2. Let T be a linear map from V to V (i.e, T € End(V)) with Jordan
decomposition 7' = T + T,,. Then, adT' =adT,+adT,, is the Jordan decomposition
of adT'.

Proof. 1t can be shown that ad7} is semisimple and ad7;, is nilpotent [7]]. It remains

to show that ad7, and ad7;,, commute, but this is obvious since one can write:
[adT;,adT,] =ad[T;, T,] =ad0 = 0. O

Lemma 2.2.3. DerL contains semisimple and nilpotent parts of all its elements.

2.2.2 The Killing Form

In this section, using the properties of the Killing form, we will give an equivalent
conditions for semisimplicity. Also, the existence of the abstract Jordan decomposi-

tion depends on the results given in this section.

Definition 2.2.2. The symmetric bilinear form s : L x L. — C defined by
k(z,y) = tr(adz - ady)

is called the Killing form.

Killing form has the associativity property:

rllzyl, 2) = w(z, [y=]) (2.1)

14



This can be seen by:
k([zy], z) =tr(ad[xy|-adz) =tr([adz,ady]-adz) =tr(adz-[ady,adz]) =tr(adz-ad[yz]) =
R, [yz])

Lemma 2.2.4. If « is the Killing form of L and [ is an ideal of L, then the Killing

form x, of I coincides with s .
X

Proof. For x,y € I, adr-ady maps L into I. So, its trace is equal to the trace of

adz-ady |,. O

We can rewrite the Cartan’s criterion in the language of Killing form as:

A Lie algebra L is solvable if and only if x(z,y) = 0 for all x € [LL], y € L. This

can be generalized to solvability of the ideals by the previous lemma.

Corollary 2.2.3 (Cartan’s Criterion). An ideal / of a lie algebra L is solvable if and
only if k(z,y) =0forall z € [[I], y € I.

Proof. This is an immediate result of the lemma U
Definition 2.2.3. The set {z € L| k(x,y) =0 forall y € L} is called the radical of
the Killing form x.

Radical is an ideal because of the associativity property of the Killing form.
Theorem 2.2.4. Finite dimensional Lie algebra L is semisimple if and only if it has

no nonzero abelian ideal. In particular, Z (L) = 0 whenever L is semisimple.

Proof. (=): Since L is semisimple, RadL = 0 and so, L has no non zero solvable
ideals. This implies that L has no non zero abelian ideals.
(«<): Assume that Rad # 0. Then, since RadL is solvable, RadL(™ = ( for some

n > 0 (Here, we take n to be the smallest such number).
RadL™ = [RadL""Y RadL™ V] =0

which implies that RadZ("~1) is non-zero, abelian.
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Theorem 2.2.5 (Cartan’s criterion of semisimplicity). L is semisimple iff its Killing

form is non-degenerate.

Proof. (=): First note that RadL = 0 since L is semisimple. Let K be the radical
of k. We have, k(z,y) = 0 forall z € K, y € L. In particular, x(x,y) = 0 for all
x € K, y € [KK]. Since K is an ideal of L, it is solvable by the Cartan’s criterion.
This forces K C RadL = 0.

(<=): We assume that the radical K of « is 0. We need to show that L has no nonzero
abelian ideal. In other words, it is enough to show that every abelian ideal of L is a
subset of the radical K. Let / be an abelian ideal of L. For x € I, y € L, adz-ady
maps L into I. So, (adz-ady)? maps L into [[I] = 0. This means that adz-ady is
a nilpotent endomorphism. But, nilpotent endomorphisms have trace 0. Therefore,

k(x,y) =tr(adz-ady) = 0 which means x € K as desired.

O

Theorem 2.2.6. If L is a semisimple Lie algebra, then there are ideals L, ...., Ly C L
so that

and each L; is a simple Lie algebra. In fact, L;’s are the only simple ideals of L.

Proof. For any ideal I of L, [+ = {x € L| k(x,y) = 0 forall y € I} is an ideal of
L by the associativity of . For z,y,z € I N I+, k([zy], 2) = 0 since [zy] € I+ and
z € I. Therefore, I N I+ is a solvable ideal of L and hence it must be 0. Moreover,
we know that dim / + dim I+ = dim L since & is a nondegenerate biliner form on L,
andso L = I & I+. Now, by induction on the dimension of L, we can show that L

has the desired decomposition.

If [ is a simple ideal of L, then [/L] is a nonzero ideal of I since Z(L) # 0. So,
[IL] = I. Using the decomposition of L, we can write [[L] = [[L,|®....®[I L] = I
(This is a direct sum because each summand is in different ;). Thus, only one of the

summands is nonzero because each summand is an ideal of [ and [/ is simple. If

16



[IL;] # 0, then [/L;] = I and [/L;] = L; since both [ and L; are simple. This
concludes that [ = L,. O

Corollary 2.2.4. If L is a semisimple Lie algebra with the decomposition
L=L16&.. &I,
where [;’s are simple, then

1. [LL] = L, all ideals and homomorphic images of L are semisimple. By the the-
orem above, this shows that any ideal is [ = Z I; forsome J C {1,2,...,k}.

iceJ

2. L =adlL.

3. L is isomorphic to a subalgebra of gl(L)

Proof. (1) We observe that [[;, [;] C I; N I; = 0if i # j and [[;, I;] = I, since I; is
simple. Hence, [LL] = [I1, 1] + [I2, |+ - -+ [Ix, x| = L1 + Io + .... + ), = L.

Any ideal [ is semisimple because solvable ideal of [ is a solvable ideal of L. Now
let ¢ be an epimorphism on L. Since Ker¢ is an ideal, (Ker¢)= is also an ideal and
we can write L = Ker¢ @(Ker¢)® and get ¢(L) = L/Kenb =~ (Kerg)!t which is

semisimple because it is an ideal of L.
(2) The map ad: L — ad(L) has kernel Ker ad= Z(L) = 0 and the image is ad L.
(3) This is obvious by part (2) since ad L is a subalgebra of gl(L).

]

Subalgebra of a semisimple Lie algebra need not be semisimple. Consider sl(n, C)
with the subalgebra n(n, C) of strictly upper triangular matrices. n(n, C) is a nilpotent

and therefore a solvable Lie algebra. Hence Rad(n(n, C)) = n(n,C) # 0.
Theorem 2.2.7. For a semisimple Lie algebra L, adL = DerL.

Theorem 2.2.8 (Abstract Jordan Decomposition). Let L be a semisimple Lie algebra
and z € L. Then there are unique elements =, and z, in L with z = x4 + x,,

[zsx,] = 0 and adz =adz,+adx,, is the Jordan decomposition of adz in End(L).
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Proof. Since L is semisimple, ad, = DerL and the map ad: . — ad[L is an isomor-
phism of Lie algebras. Let adz has the Jordan decomposition adz = (adx), + (adx),,.
Since adL contains semisimple and nilpotent parts of all its elements, (adz); and
(adz),, are in adL. Then, we have (adz); =adz, and (adx),, =adx,, for some unique
xs and z,, in L since ad is one to one. So, ad(zs+x,) =adx which implies z = z,+x,

since ad is one to one. Also, 0 = [adzs,adz,,| =ad|zsz,| implies that [zx,] = 0.

]

Here, note that z, is ad-semisimple (i.e, adz, is semisimple in End(L)) and z,, is

ad-nilpotent in End(L).

In the above theorem, =, and z,, are called the semisimple and nilpotent parts of z

respectively.
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CHAPTER 3

CLASSIFICATION OF SEMISIMPLE LIE ALGEBRAS

The structures of semisimple Lie algebras are not so different than the structures of
sl(n,C). In fact, they have a similar module decompositions. Among all sl(n, C),
s[(2,C) has a special importance since we will actually see that any semisimple Lie
algebra contains a copy of s[(2, C). Therefore, any semisimple Lie algebra is a rep-

resentation of sl(2, C) and we begin with it.

3.1 Representations of s[(2, C)

Lemma 3.1.1. If L is semisimple and ¢ : L — gl(V) is a representation, then
o(L) Csl(V).

Proof. Since L is semisimple, then [LL] = L. So, ¢(L) = ¢([LL]) C [¢(L), p(L)] C
[gl(V), gl(V)] = sl(V). O

Theorem 3.1.1 (Weyl’s theorem). If L is a semisimple Lie algebra , then any finite di-
mensional L-module is completely reducible. In other words, any finite dimensional

L-module is a direct sum of irreducible L-modules.

Corollary 3.1.1. Let L be a subalgebra of gl(V') (that is linear Lie algebra), then the
abstract Jordan decomposition in gl(L) coincides with the usual Jordan decomposi-

tion in gl(V).

Corollary 3.1.2. Any representation ¢ of a semisimple Lie algebra preserves the
Jordan decomposition. That is, if x = x, + z,, is the abstract Jordan decomposition

of x, then ¢(z) = ¢(xs) + ¢(x,) is the usual Jordan decomposition of ¢(z).
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L denotes s((2, C) throughout this chapter. It has a basis :

01 OOh 1 0
0 0 10 0 -1

h is a semisimple element of L. Then ¢(h) is diagonalizable in gl(V'). Then there is
an ordered basis of V' consisting of eigenvectors of ¢(h), say B = {ey, ea, ..., e, }. We
can write [h.v|g = [¢(h)(v)]g = diag[Ai, Ao, .., \y][v]s where \;” s are eigenvalues
of ¢(h). In other words, h acts diagonally on V. Now, let’s consider the subspace
Vi={veV:hv=a¢h)(v) = v} e €V, and V) = 0 if A is not an eigenvalue

of ¢(h). Then we can write V' = @ Vi. Here, A is called the weight of hin V' if

AeC
V) # 0 and V), is called the weight space.

Lemma 3.1.2. If v € V), then z.v € V),s and y.v € V) _»

Proof. h.(z.v) = [hx].v + z.(h.v) = 2(z.v) + x.(\v) = (A + 2)(x.v).

h.(y.v) = [hy].v + y.(hv) = =2(y.v) + y.(Av) = (A — 2)(y.v)

]

Since dim V' < oo, there exists A € C such that V), # 0 and Vo = 0. (Since there
are finitely many nonzero V), we can take the maximal eigenvalue). By the lemma,

z.w = 0forany v € V).

Definition 3.1.1. Any nonzero vector v € V) such that x.v = 0 is called a maximal

vector of weight \.

Lemma 3.1.3. Let V' be an irreducible L- module and vy € V) is a maximal vector.
1 .
Define v_; = 0 and v; = ,—'yz.vo. Then the actions of z, y, h are given by:
7!
2. Yy.v; = (Z -+ 1)U¢+1

3. Tr.v; = ()\ —1 + 1)1}1‘_1 . (Z Z 0)

Proof. See, [7]. O
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Conclusions: Different v;’s are linearly independent because (1) implies that differ-
ent v;’s are eigenvectors corresponding to different eigenvalues A — 2i. Therefore,
there is an integer /V such that v, = 0 for all £ > N. So we can define k to be the
smallest integer such that v; # 0 and vx,; = 0. Now, the subspace of V' with basis
(vo, V1, ..., ) is an L-submodule, but V' is irreducible. Hence dim V' = k + 1 with

basis (vg, v1, -, Vk)-

If we put i = k + 1 in the last lemma, we get x.v;41 = 2.0 = 0 = (A — k)v; which
implies that A = k = dim V' —1. Then the weight of a maximal vector is a nonnegative

integer called the highest weight of V. V' = @ V\=Vi® Vi o®... DV_,. There

AeC
are A + 1 = dim V many nonzero weight space in this summand. This means that

each weight space has dimension 1. So, we proved the theorem:

Theorem 3.1.2. If V is an irreducible L-module, then V = @ V., where « ranges

over {k,k—2,...,—(k—2),—k},k=dimV —land dimV, = 1.
Moreover, k is the weight of a maximal vector which is unique up to a scalar.

Up to isomorphism there is only one irreducible L-module of each dimension.

Corollary 3.1.3. Let V be any (finite dimensional) L- module, (L = s{(2,C)). Then
the eigenvalues of i on V are all integers, and each occurs along with its negative.
Moreover, in any decomposition of V' into direct sum of irreducible submodules, the

number of summands is precisely dim Vj + dim V.

Proof. By Weyl’s theorem, any L-module is completely reducible. Write V as V =
Vi Vo ®....®V, where each V; is irreducible. Consider the weight A of V. Observe

that V\, = @(V;) A- Then )\ is a weight of & in some V. So, any eigenvalue is integer
i=1
and it occurs with its negative. The number of summand is dim Vj + dim V; because

0 or 1 is a weight of each V; but not both of them.
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3.2 Root Space Decomposition

Recall the example|2.1.8] In general, we have the decomposition sl(n, C) = § @ CE;;,
i#]
where b is the subalgebra of trace 0 diagonal matrices and CE; ;’s are 1-dimensional

h-submodules. This can be seen if we let

At
b with A\; +... 4+ )\, =0, then hE; ; = (\; — \))E; ;.
An

Definition 3.2.1 (Cartan subalgebra). A subalgebra H of a Lie algebra L is called
a Cartan subalgebra if H is nilpotent and H = Ny (H) where N (H) = {z €
L|[hx) € H Yh € H}.

In the case of sl(n,C), the subalgebra b of diagonal matrices is clearly a Cartan

subalgebra.

Remark N (H) is the normalizer of H in L and it is the largest subalgebra of L in

which H is an ideal.

Theorem 3.2.1. Every finite dimensional Lie algebra L has a Cartan subalgebra.
Moreover, given any two Cartan subalgebras H; H there exists § € Aut(L) such

that 9<H1) = HQ.

We will not prove this theorem for arbitrary Lie algebras. Instead, we will construct
a Cartan subalgebra of a semisimple Lie algebra which will turn out to be a maximal

toral subalgebra.

Definition 3.2.2. Let 7" be a subalgebra of a semisimple Lie algebra L. T is called

toral if it contains only ad-semisimple elements.

Theorem 3.2.2. Every semisimple Lie algebra has a toral subalgebra.

Proof. For a semisimple Lie algebra L, RadL, = 0 which implies that L is not solv-
able and hence L is not nilpotent. Then by Engel’s theorem, L contains elements

which are not ad-nilpotent. Therefore, there exists elements x € L such thatx = s+n
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where ads is semisimple, adn is nilpotent and s # 0. Then there are nonzero subal-

gebras of L consisting of semisimple elements.

Theorem 3.2.3. Toral subalgebra of a semisimple Lie algebra is abelian.

Proof. Let T be a toral subalgebra of L, that is, all elements of 7" are ad-semisimple.
We will show that adyx = 0 for any = € T'. Firstly, adz is diagonalizable for any
x € T. Then adpz is also diagonalizable since it is just the restriction of adz to
T. So, we need to show that adyx has only eigenvalue 0. Assume that adpz has
eigenvalue ¢ # 0, that is, [zy] = cy for some y # 0. Then, adry(x) = —cy and
—cy is an eigenvector of adry belonging to 0. That is, adry(adry(x))= 0. But since
adry is diagonalizable, there is a basis of 1" consisting of eigenvectors of adry, say
{z; 11 =1,2,..,n} and let {; is an eigenvalue belonging to z;. So, we can write x € T'
as a linear combination of these eigenvectors as x = dy 2, +dozs+ - - +di 2 Where we
assume d; # 0 fori = 1,2, ..., k. Then, we have adry(x) = di[yz1] + - -+ dilyzi] =
dit1z1 + - - + dytrz and adpy(adry(z))= di(t1)*21 + - - - + dp(te)?2, = 0 which
implies that ¢; = 0 for (¢ = 1,2,.., k). This means that adyy(z) = 0 which is a

contradiction because —cy # 0.

]

Theorem 3.2.4 (Cartan Decomposition). Let H be a Cartan subalgebra of a semisim-
ple Lie algebra L. Then L may be written as the direct sum of /4 with a number of
1-dimensional H-submodules. Moreover, such a decomposition is uniquelly deter-
mined by H.

Definition 3.2.3. Let H be a Cartan subalgebra of a semisimple Lie algebra L. A
nonzero functional

a: H — Cis called a root of L with respect to H if
Lo={z€L:[hx]=ah)x, YVhe H} #0.

The set of roots will be denoted by .

Theorem 3.2.5. Let H be a maximal toral subalgebra of a semisimple Lie algebra L.

Then L has a direct sum decomposition
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L:Lo@@La

Proof. Since H is abelian, [adhjadhy| =ad[hihs] =ad0 = 0. This means that the
elements of ad;, H commutes. Therefore, the elements of ad; H are simultaneously
diagonalizable. That is, there is a basis B = {e;} of L consisting of eigenvectors of

adh for any h € H. This is equivalent to saying that L is a direct sum of subspaces

L., defined above.

Ly=CL(H)and H C C(H) obviously. Later, we will prove that H = C,(H).

L=HoEPLa

This decomposition is called the root space decomposition.

Theorem 3.2.6. For any o, 5 € H*, [L,Lg] C Latp. If a # 0, then every element
of L, is ad-nilpotent. If o + 8 # 0, then x(L,, Lg) =0

Proof. Letx € L, and y € Lg. Then, [h[zy]] = [[hz]y] + [z[hy]] = [a(h)x,y] +
[z, B(h)y] = a(h)z,y] + B(h)[z,y] = (a + B)(h)[z,y]. Therefore, [zy] € Lays.

If « # 0and x € L,, then for y € L we have (adz)"(y) € Lyats. There is a
number ng such that nga + [ is not a root. In other words, for every 8 € H* and
y € Lg, there is ng such that (adx)™ (y) = 0. Let n =max{ng : [ € H*}, then
(adz)"(y) = 0 forany y € L.

Now, assume that o+ 5 # 0. Then there exists, h € H such that (a+ 3)(h) # 0. Us-
ing the associativity of x we have, (a+ () (h)x(x,y) = a(h)s(z,y) + B(h)k(z,y) =
rllha],y) + w(x, [hy]) = —k([zhl,y) + w(z, [hy]) = —r(z, [hy]) + w(z, [hy]) = 0.
So, k(x,y) = 0.

]

Corollary 3.2.1. Let L be a semisimple Lie algebra. Then, the restriction of « to

Ly = CL(H) is nondegenerate.

24



Proof. Let k(y, Ly) = 0, where y € Lg. If « € ®, then o + 0 # 0 implies that
k(y,x) = 0forany x € L,. Thus, k(y,x) = 0 forany = € L. But x is nondegenerate
on L. Hence, y = 0. OJ

Theorem 3.2.7. Maximal toral subalgebra /1 is self-centralizing.

Proof. We will proceed in steps given in the book [7]].
Let H be a toral subalgebra of L and let C' = C',(H). Obviously, H C C.

If € C is semisimple, then H + Cx is toral because ad(h + cx) =adh + c.adx
which is a sum of commuting semisimple elements and hence semisimple. Then by
maximality of H, H = H + Cux. So, x € H. Now, for x € C' with the abstract Jordan
decomposition + = x5 + x,, since adr maps H into 0, then so do adzs and adzx,,.

Thus, x, and x,, are in C'.

Now we’ll show that x|, is nondegenerate. Assume that h € H with x(h, H) = 0.
For z € C, k(h,zs) = 0 since z; € H and k(h,z,) =tr(adh-adz,)= 0 because
adh and adzx,, commute and adz,, is nilpotent. Therefore, x(h, C') = 0 which implies

h = 0 by the corollary.

If z € C'is semisimple, then € H and so adox = 0. If z is a nilpotent element of
C, then adz is nilpotent and so adsx is nilpotent. For any z € C with x = x4 + x,,,

adcr =adgoxs+adox, =adox, is nilpotent. By Engel’s theorem, C' is nilpotent.

Next, C' can be shown to be abelian. Last step is to show that C' = H. If every
element of C'is semisimple then C' = H. If not, say x € C' is not semisimple. Then,
xn, # 0and z,, € C. Since C is abelian, for any y € C, adx,, and ady commute and
k(x,,y) =tr(adz,.ady) = 0. This is a contradiction because |, is non degenerate

by the corollary. [

Corollary 3.2.2. Maximal toral subalgebra of a semisimple Lie algebra is a Cartan

subalgebra.

Proof. Let H be a maximal toral subalgebra. We know that H is abelian. Let 0 #
x € N,(H)—H, thenz € L, forsome o € ® and [hz] = a(h)x € H forany h € H
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since z € Ny (H). Now, as H is abelian, 0 = [h[hz]] = («(h))?x for any h € H.

This implies that & = 0 which is a contradiction since 0 ¢ .

]

Corollary 3.2.3. Let H be a Cartan subalgebra of a semisimple Lie algebra L, then
for any o € H* there is a unique element t, € H such that x(t,, h) = a(h) for all
heH.

Proof. Define ¢ : H — H* by ¢(z) = f, , where f,(y) = k(x,y). ¢ is linear,
because x is bilinear. Moreover, ¢ is 1-1, since « is nondegenerate on H. Therefore,
¢ is also onto, since H and H* are finite dimensional. Hence for every a € H* there
exists unique ¢, € H such that ¢(t,) = o and a(h) = ¢(ts)(h) = K(ta, k) for every
heH. [

Theorem 3.2.8. 1. ® spans H*
2. If ais aroot, then so is —a.
3. Leta € &,z € L,,y € L_,. Then [zy] = k(z, y)tq.
4. If « € @, then [L,, L_,]| is one dimensional, with basis .
5. a(ts) = k(ta, ta) # 0, for a € O.

6. fa € ®and 0 # x, € Ly, then Jy, € L_,, such that x,, Yo, ha = [Tas Ya)
span a subalgebra s, of L isomorphic to sl(2, C).

.,
7. hy =

= ——; ho=—h_4
K(ta,ta)

Proof. (1) Let < ® >= W. Consider W+ = {h € H : a(h) =0 Va € W}. By
using duality and nondegeneracy of x on H, one can prove that dimH* = dim W +
dim(W+). Details can be found in [6]. Assume that, W # H*. Then dimW* = 0.
So, there exists nonzero h € H such that a(h) = 0 for all @ € ®. This implies that
[h, Ly) = 0. Then [h, L] = 0. So, h € Z(L), but Z(L) = 0 since L has no nonzero
abelian ideal, being semisimple. But / is assumed to be nonzero. Therefore, we must

have W =< & >= H*.
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(2) Suppose that —« is not a root, that is, L_, = 0. So, £(Ly, L_,) = 0. But we also
have that £(L,, Lg) = 0 for 5 # —a by the theorem [3.2.6] Therefore, #(Lq, L) =0

contradicts the nondegeneracy of the killing form.

(3) For any h € H, we have x(h, [zy]) = k([hz],y) = k(a(h)z,y) = a(h)k(z,y) =
K(ta, h)k(x,y) = K(K(z,Y)ta, h) = K(h, k(z,y)t,) so that we have :

k(h, k(x,y)ts) = k(h, [zy]). Then by nondegeneracy of «, [xy] = k(x,y)t,-

(4) For 0 # x € Ly, x(x, L_,) # 0, since « is nondegenerate. Then there is nonzero
y € L_,, with s(z,y) # 0. Then by (3), [xy] # 0 and hence [L,, L_,] # 0. Then by

(3), again it must have a basis ¢,

(5) Suuppose «(t,) = 0. So, we have [t,z] = 0 = [tyy| forall x € L,, y € L_,.
As in (4), we can find x € L.,y € L_, such that kx(z,y) # 0. We may assume
k(z,y) = 1. Then by (3), [xy| = t,. The elements x, y, ., generates a 3-dimensional
subalgebra S which is solvable since S®) =< ¢, > and S® = 0. Then, ad;t, is
nilpotent by 2.2.1] Tt is also semisimple since ¢, € H. Then ¢, = 0 which is a

contradiction.

(6) We are given 0 # x, € L,. As in the proof (4), we can find nonzero y, € L_,

such that k(x,, yo) # 0. By multiplying y,, with a suitable scalar, we can assume that

2 [ e
K(Za,Ya) = ———. Now define h,, = . Then we have the multiplications
(ta,ta) K(tas ta)
[P ) = i DY (3) a0 [y ] = —~[fa, 0] = —2—a(ta)a =2
Loy Ya| = Na an arTa| = —F 7~ las Ta] = U(lq )T = 4T ¢
! g alt.) alta)

[hom ya] = ﬁ[tm yoc] = (—a)(ta)Ya = —2Ya-

a(ta)
(7) —a(h) = —K(ta, h) = K(—t4, h) and also, —a(h) = (—a)(h) = K(t_a, h). So,
K(—ta,h) = K(t_q, h) for all h € H. By nondegeneracy of x on H, we see that
—t, = t_,. Then,

%_,, —ot, —ot,

Mo = ) T Calty) alta)

Remark 1, is defined uniquelly by the rule «( H) = k(t,, H) by the corollary
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(67

From now on, H, is defined as H, =
E(ta,ta)

Lo, L_o] with o(H,) = 2.

so that H, is the unique element in

Remark 2 Notice also that there may be more than one y,, € L_,, for each z, € L,,.

But the next lemma shows that this is not the case because dim L_, = 1.

Remark 3 3-dimensional semisimple Lie algebra over C has a 3-dimensional subal-
gebra which is isomorphic to sl(2, C). Therefore, any 3-dimensional semisimple Lie

algebra is isomorphic to s[(2, C).

Now using the results of section[3.1]and the theorem[3.2.8] we can prove the following

theorem which characterizes the root spaces.
Lemma 3.2.1. (i) dimL, = 1 for any root . So, 5o, = Lo + L_o + [La, L_4].
(11) If o 1s a root then ca is also a root if and only if ¢ = +-1.

Theorem 3.2.9. (i) If « and $3 are roots, then /3(h,,) is an integer called the Cartan

integer, and 5 — (h, )« is also a root.

(ii) For the roots a,  with 8 # +« if r, ¢ are the largest integers such that § — r« and
B+ qa are roots, then S+ k« is a root for any k with —r < k < g and 3(h,) =r —gq.
The roots § + ka form a string called the a-string through 5.

(iii) If o, B and o + [ are roots, then [L, Ls] = Lo .

Proof. If « = +f then $(h,) = £2 and 5 — 5(hy)a = F« which is a root. Let
B # 4« be roots. Define K = ZLgHa. K is an s,-submodule of L. Weight

i€Z
spaces are one dimensional by part a, and the weights are (5 + i) (ha) = B(ha) + 2i

which is always even or always odd depending on 5(h,). So, by the analysis of
the representations of s[(2,C), K is irreducible. The highest and lowest weights
are 5(hs) + 2q and (h,) — 2r respectively where ¢ and r are the greatest integers
such that 5 + qa and 5 — ra are roots. Since the weights of K form an arithmetic

progression with difference 2, roots 5 + i« form an unbroken string of roots.

If [z, 5] = 0, then x4 is a highest weight vector of K with weight 5(h,,). But, a+
is a root, so that h,, acts on L, g by the eigenvalue 5(h,)+ 2. Therefore, 5(h,,) is not
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the highest weight which leads to contradiction. Thus, 0 # [L,, L] C L,z implies

(Lo, L] = Lo+ p because each root space is one dimensional. [

Example 3.2.1. We will find the root space decomposition of L = sl(3,C). Let £, ;

denote the 3 x 3 matrix with ¢, j entry is 1 and all other entries are 0.

aq 0 0
Consider the subalgebra b of diagonal elements of L whichare H = | 0 ay 0
0 0 as

where a; + as + a3 = 0. A basis for b is

1 0 0 00 O
H=(0-10|,H=]01 0
0 0 0 00 -1

Observe that b is a toral subalgebra. Actually, it is a maximal toral subalgebra. This
can be seen by letting b’ to be any toral subalgebra containin h. Then for any H € §

[H, E; ;] is nonzero if ¢ # j and hence h' can not be self-centralizing.

To find the root space decomposition of sl(3, C), we introduce the functionals a; on

b.

aq 0 0
a; | 0 ay, 0 | =a; wherea; +as+az=0.
0 0 as

The element E; ; is in the root space Ly, o,. To show this, let

aq 0 0
H= 0 as 0
0 0 as

We can write H = a1 E 1 + asFs o + azliz 3 and so

[H, E15] = a1[E11, Ev o) +as[Es o, E1 o] +as[Es3, E1a] = a1E1 9 —asEy1 o = (a1 —
az)E1p = (a1 — ag)(H)Ey 2 so that By 5 € L, —q,. Similarly, each F; ; € Lg, o, if

i # j. Therefore, L has a root space decomposition
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L= @D Lo,

i#]
3.3 Root Systems

Semisimple Lie algebras can be classified by their root systems. In fact, it is enough to
classify the irreducible root systems which correspond to simple Lie algebras. This is
because, decomposition into simple ideals and the decomposition of the correspond-
ing root system into irreducible root systems are compatible. To each irreducible root
system there is a unique connected Dynkin diagram. We conclude the classification

by the classification of connected Dynkin diagrams.

Throughout this section ® denotes the set of roots of a semisimple Lie algebra L

corresponding to a Cartan subalgebra H.

Definition 3.3.1. (o, 8) := k(t,,t3) defines a bilinear form on H*.

We will restrict this bilinear form to some euclidean space and get a real valued inner
product space.

Lemma 3.3.1. k(hy, ha)k(ta, ta) = 4 for any root a.

Proof. By theorem|3.2.8, we have h, = [ZoYa] = K(Za, Ya)ts and then 2 = a(h,) =
K(Za, Yo )(to) = K(Tqa, Yo )K(La, ta). On the other hand,

K(Pas ha) = [K(Zas Yo )2 K (tas ta)-
Combining these, we get k(N ha )k (ta, ta) = [K(Ta, Ya)-K(ta, ta)]> = 4. ]

Lemma 3.3.2. For any roots  and 3, x(t,, ) is a rational number.

Proof. First observe that all the eigenvalues A(h,) and A(hg)of adh, and adhg are
integer. Then the trace of adh,-adhg which is k(h,, hg) is an integer. Now, using the

to,to)k(ts, t
theorem |3.2.8| again, we write k(t,,t3) = il );( 5 B>I€(ha, hg). But k(ta, ta)

is rational because of the previous lemma. Therefore, x(t,,t3) is a rational number.

]
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Theorem 3.3.1. Suppose that the roots «, ..., € ® form a basis for H* and let
Hyg™ be the real vector space spanned by {«1, ...,y }. Then, Hg* does not depend

on the choice of the basis {aq, ..., ay }.

Proof. By the lemma above, it can be shown that any root in ® is a Q-linear combi-

nation of the roots ;.

]

Theorem 3.3.2. The bilinear form ( , ) is a real valued inner product on Hg*. In

other words, Hg" is a Euclidean space.

Proof. Restricting the bilinear form on H* to Hr* , we get a symmetric bilinear form
Hg* x HR* — R . We need to show that it is positive definite. Let « € Hg".
(o, ) = K(ta,ts) =tr(adt,-adt,) which is equal to the sum of the squares of the
eigenvalues of adt,,. The eigenvalues are 3(t,) = k(ta, 1) € Q where 5 € ® so that
(e, cv) is a non-negative real number. Moreover, («, o) = 0 implies that 3(t,) = 0
forany 8 € ®. Then, [t,z] = B(t,)r = 0for x € Lg. Thus, [t,x] = 0forany z € L.
So, t, € Z(L) = 0 since L is semisimple. Therefore, o = 0.

dim H = dim H* = dim Hg* = [ is called the rank of L and dim L =1 + |9|

We proved that ¢ has the following properties:

1. @ is finite, spans Hr* and does not contain 0.

2. If a € @, then the only multiples of « in @ are +a.

3. ffae d,0,6)=0— 2(6,04)& isin ® for any § € ®.
(a, @)
4. If a, § € ®, then 2(8,0) € Z.
(o, @)
e dencye 203:0) _ )
e denote (a.0) by (B, a). Then, (5, ) = B(H,) by definition.



Definition 3.3.2. Any subset of a euclidean space F satisfying these is called a root

system.

Theorem 3.3.3 ([7]). Let L be semisimple Lie algebra with a Cartan subalgebra H

and a root space ®. Then @ is a root system in the euclidean space Hy".

Definition 3.3.3. Two root systems are equivalent if there is a vector space isomor-

phism between them.

Theorem 3.3.4. There is a 1-1 correspondence between the set of equivalence classes
of root systems and the set of isomorphism classes of finite dimensional complex

semisimple Lie algebras.

The proof is not easy. Humphreys [[7] first establishes a one to one correspondence
between the pairs (L, H) and the root systems. Then, he shows that the equivalence

class of the root system of a pair (L, H ) does not depend on the Cartan subalgebra H.

Therefore, to classify the complex semisimple Lie algebras we classify the root sys-

tems.

Lemma 3.3.3 (Finiteness Lemma). If o, § € ® with § # +«. Then

(B,a) . (a, ) €{0,1,2,3}.

4(0[, 6)2 2 : : 1
Proof. (3,a) . (o, B) = ————— = 4cos°0 € Z* and 0 is not an integral multi-
(0B = ) 6.8)
ple of 7 since 3 # +a. So, the possibilities for 4cos?d are 0, 1, 2, 3. [

Corollary 3.3.1. For a pair of roots «, 5 with ||| > |||l and 5 # +a, the only

possibilities are:

32



Table 3.1: Angle between the roots

<a,0>|<pB,a>|0 5}2

0 0 5 | undetermined
1 1 x 1

-1 -1 e 1

1 2 z 2

~1 -2 | 2

1 3 5 3
-1 -3 i 3

Let ® be any fixed root system in the Euclidean space E. For any o € E, there is
2

a reflection o, in E defined by 0,(8) = f — (8, 2)

through the hyperplane P, = {5 € E | (f,a) = 6}

«. o, reflects the vectors in £/

Lemma 3.3.4. Let o # 0. If (o, 8) > 0, then o — 3 is a root.

Proof. (a, ) > 0 implies that («, ) is positive. Then by the corrollary, (a, ) = 1
or (3,a) = 1. Then either 0,(8) = f —a or og(ar) = o« — . In any case, o« — fis a
root. [

Definition 3.3.4. The subgroup of automorphisms of £ generated by the reflections
{04 | @ € ®} is called the Weyl group.

Weyl groups are very important not only to classify the root systems but also to un-
derstand the representations of a given Lie algebra. For the properties of the Weyl

group, consult [7] or [3].
If the rank is 2, the only possible root systems are the followings.
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A| X A] A;

F 3
L
™
4
v
]

BZ Gz

'

Figure 3.1: Root systems of rank 2

Example 3.3.1. We will find the root system of L = sl(3, C). By the example|3.2.1]
the roots of L = sl[(3,C) are

{Oé1 — Qg, (0] — (3,xg — 3, g — (V1,3 — (1, (O3 — 042}-

Clearly, A = {a; — @, 3 — a3 } is a base for the root system of sl(3, C). Observe
that [E1,2>E2,1] = E171 — E272 = H172 - Loq—oag and (Oél — Oéz)(HLg) = 2 which
implies that H,, o, = Hi . Similarly H,, », = H; ;.

<Oél — (g, (X3 — Oél> = (O./l — O./Q)(Ha3_a1) = —1 and <043 — Xy, xp — O[2> = (013 —

a1)(Hy, —o,) = —1. Similar argument shows that
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<Oél — (g, Qg — 043> = —1 and <062 — (3, — 042> = —1
<Oé3 — (1, g — 043> = —1 and <042 — (3, 3 — Oél> = —1

Therefore, all non-proportional roots have the same length which implies that the root

system of s[(3, C) is of type A,.

Definition 3.3.5. A subset A of ® is called a base if A is a basis of F and each root 3
can be written as 5 = Y k,«a, o € A with integral coefficients &, all nonnegative or
nonpositive. Any root in A is called positive simple. 5 € ® is positive (respectively
negative) if all k, are positive (respectively negative). Any root in —A is called

negative simple.

Moreover, any base defines a partial order on E by p < X if A — p is a sum of positive

roots or i = \.

Lemma 3.3.5. For any o € @, define o¥ = 2a/(a, «). If @ is a root system with
base A, then ¢V = {a" | @ € ®} is also a root system in the same Euclidean space

with base AY = {a¥ | a € A}. a" is called a coroot.

Let v € E, define ®(y) = {a € ® | (7,a) > 0}. Anelement v € E is called
regular if y € £ — U P,.If v € Eisregular, then & = &1 ()| —D"(v).

acd
a € ®T(v) is called decomposable with respect to v if & = 1 + 5, where 3; €
(7).

Theorem 3.3.5. The set of all indecomposable roots with respect to any regular el-
ement is a base of ®. Moreover, any base is a set of all indecomposable roots with

respect to some regular element. In particular, any root system ¢ has a base.

The connected components of £ — J,, co Po are called (open) Weyl chambers.

Theorem 3.3.6. There is a one to one correspondence between Weyl chambers and

the bases.

Proof. Let &(y) denote the Weyl chamber containing . €(y) = €(7') if and only
if ®*(v) = ®*(v') if and only if A(y) = A('). Therefore, there is a one to one

correspondence between the Weyl chambers and bases. [
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Definition 3.3.6 (Fundamental Weyl chamber). Let A be a base, then A = A(vy)
for some regular . The fundamental Weyl chamber associated to A is defined to be
E(A) = €().

Remark This definition is well defined because if A = A(Y'), then €(v') = &().

Lemma 3.3.6. Fundamental Weyl chamber €(A) is the set of all v € E with (v, ) >
0 for any o € A. In other words, all the vectors in £ making acute angle with every

positive simple root.

Definition 3.3.7 (Cartan matrix). Let A = {«1, ..., a;} be a base for the root system

®. The matrix (< a4, ; >) is called the Cartan matrix.

Definition 3.3.8. The Dynkin diagram of a root system of rank [ is defined to be
the graph with [ vertices labelled with the simple roots a; and with edges given as

follows:

e between the vertices labelled by «; and «;, we draw («;, ;) . (o, ;) € {0,1,2,3}

many lines.

e If o; and «; have different lengths and are not orthogonal then we draw an

arrow pointing from the longer root to the shorter root.

Definition 3.3.9. A root system @ is irreducible if it can not be written as a union of

two proper subsets which are orthogonal.

Theorem 3.3.7. To classify a simple Lie algebra, it is enougt to classify irreducible

root systems or equivalently the connected Dynkin diagrams.

We state the theorem of classification of root systems without proving.

Theorem 3.3.8. If @ is any irreducible root system of rank /, the only possibilities

for its Dynkin diagram are the following:
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A, ({=1): o o 0 *'* o0—0
2
B, (/>22: o0—0 '+ 0—a—>—

C, (=23 o———o0 '+ o—a—=x—0D

¢-1
D, (/> 4): o—
1 2 -3 t-2
¢
Iz
Eg o o © o o
1 3 4 5 6
2
E, o- o- o- o o o
1 3 4 5 6 7

1 3 4 5 6
Faq oO————a 3D ——0
1 2 3 4
G, oo —1]
1 2

Figure 3.2: Classification

Actually, for each Dynkin diagram in the figure [3.2] there exists an irredducible root

system with this Dynkin diagram.
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CHAPTER 4

REPRESENTATIONS OF LIE ALGEBRAS

Representation of a Lie algebra is important because it leads some unfamiliar con-
struction of the Lie algebra itself. We will see an example at the end of the thesis.
The Lie algebra g, can be constructed using its standard representation without much
of knowledge about Lie theory. The method used in classifying representations of
sl(3, C) will give a strategy to classify the representations for an arbitrary Lie algebra

hence we start with that.

4.1 Representations of s((3,C)

Let L = sl(3,C). By the example [3.2.1} the root space decomposition of L is

L=b®ED Lo,
i#]

where b is the set of diagonal matrices of trace 0.

Let ¢ : L — gl(V') be any representation of L. Since H; and H, are commuting
semisimple elements, then ¢(H;) and ¢(Hz) are also commuting semisimple ele-
ments. So, they are simultaneously diagonalizable. Therefore, there is a basis of V'
consisting of eigenvectors of both ¢(H;) and ¢(H,). Let B = {ey, e, ..., €, } be such
a basis. This means that eache; isinV, = {v € V: Hv = o(H)v VH € b} for
some o € h*. Then, any L-module V' (Sometimes we will refer as representation)
has a decomposition € V,, where « ranges over h*. If V,, # 0, then the eigenvalue «

is called a weight and the eigenspace V,, is called a weight space.

If we consider the adjoint representation of L then this decomposition is just the root
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space decomposition. We will use the root space decomposition to understand any

representation of L.

The functionals «; — «; are the eigenvalues of the adjoint representation of L other
than the eigenvalue 0 with multiplicity 2 since the dimension of Ly = b is 2. To

describe the representations we use weight diagrams.

a, —a;
a, — o ’ & —®
‘v’
a3 — a;— a,
az — a,

Figure 4.1: Adjoint representation

In the figure the weights of the adjoint representation are shown with dots and

circles around dots show the multiplicity of the weights.

Lemma 4.1.1. Letx € L, andv € V3. Thenz.v € V5.

Proof. H.(z.v) = xz.(Hv)+ [Hzlv=z.(H)v+ao(H)x.v = (a+ B)(H)(z.v) for
any H € b. ]

Lemma 4.1.2. If V is an irreducible L-module then the difference of the eigenvalues

of hin V' is a Z-linear combination of o; — ;’s, where 1 < 7,5 < 3.
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Proof. Let Vs # 0. Define W = EB Vi te(ar—as)+d(ar—az)- If w € W, then for some
c,deZ
¢,d € Z, W € Viic(ar—as)+d(a1—ag)- In other words, w has weight 5 + c(oq — as) +

d(a; —as). Now, if 2 € Lq,_q,, (We can write a; — o = (—1)(oq — ;) + (o1 — ;)
then xz.w has weight 5 + c(oq — aa) + d(a; — a3) + (—1)(oq — o) + (1 — ;)
which implies that x.w € W. Therefore, W is a submodule of an irreducible module
V. Thus, W = V. Since a; — «; is a linear combination of a; — o and o; — a3, we

are done.

Remark The vectors «; — «; generate a lattice Ag, called the root lattice.

Lemma 4.1.3. Let V' be an irreducible representation of L. Then there is v € V' such

that v € V,, for some o and Fy 2.0 = F1 3.0 = Fy3.0 = 0.

Definition 4.1.1. In any representation an element which is killed by F 5, E; 3 and

Es 5 1s called a highest weight vector.

Lemma 4.1.4. Let V be an irreducible representation of s[(3, C), and v € V" a highest
weight vector. Then V is generated by the images of v under successive applications

of the three operators Es 1, E3 1, E39.

Proof. Let W be a subspace of V' spanned by the images of v under the subalgebra of
sl(3, C) generated by Es 1, E5 1, Es5 5. It is enough to show that 1V is an L-submodule
of V. This will conclude that W/ = V' by irreducibility of V. To do this we first check
that Iy 9, ) 3 carry W into itself. Then more generally, if w,, denotes any word of
length n or less in the letters F5 ; and £ » and take W, to be the vector space spanned
by the vectors w,,(v). Then we may show that IV is the union of the spaces W, since

Es31 = [Es29, By ). This proves the lemma.
O
Corollary 4.1.1. If « is a weight of a highest weight vector then the dimensions of

Vatn(as—ar) a0d Voyn(ay—ay) are at most 1.

Proof. Let v € V,. The successive actions of E5 1, Fs3;, 39 on v will never lie

41



in V,,, but it will generate all V. This implies that Vi, (a,—a;) and Voin(as—a,) are

spanned by the vectors (Ey1)"(v) and (E35)"(v). So the result follows.

The proof of the lemmaW4.1.4|actually shows

Theorem 4.1.1. If V' is any representation of s[(3,C) and v € V' a highest weight
vector, then the subrepresentation 117 of V' generated by the images of v by successive

applications of the three operators Es 1, F/3 5 and E3 ; is irreducible.

As a corollary of this theorem: If V' is irreducible and there are two linearly indepen-
dent highest weight vectors then we will get two irreducible submodules, which will
be equal to V" itself by successive applications of the elements £; ; where 7 > j. Then

these two vectors can only differ by a scalar.

4.1.1 Description of the weight diagrams

Assume that V' is an irreducible representation of s[(3, C), « is the highest weight and
v € V,. By the results above, all eigenvalues are in one-third of the plane as shown

in the figure [d.2]

Figure 4.2: Border lines

42



E51™(v) = 0 for some m.

In theorem we proved that the elements E o, Eo1 and Hy o = [E} 2, E21] span
a subalgebra s, o, isomorphic to sl[(2,C). Then, W = @ Vitn(as—ar) 1S a repre-
sentation of s,,_.,. This implies that the eigenvalues of Hig on W are integers and
symmetric with respect to 0. s,,_, carry V,, in the direction of as — 1 as in the

figure:

Figure 4.3: The eigenvalues in the direction of oy — ay

The dots in the diagram must be symmetric with respect to line (H; 2, L) = 0.

Indeed, if we consider the subalgebra s, ,, Where i # j the eigenvalues of H; ; are

symmetric about the line (H; ;, L) = 0.

Therefore the set of weights of V' are bounded by a hexagon symmetric with respect

to the lines (H; j, L) = 0. For the detailed explanations see [8].
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<H1,3,L>=0 <H1,2’L>=0

\AVA

»‘u i
‘V‘V‘z V‘V

(AV
\\V)( V\/

< H2’3,L > =0

Figure 4.4: Weight hexagon

Theorem 4.1.2. All the weights of any irreducible representation of L = sl(3, C) lie
in the lattice Ay C h* generated by the «; and be congruent modulo the root lattice

Ag generated by o; — «;.

Combining with the previous results we get the complete set of weights.

Theorem 4.1.3. Let V' be any irreducible representation of L = sl(3, C).Then the set
of weights of V' is the set of linear functionals congruent to o« modulo the root lattice
Ar and lying in the hexagon with vertices the images of « under the group generated

by reflections in the lines (H, ;, L) = 0.

This completes the possible configurations of the weights. Actually, for each config-

uration of weights there is exactly one irreducible representation.

Hence we see that any highest weight vector is of the form ac; — bas.
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4.1.2 Examples

Example 4.1.1 (Standard Representation). Standard representation of L = sl(3, C)

is given by the map

p:sl(3,C) — gl(V), where V = C? and p(z)(v) = x.v is just the matrix multipli-

cation. Let
1 0 0
ee=10],ea=1|11|,es =0 bethe standard basis elements of C3. Then
0 0 1
aq 0 0 1 aq 1 aq 0 0 1
0 ay O Ol=10]=a1|0]=a1]0 ay O 0
0 0 as 0 0 0 0 0 as 0

More generally, H.e; = «;(H )e; and hence e; € V,,

Vo={veC®: Hv=a(H)v,VH € h}

iy

Figure 4.5: Standard representation
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Example 4.1.2 (Dual representation). Dual representation V* of V' is given by the
rule (z.f)(v) = —f(x.v). See [9]. Since

(H.e1)(e1) = —ei(H.e1) = —ej(au(H)er) = —ar(H)ei(er) = —an (H)

(H.e})(e2) = 0 and (H.ef)(e3) = 0. Hence, H.e] = —ay(H )ej. This implies that

—ay 1s a weight of V* with weight vector ej.

e

Figure 4.6: Dual representation

The weights of Sym?V are pairwise sums of the weights of V. That is, the weights

are 2aq, 20, 203, a1 + (g, ] + (i3, g + Q3.

4.2 Tensors, Exterior Powers and Symmetric Powers

Let V be a vector space with basis B = {ej,ea,...,en}.
Then {¢;, ® --- ®@¢;, : 1 <i; <m} is a basis for V",
We can construct the exterior power /\" V' as the quotient space of V" by the sub-
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space generated by v; ® v3 ® - - - ® v,, with two of the vectors are equal. Then a basis

for N"Vis{e, Nei, Ao Ney, 1 1<y <ig < -+ <ip, <m}.

Similarly, we can construct Sym™V as the quotient space of V" by the subspace
generated by all v; @ V2 ® -+ - @V, — V(1) @ Vg(2) @+ + + ® Vg(n) Where o € &,,. Then
a basis for Sym"Vis {e;, -e;, ... e;, 1 1 <ig <ip < -+ <, <m}.

Definition 4.2.1. Let VV and W be representations of a Lie algebra L (L-modules in

other words), then V' X) W can be made a representation by the rule

r.(VRW) =TV W+ v T.W

More generally, the actionof Lon V" =V XV X --- @ V is given as
T (V1 RV QU,) = TV RQUR QU+ V] QT VR @V + -+ + V] QU R+ R XUy,

The action of L on Sym™V and A" V' are defined similarly.

Example 4.2.1. As an example, consider the standard representation V' of s[(2, C).
Its weight decompositionis V =V_; @& V;. Hv =wvforv € Vj and Hv = —v
forv € V.;. H(vaw) = (Hv).w + v.(Hw). If, v € V; and w € V_q, then
H.(vaw) = v.w + v(—w) = 0 so that 0 is an eigenvalue for Sym?V. Similarly, 2
and —2 are the other eigenvalues for Sym?V. Actually, the weight decomposition of
Sym?V is Sym?V = V_, @V, @ V> which is exactly the 3-dimensional irreducible

representation of V.

Remark: The weights of the A"V are the sums of n distinct weights of V. The
weights of Sym"V are the sums of n weights chosen from m weights of V' with
repeatation. The weights of VV®" are the sums of n weights chosen from m weights
of V' with repeatation and with multiplicities. These can be verified by considering

the basis elements given above.

Consider sl(3,C), let V' be the standard representation and V'* be the dual represen-
tataion of V. The weights of Sym™V and Sym"V* occur with multiplicity 1. So,

Sym™V and Sym"V™* are always irreducible. Denote these representations as
Sym"V =T, pand Sym"V* =Ty ,,.
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Lemma 4.2.1. If V' and IV are representations having highest weight vectors v and
w with weights « and [ respectively, then v ® w is a highest weight vector of V @ W
with weight « + f3.

Proof. H-(v®w) = H-o@w+v@H w = o H)vw+F(H)vdw = (a+F)(H)v@w
implies that v ® w is a weight vector of weight a + . It is actually a highest weight
vector since o (v Q@ w) =Ei 2 vQuw+v®@ Eils-w=00w+v®0=0and
Ei3-(v@w)=Ey3-(v®@w) =0 similarly. O

Lemma 4.2.2. There exists a unique irreducible representation of sl(3, C) with high-

est weight aay — bag for any a, b € N.

Proof. Notice that o is the highest weight vector of V' and —a is the highest weight
vector of V*. So, ac; and —bais are the highest weights of I',  and I'y , respectively.
Then, aa; —bas is a highest weight of T, o @) T'g, by the lemma. Then by there

is an irreducible subrepresentation I', , of I', o @) I , with highest weight aa; — bas.

]

Example 4.2.2. Consider the standard representation V' = C3 of sl(3,C). The

weights are o, oo, ag with weight vectors e, ey, e3 respectively.

The weights of /\2 V are {a; + a9, a1 + asz, as + as} with weight vectors {e; A

€9, €1 A €3, €9 A 63}

The weights of Sym?V are {2a, 29, 2ai3, iy + o, a1 + 3, g + a3} with weight

vectors {€?, €3, €3 e - eg, €1 - €3, 69 - €3]

The weights of V2 are {20, 200, 203, g + o, i1 + 3, aiy +a3 } with weight vectors
{e1®e1,e2Re9,e3R €3, 61 Reg, €1 ®es, ea®e3 } where the multiplicity of the weights

201, 209, 203 are 2.

4.3 Representations in General setting

Any representation of a semisimple Lie algebra is completely reducible.
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Let g be a semisimple Lie algebra with Cartan decomposition g = h & @ go and V
acd

be any representation of g. That is, we have a homomorphism ¢ : g — gl(V).

Since h consists of commuting semisimple elements, then ¢ () consists of commuting
semisimple endomorphisms. So, the elements of ¢(h) are simultaneously diagonal-
ized. Then there is a basis of V' consisting of eigenvectors of all elements of ¢(h). Let
{e1, eq,...e,} be abasis for V' consisting of eigenvectors of all ¢(H ), where H € b.
Then for each j we can write H - e; = \;j(H)e; for some \; € h*. ); is called an
eigenvalue of the action of H. Thus, V' can be written as V' = @ V,, where « runs
overh*and V, = {v € V: Hv = «o(H)v YH € b}. The eigenvalues « existing
in this decomposition are called the weights and V,, are called weight spaces. The

dimension of V/, is called the multiplicity of a.
To describe the representations we use the weight diagrams

In the rest of the section g, h and V' will be as above unless otherwise specified.

Lemma 4.3.1. For any root S of g,if x € ggand v € V,,, thenz - v € V15

Proof. H-(x-v) =z-(H-v)+[H,z]-v=x-a(H)v+L(H)z-v = (a+8)(H)(z-v)
forany H € b. ]

Lemma 4.3.2. Let V' be an irreducible representation of g. All the weights of 1 are

congruent to each other modulo the root lattice Ag.

Proof. The same proof applies as in the irreducible representations of sl(3,C). In-

deed, W = @ Vo 18 a subrepresentation of V.

BEAR

]

Y

Now, for any root « there is a subalgebra s, = s[(2,C) of g with basis elements
Xo, Yo, Hy = [ X4, Y,]. V is also a representation of s, and so the eigenvalues of H,
are integers. Therefore, every eigenvalue of a representation of g takes integer values
on all H,. Accordingly, define Ay = {8 € b* | B(H,) € Z Va € &} which

contains all the weights of all representations of g.

Lemma4.33. Ay = {8 €b* | B(H,) € Z Va e A}
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Proof. Let §(H,) = (f,a) € Z for any « € A. We will show that (5, ) € Z for
any . Let o € ® be arbitrary element. (5, ) = 2(5,a)/(a,a) = (5, 2a/(a, ) =
(8,0")

oV =mioyY +measY + ...+ muo

<6,C¥> = (ﬁaav) = ml(ﬁaalv) + ... +mn(ﬁaanv> =my <B7CV1> + .. <My, <67an>
[

Lemma 4.3.4. \yy is actually a lattice.

Proof. Let A = {ay,qs,...,a,} be abase for ®. Then, the vectors 2 /(;, ;) =
«;" form a basis for the Euclidean space Hpj. Let wy,ws,...,w, be the dual basis
vectors with respect to the inner product, i.e, (w;, ;") = 2(w;, o)/ (e, j) = d;5.
This means that w;(H,,) = 0;; € Z and so w; € Aw. Then, 0., (w;) = w; — dj0u.
Let A € Ay with A\(H,,) = (\, ;) = m; € Z. Write m; = my (wy,q4) + ... +
M, (Wny i)y (A — (Mmawy + ... + muwy), ;) = 0. Therefore, (A — (mywy + ... +

mawy), ;) = 0. By the non-degeneracy, we get A = mw; + . .. + MW, O

This proof also shows that the weight lattice lies in the Euclidean space derived from

the Cartan subalgebra.

Then we use the the symmetry of the eigenvalues of H, to conclude that the set of
weights of any representation of g is invariant under the Weyl group. Moreover, the

multiplicities are preserved. We state this as a lemma.

Lemma 4.3.5. The set of weights of any representation of g is invariant under the

Weyl group.

Proof. LetV = @ Vp. Fixaroot a. V' is also an 5,-module. Then V5 = @ Vitna

. ne’l
is an s,-submodule of V.

By the analysis of irreducible representations of sl(2, C), nonzero weights differ by
2. Note that the weight of the vector v in V., is 5(H,) + 2n since H,.v = (5 +
na)(Hy).v = (B(Hy) +na(Hy)).v = (B(Ha)+2n).v. This implies that the nonzero

summands are the weight spaces V., Wwhere —r < n < ¢ for some positive integers
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r, q. By the symmetry of weights, 5(H,) —2r+ (H,)+2q = 0. So, 5(H,) = r—q.
For the action of the Weyl group

0o(B8 —ka) =0 —ka— (8 —ka)(Hy)a =8 — ka — f(Hy)a + 2ka = B+ (k —
B(Ha))a = B+ (k+q—r)a. So, o, reverses the string of weights appearing in Vg).

Note that o, generates the Weyl group of s,,. Thus the set of weights of any represen-

tation of g is invariant under the Weyl group of g.

Next, we order the roots by choosing a linear functional [ on the root lattice with no
kernel in the root lattice. We let R* = {« | I(«) > 0} and R~ = {a | [(a) < 0} be
positive and negative roots respectively. This is equivalent to choosing a base which
also determines the associated Weyl chamber. Associated base A is the set of positive
roots which can not be written as a sum two positive roots. Recall the definition [3.3.5|
that we call o € A positive simple root and @ € —A negative simple root. Moreover,
the fundamental Weyl chamber €(A) is the set of v € E such that (v, «) > 0 for any
a e A

Definition 4.3.1. Any nonzero v € V is called a highest weight vector if x - v = 0 for

any r € g, and any o € R™.

Now we state a fundamental result related to the highest weight.

Theorem 4.3.1. Any representation of g has a highest weight vector. Moreover, suc-
cessive applications of the root spaces g,, where & € R~ to a highest weight vector
generates an irreducible representation. Lastly, any irreducible representation con-

tains a unique highest weight vector up to scalars.

Definition 4.3.2. o € R is called simple if it can not be written as a sum of two
positive roots. Similarly, « € R~ is called simple if it can not be written as a sum of

two negative roots.

Corollary 4.3.1. Any irreducible representation V' is generated by the images of its
highest weight vector under successive applications of root spaces g, where « is a

negative simple root.
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Lemma 4.3.6. Vertices of the convex hull of the weights of an irreducible represen-

tation V' are the images of the highest weight o under the Weyl group.

Proof. Any vertex adjacent to v is « + k3 for some 8 € R™. Then, Vio) = @ Vaqngs
is an sg-submodule of V. Then, k& > 0 and the weights of the nonzero summands
inV are o, + 3, ..., + k@ since « is the highest weight. Corresponding string
of eigenvalues for the action of Hz are o(Hp), a(Hpg) + 2,...,a(Hpg) + 2k, which

must be symmetric about 0. Therefore, a(Hz) = —k and the adjacent vertex must be

a —a(Hp)h = op().

So any adjacent vertex to « is of the form o3(«) for some § € R™. Other vertices are

given by the successive applications of the reflections o,.

]

Corollary 4.3.2. The highest weight of an irreducible representation lies on the clo-

sure of the fundamental Weyl chamber.

Proof. Let o be the highest weight of V. We saw in the proof of lemma [4.3.6] that
a(H,) < 0 forany v € R™. So, we may write «(H,) > 0 or (a,y) > 0 for
any v € RT. Therefore, o belongs to the closure of the fundamental Weyl chamber

associated to the base given by the ordering.

This can be declared as o makes an acute or right angle with any positive root. We

denote the closure of the fundamental Weyl chamber by 20.
Corollary 4.3.3. The set of weights is exactly the weights which are congruent to «

modulo Ar and lie in the convex hull of the images of o under the Weyl group.

Proof. Follows immediately by the previous results. [

Lemma 4.3.7. Two irreducible representations with the same highest weight are iso-

morphic.
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Proof. LetV and W be irreducible representations with highest weight a. Letv € V,
and w € W,. Thatis, gs.v = gg.w = 0 forany 5 € R*. Then, gz.(v + w) = 0, and
hence v + w is a highest weight vector in V' + W with weight « since H.(v + w) =
a(H)(v 4+ w). Therefore, by v + w generates an irreducible subrepresentation
U of V 4 . But then the projections II; : U — V and Il, : U — W are nonzero

module homomorphisms. This forces U = V' = W by Schur’s lemma.

We denote the unique irreducible representation up to isomorphism with highest
weight o by I', and the set of isomorphism classes of irreducible representations

of g by Jre(g).
The next theorem gives all possible highest weights for any irreducible representation

Theorem 4.3.2. There exists a bijection ¥ : Jrr(g) — 20 N Ay given by

vU(l,) =«

Proof. VU is well defined since the highest weight must lie in 20 by the corollary
4.3.2] U is one to one by the lemma U is onto but to prove it we need to use
Verma modules which can be generalized to the infinite dimensional representations.

See, [10].

4.3.1 Fundamental Weights

The generators w; of the weight lattice Ay, defined in |4.3.4|are clearly in the closure
of the fundamental Weyl chamber associated to the ordering of the roots. Hence any
w; 1s actually a weight, called a fundamental weight. Moreover, any highest weight is

a nonnegative Z linear combination of w;’s in a unique way.

If o = ajwy + ... + agwp, we write I'y = I'g w4 tanwn, = laias,...a, fOr the

irreducible representation of weight a.
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Let C' be the Cartan matrix of the semisimple Lie algebra g of rank n and let A =
{ai, ..., a,} be the positive simple roots. There exists unique H,, € [ga,, §—a,] With

a;(H,,;) = 2. We can write

i = ai(Hy )wr+. . +oi(Ho, )wn = [03(Hay), - 0i(Ho[wr, - wn]' = (e, )w
Jj=1

which is the multiplication of the ¢-th row of the Cartan matrix with the column matrix

(w1, ..., wy]". Therefore,

aq w1
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CHAPTER 5

THE EXCEPTIONAL LIE ALGEBRA g,

5.1 Construction of g, by Dynkin diagram

The Dynkin diagram of type G5 is shown in the figure

Figure 5.1: Dynkin diagram G,

Corresponding to the Dynkin diagram G we will find a Lie algebra called gs.

(G5 has two simple roots «, s such that (ay, ag) (as, 1) = 3. Then the angle
between « and « is %T with ||as|| = v/3||ay|| by the table 3.1/ because the angle
between two simple roots must be obtuse. The Weyl group permutes the roots. In
fact, the Weyl group W of the root system of (i, is generated by {04, , 04, } Which is
just the dihedral group of order 12.

Then the root system for G5
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Figure 5.2: Roots of G

We first assume that there is some Lie algebra, called g, corresponding to this root

system. Then, it has a Cartan decomposition, say go = L = H & @ L, where o, o

acd
are the simple roots. Set o + o = ag, ay = 207 + @2, a5 = 307 + g, g = Qo + s,

B; = —ay. So, we have 12 roots with «;’s are positive and [3;’s are negative.

By theorem (6), there exists Xy € L,, and Y; € Lg, such that X;,Y:, H; =

o1,
[X1,Y1] span a subalgebra s,, isomorphic to sl(2, C) where H; = ﬁ
K a1y bag
Similarly, there exists Xy € L,, and Y2 € Lg, such that X», Y5, Hy = [ X5, Ys] span a
2t,
subalgebra s,, isomorphic to s[(2, C) where Hy = ——————.
K(taz, tas)

Now, we define X3 = [Xl, X2]7X4 = [Xl, Xg],X5 = [Xl, X4],X6 = [X27 X5] We
also define Y7, Y5, Y3, Y, similarly. Then, we can easily observe that X; € L,, and
Y; € Lg,. Therefore, the elements H,, Hy, X1, ...., X6, Y1, ...., Ys form a basis for g,

because the rank is 2 and dim L, = 1 for any a € ®.
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If o; + a; is not a root, then Ly, 1, = 0 and so, [X;, X;] = 0,
If 3; 4+ f3; is not a root, then Lg, 5. = 0 and so, [Y;, Y}] = 0,

If a; + B is not a root, then Ly, 45, = 0 and so, [X;, Y;] = 0.

2 [ t0117t051 I
()él(Hl):CH(—t ! > =2 al ) 2(a1 o) =2
K(tar, ta;) K(tarta,) (a1, a1)

2, lay, ta ;
ay(Hy) = ‘)‘1(—2) - QH( : t - - 2(041 %) =<,y >= —1

K’(tawtoe) ’%(taza Ocz) (OzQ,Oég)
2tq lags la ;
O[Q(Hl) = (9 (—1) = 2’%( 2 1) = 2(012 al) =< g, x] >= -3
K“(tau toq) "{(tau tozl) (ala al)

2t toy, t
O[2(H2>:Oé2<$> :21’1( a2 042) :2(042,0@) _
tas) (a2, )

(X1, X5] = [ X1, Xg] =0, [Xo, X3] = [X2, X4] =0,

(X3, X4] = adX3(Xy) = ad[ Xy, Xo](Xy) = adXjadXo(X,) — adXsad X (Xy) =
ad X (0) — ad X2[ X1, X4] = 0 — adXo(X5) = —[Xa, X35] = — X

(X3, X5] = [ X35, Xg] =0, [Xy, X5] = [X4, X6] =0, [X5, Xg] = 0.

[V;, Y] can be computed similarly.

(X1, V1] = Hy, [X1,Y2] =0

[Xl, ng] = aXm(Yg) = aXmale(Yg) = ad[Xl, Yl](Yg)—FaleaXm(Yg) = adHl(YQ)—l—
0= [Hy,Ys] = Bo(H1)Yo = —ao(Hy)Ys = 3Y5.

[X1,Yy) = ad X, (Y)) = adXjadY;(Y;) = ad[ Xy, Y1](Y3)+adYiad X, (Ys) = [Hy, Y3]+
adY1(3Ys) = Bs(H1)Ys +3[Y1, Yo = (B1 4 Ba) (H1)Y3 +3Y3 = (—2+3)Y3+ 3Y; =
4Y3

[X1,Y5] = ad X, (Y;) = ad X adY:(Y,) = ad[ Xy, Y1](Ya)+adYiad X, (Yy) = [Hy, Y]+
adY;(4Y3) = Ba(H1)Ya+ 411, Y3 = (b1 + B3) (H1) Yy +4Y, = (=2 + 1)Y, +4Y, =
3Yy

[Xb}/;i] =0
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[X27}/1] = 0’ [X27}/2] = H2 )

(X2, V3] = adX,adYi(Ys) = ad[Xa,Vi](Ys) + adViadXo(Ys) = 0 + [Vi, Hy) =
_[H27Y1] = —51(H2)Y1 = Oél(Hz)Yl =Y

[X27}/4] = adXQadY1<}/3) - ad[X27)/1](}/3) + ad}/ladX2<)/3) = 0 + [Y17 _}/1] - O

(Actually, it is zero because «p + [ is not a root.)
[X2, Y5] =0,

(X, Vs = adXoadVs(Ys) = ad[Xy, Ya](Vs) + adYaadXy(Vs) = [Ha,Ys] +0 =
B5(Hs)Ys = —(a1 + a1 + a1 + an)(Hy)Ys; = —(—=3+2)Y; = Y;.

[Xg,Yi] = adX:;(Yi) = ad[Xl,Xg](Yl) = aXmang(Yl) - angaXm(Yl) =0-
[X2, Hl] = [Hl,Xﬂ = 042(H1)X2 = —3Xo,

[Xg,YQ] = ang(YQ) = ad[Xl,Xg](Yg) = aXmang(Yg) — angaXm(Yg) =
(X1, Hy] = 0= —[Hy, Xi]| = —on(Hy) X, = X;,

[Xg,Y},] = aXmang(Yg) — angaXm(Yg,) = aXm(—Yl) — ang(?)YQ) = —H1 —
3H,,

[X3,Y:] = adXiad X5 (Vy)—ad Xoad X (Vy) = adX; (0)—ad X5 (4Y3) = —4[X,, V3] =
—4(—Y1) = 4V,

[X3a }/})] = 0,
[Xg, YE;] = aXmang(Yg) — angaXm (Yv(;) = [Xl, YE‘,] — ang(O) = BYZL,

[X4,Yi] = aXmang(Yl) — angaXm(Yl) = [Xl, —3X2] — [Xg,Hl] = —3X3 +
&3(H1)X3 = —3X3 + (2 — 3)X3 = —4X3,

[X47 }/2] = O’

[X4,Y:9)] = aXmadX;;(Yg) - angaXm(Yg) = aXm(—Hl - 3H2) - adX3(3Y2) =
[X17 _Hl - 3H2] - 3[X37}/2] - [HlaXl] + 3[H27X1] - 3[X37}/2] = CYl(]?l))(l +
30[1(H2)X1 — 3X1 == 2X1 - 3X1 — 3X1 == —4X1,

[X4,Y;1] = aXmang(n) — angaXm(Y4) = adX1(4Y1) — adX3(4Y3) = 4H1 —
A(—Hy — 3H,) = 8H, + 12H,,
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[X4,§/5} = aXmang(Yg) — adX;:,aXm(Yg) =0-— ang(SYZL) = —B[Xg,n] =
_12}/1a

[X4,}/6} = aXmang(Yé) — angaXm(Y};) = [Xl,?)n] — [Xg,O] = 3[X1,Y;1] =
12Y5,

[X5,Yﬂ = aXmadX4(Y1) — adX4adX1(Y1) = [Xl, —4X3] — [X4,H1] = —4X4 +
Oé4(H1)X4 = —4X4 + (Oél + aq + &2)(H1)X4 = —4X4 + (2 + 2 — 3>X4 = —3X4,

[ X5, Ys] = ad X ad Xy (Y2) —adX,ad X (Y2) =0—-0=0,
[X57 }/;3} = 0’

[X5,Y4] = adXjadXy(Ys) — adXqadXy(Yy) = [Xi,8H; + 12Hs] — [Xy,4Y3] =
—8@1(H1)X1 - 12@1(H2)X1 + 16X1 = —16X1 + 12X1 + 16X1 = 12X1,

[X5,}/5} = aXmadX4(Y5) — adX4adX1(Y},) = [Xl, —121/’1] — [X4, 3}/21] = —12H1 —
3(8H, + 12Hs,) = —36H, — 36 Ho,

[X5,Y23] = aXmadX4(Y23) — adX4adX1(Y}3) = [Xl, 12}/3] — [X4,0] = 12(3}/2) =
36Y2,

[X67 }/1] = O’
[Xﬁ,}/é] = angadX5(Y2)—adX5adX2(Y2) = O—[Xg,, HQ] = [HQ, X5] = 055(H2)X5,

[XG,Y?)] = adX2adX5(Y})) - adX5adX2(Y3) = [X270] - [X57_1/1] = [X57Y1] =
_3X47

[Xg,m] = angadX5(Y21) — adX5adX2(Y21) = [XQ, 12X1} — [X5,0] = —12X3,

[XG,Y5] = angadX5(Y5) — adX5adX2(Y5) = [X27—36H1 — 36H2] — [X5,0] =
36([[’[1, XQ] -+ [HQ,XQ]) = 36(@2(H1) —+ C(Q(HQ))XQ = 36(—3 + 2)X2 = —36X2,

[XG,YE;] = angadX5(Y6) — adX5adX2(Y}3) = [X2,36§/2] — [X5,Y%] = 36H2 —
(—36H, — 36,) = 36, + 72H,.

Therefore, we get the multiplication table for gs,.
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H, X, Y, X, L, X LooX, Y, X Y Xs Y

H, 0 2x, -2v, -3X, 3%, -X, Y, X, -Y  3X, -3% 0 0

H, -X, Y, 2, -2, X, -Y, 0 0 -X; Y, X, -Y

X, H X, 0 X, 3Y, X, &Y 0 3, 0 0

Y, 0 Y, 3X, Y, 4X, Y, 03X, 0 0 0

X, H 0 -Y, 0 0 X, 0 0 ¥

Y, -X, 0 0 0 0 Y, X, 0

-H
X, - 31111 X, 4Y, 0 0 0 3y,
Y, 4, -Y, 0 0 3x, 0
8H,
X, s, 0 TR0y
Y, —12x, 0 12X, 0
~36H,

X, Ry B )

Y 36X, 0
36H,

Xs +72H,

Figure 5.3: Multiplication table for go

This table can be modified with nicer one by multiplying some of the basis elements
by a scalar. We want that [X;, Y;] will give the distinguished element H; of s,, such
that a;( H;) = 2. For this purpose, we divide X, and Y} by 2, X5, X¢, Y5, Y5 by 6 and
X5, Y3 by —1. The new table is

B 0 2 - -3, 3, -X, % X, -% ¥ -3 0 0

H, -X, %, % 2w X -4 0 0 -X Y X -k
X, H X, 0 & -3 -3 -2 0 Y 0 0
f 0 -y 3X -2, 2% 3 -X, 0 0 0
X, H 0 Y, 0 0 -X 0 0 A
Y, X, 0 0 0 0 Y -X 0
X, H+3H, -3% 2, 0 0 0 Y,
A X 3, 00 -X, 0
X, M4H, 0 Y, 0 -%
Y, X, 0 X 0
X H+H, 0 -1
Y5 X2 0
X, H+24,

Figure 5.4: New multiplication table for g
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5.1.1 Relation between g, and s((3, C)

In the previous section we assumed that there is a Lie algebra with the root system
GG5. We constructed the multiplication table under this assumption. Now, we have

to check that this multiplication table of brackets defines a Lie algebra. We need to

14

check that the Jacobi identity is satisfied. However, there are (3

) different triples
from the basis and hence it is not reasonable to check all triples from the basis. We
will use the description of s[(3, C) and its representations to understand the brackets

in g,.

Observe that the root diagram for G5 consists of two nested hexagons which is the
same picture if we combine the weight diagrams of the standard representation, its

dual and the adjoint representation of s[(3, C).[l]

O

3L(3,0)

Bs

Figure 5.5: go as the union of the weight diagrams

Consider the subalgebra gy spanned by the ordered basis

{H57 H27 X57 }/57 X27 }/27 X67 }/6}

L The figures 5.3, 5.4 and 5.5 are taken from [8].
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The multiplication table for g, is the same with s((3, C) if we take the ordered basis
{H12,Hs3,Er2,E01, Eo 3, B39, By 3, E5 1} for sl(3,C). So, gy = sl(3,C)

Let V = C{X,,Y1,Y3} and W = C{Y}, X;, X3}. Then obviously, go = go &V & W
as a vector space decomposition. V' and W are not Lie algebras with respect to the
bracket operator, but we will show that they are irreducible representations of g,
namely V' corresponds to the standard representation of sl(3, C) and W corresponds

to the dual representation of V. First, we recall that

Let e, €2, e3 be the standard basis elements of C3 which are the column matirices.
Then the standard representation of sl(3, C) on C? is given by the matrix multiplica-
tion. That is, £; je, = €;0,,. Then we can easily compute the dual representation on
(C3)* with basis elements e,*, e5*, e3* by the rule (x - f)(v) = — f(x - v) which yields

EZ'J'.G]{;*(C,:) = _6k*(Ei,jet) = _5jt5ik so that Ei,j-ek* = —ej*éik.
We consider the following isomorphisms

We identify the basis elements of gy with the basis elements of s[(3, C) respecting the

order, which gives an isomorphism of Lie algebras.

The elements X4, Y;, Ys are identified with the column matrices e, es, e3 of C? and
the elements Y,, X, X3 are identified with the dual basis elements e;*, e;*, e3™ of

(C3)* respecting the given order.

For instance, [ X, Y3] = X, by the multiplication table and the corresponding matrix

multiplication (action of s[(3, C) on the standard representation C3)is Ey3e3 = €.

Similarly, the action of gy, on W by the commutator can be seen by identifying g

with 5[(3, C) and W with (C3)*.

For instance, [X35, Y] = — X and the corresponding matrix multiplication is

El’g . 61* = —62*.

[V, V] € W and [W, W] C V. Also, the bracket in V' corresponds to the multiplica-

tions:

€1 €y = —263*
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€1 €3 = 262*
€9 - €3 = —261*
We use the isomorphism between V* and A*V given by
* o __
€1 — €9 N €3
* o __
ey = ez N\ e
*
e; =e1 \eg

So that the brackets [v1, vs] on V' corresponds to —2 - v; A vy whereas, the brackets on

W corresponds to [¢, 1] =2 ¢ A .

Lastly, the brackets of the form [v,w| where v € V, w € W corresponds to the

formula

[62‘, ej*] = SEZ'J‘ — (Sz] (51)

which can also be described by

[Ul, </5] (U2) = 3¢(U2)Ul - ¢(U1)U2

forvy,ve €V, € W. [v,¢] € s1(3,C) C gl(V).
The following lemma is very useful when we check the Jacobi identities.

Lemma 5.1.1. [v, ¢] is characterized by x([v, ¢], Z) = 18¢(Z -v) for all Z € sl(3,C)
where  is the Killing form of s[(3, C). Writing, [v, ¢| = 18-vx¢ we get k(v p, Z) =
o(Z -v).

Proof. The Killing form « of s((3, C) satisfies x(X,Y) = 6.tr(X -Y') [8] Combining
with we get

/{([ei,ej*],Z) = 6tI'(3EZ‘7jZ) = 18Zj7i = —18(2 . 6]‘*)<€Z‘) = 186]*(2 . 62‘). By
linearity of the Killing form and the bracket, the result follows. O]

Now, we are ready to check the Jacobi identity.
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5.1.2 Existence of g

We will chose 3 elements from g, to check the Jacobi identity. Let (a, b, ¢) represents
that Jacobi identity is satisfied if we choose a elements from g, b elements from V'

and c elements from 1. So, we need to check 10 cases, namely

(3,0,0), (2,1,0), (2,0,1), (1,2,0), (1,0,2), (1,1,1), (0,3,0), (0,0,3), (0,2,1),
(0,1,2).

1. (3,0,0) satisfied because go = sl(3, C).

2. (2,1,0) and (2,0, 1) follows from the observation that V" is the sandard repre-
sentation and W is its dual. For instance let X,Y € gy and v € V, the Jacobi

identity for the case (2, 1,0) is equivalent to show that
(X Yool + 1Y o, XD+ [0, [X Y] =0
— XYou—-[Y,[Xv]]-[X,Y],v]=0
— XYuv—-YXv—-[X,Y]v=0

which is obviously true. The case (2,0, 1) is similar

3. (1,2,0) and (1,0, 2) are true by the action of g, to the exterior power A\*V or
/\2 W. Let X € go and vy, v, € V, the Jacobi identity for the case (1,2,0) is

equivalent to
(X, [o1, va]] + [0, [v2, X]] + [vg, [X, 0a]] = 0
= —2X.(v; Ava) + [[X, va],v1] — [[X, v1],02) =0
— —2X.(vy Avy) — 2(Xv9) Aoy + 2(Xvp) Avg =0
< —2X.(v1 Avg) 4 201 A (X.vg) + 2(X.v1) Avg =0

which is obviously true by the action on the exterior power. The lattter case is

similar.
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4. (1,1,1) : Let Z € go, v € V and f € V*. The Jacobi identity is

[Z, v, f] + [0, [f, 2] + [f, [Z,0] = 0

1Z, [v, I = v, 12, ] + [[Z, 0], /]

[Zovxfl=vx(Z-f)+(Z-v)* | (5.2)

The Killing form is nondegenerate on g, then [5.2]is equivalent to
K(Y, [Z,v % f]) = k(Yoo (Z- ) + k(Y. (Z -v) % f) forany Y € go
The Killing form is associative by equaton 2.1} So, the left hand side becomes
r(Y, [Z, 0% f]) = 6([Y, 2] v+ ) = f(IY, Z] - v)

The right hand side is

(Z-HY o)+ [V - (Z-0))

Therefore, we need to show that

fY, 2] -0) = (Z- )Y -0) + f(Y - (Z - v))

This is obvious since

fY, 21 0) = fY - (Z-0) = Z2-(YV-0)) = f(V - (Z-0) = f(Z- (Y -v))) =
Y AZ-0)+(Z- )Y -v)

5. (0,3,0) and (0,0, 3) : Let u,v,w € V, the Jacobi identity for the case (0, 3,0)

can be read as [u[vw]] + [v[wu]] + [w]uv]] = 0. This is true if and only if

u* [ow] + v * [wu] + w * [uv] =0
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K(u s [vw] + v * [wu] + w * [w], Z) = 0VZ € gy.

[vw|(Z - u) + [wul(Z-)v + [w](Z - w) =0VZ € go.

VAWNA(Z-u)+wAuN(Z-v)+uhvA(Z-w)=0YZ € go.

uNvA(Z-w)+uN(Z-v)ANw+(Z-u)yANvAw=Z -(uhvAw)=0
VZ € go.

The last equality Z-(uAvAw) = 0 holds because /\3 V' = Cis one dimensional

and any semisimple Lie algebra over C acts trivially on /\3 vV =_C.

. (0,2,1): Letu,v € V, ¢ € V*. The Jacobi identity is

[0, [u, @] + [u, [¢, 0] + (@, [v, ul] = 0.

= —llu, ¢l o] +[[v, ¢l u] +4- (AU NG =0

= —[u,gl-v+[v,0]-u=—4-(VAu) A d = —4[p(v)u — ¢(u)v]
= ¢(u)v = 3¢(v)u + 3¢(u)v — d(v)u = —4[p(v)u — d(u)v]
which is obvious.

Note the identity —4[p(v)u — ¢p(u)v] = —[u, @] - v+ [v, @] - u. Apply # to both

sides



7. (0,1,2): Letv € V, ¢, € V*. The Jacobi identity holds if and only if

[v, [0, Y]] = [[v, ¢],¥] — [[v, ], #]. The left hand side is
—4-v A (pNAY) = —4((v)p) — ¢(v)1). So, we need to show that

—4((0)6) — B(0)) = [1,6] - ¥ — [v,9] - din V*. Equivalently,
—4Y(v)p(u)) — d(v)h(u)) = o([v, ¢] - u) = ¥([v, ¢] - u) forany u € V.
By equation[5.3] the left hand side is

U([u, @] -v) = ¥([v, @] - u) = P([u, ¢] - v) = ¥([v, 9] - u)

So, the Jacobi identity becomes

$(fu, 8] v) — ([0, 8] -u) = $([v. ] -u) — ([0, d] -u). Then multiplying both

sides with 18, it becomes

H([Uﬂﬁ], [u>¢D - ’%([U’UL [U>¢D = H([%Qﬂ? [an]) - Iﬁ([u,iﬂ, [U>¢D

The last statement is true since the Killing form is symmetric.

As a result the multiplication table given by [5.4] actually defines a Lie algebra.

5.1.3 Representations of g

The Cartan matrix of g, is given by

2 -1
C =
-3 2
the inverse is
o1 2 1
3 2

The fundamental weights are then w; = 27 + a5 and wy = 3a; + 2a, which are
again roots, namely w; = a4 and wy, = . In particular, the weight lattice and the

root lattice coincide.
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Figure 5.6: Weight lattice of g-

Consider the irreducible representation I'; o with highest weight w;. Vertices of the
convex hull of the weights can be found by applying the Weyl group to the high-
est weight w;. Weyl group is generated by the reflections through the hyperplanes

orthogonal to a simple root [7]. So we get the vertices of the hexagon.

Pa 1 P

az

Figure 5.7: Vertices of the standard representation of gs
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Then adding simple negative roots to w; in the convex hull of the weights we get all
the weights of I'; o as in the figure [5.8] The multiplicity of 0 is 1, because there is
only one way of getting 0 adding the simple negative roots to w;. (This corresponds

to appyling negative roots to generate the representation)

N\

Figure 5.8: Weight diagram of the standard representation of g-

Now, consider I'y ;. We first find the vertices of the convex hull of weights as we did

for I'; . Then using the weight strings we can plot all the weights in the diagram as

Figure 5.9: Weight diagram of I' ;
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The multiplicity of 0 is 2 because there are two ways from ws, to 0. This is just the

adjoint representation since the dots are all the roots of gs.

Example 5.1.1. /\2 V has 21 weights which can be found by adding distinct weights.

Figure 5.10: Weight diagram of the exterior square

By the diagram we see that AV =2 T, @ V. In particular, To; € A°V CVRV.

Corollary 5.1.1. Every irreducible representation of g, is contained in some tensor

power of the standard representation V.

Proof. By[#.2.2] Sym®V has a highest weight vector of weight aw; and SymI'y; has
a highest weight vector of weight bw,. So, Sym®V @ Sym’[y ; has a highest weight

vector of weight aw; + bw,. This vector generates I',, ;. Therefore, I, C Sym®V )
Sym’Ty; C VO RV R V)®b C VRla+2t),

]
Other two important examples are Sym?V and /\3 V. Using the weight diagrams it

can be proven that Sym*V = 'y o €@ C and /\3 V=T20@PVEPC. See, [8] for the

details. These decompositions have nice results.

Corollary 5.1.2. The standard representation of g, embeds g5 into so(7, C).
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Proof. Let p : go — sl(7, C) be the corresponding homomorphism for the standard

representation V.

Say ¢ : Sym®V — I'y o @ C be an isomorphism of go-modules and 75 : Ty o @ C —
C be the projection which is a module homomorphism. So, we have a nonzero mod-

ule homorphism 5 0 ¢ : Sym*V — C.

Define B : VXV — C by B(vy,v2) = my o ¢(v; - v9) which is obviously a
symmetric bilinear form. Moreover, B(z.v1,ve) + B(vy,x,v2) = ma 0 ¢((x.v1) -
vg) + mg 0 4(v1 - (T.v2)) = M0 P((x.v1) - Vg + vy - (X)) = T 0 P(x.(vy - v2)) =
x.m9 0 ¢(v1 - vy) is zero because any semisimple Lie algebra acts trivially on any one
dimensional space. Therefore, the action of go on V' preserves a symmetric bilinear

form (quadratic form). In other words, the standard representation embeds go into
50(7,C). O

Similarly, as a corollary of the isomorphism A*V 22 'y o @ V @ C, one can prove
that the action of g, on V' preserves a skew-symmetric trilinear form on V. Even

more is actually true.

Theorem 5.1.1. g, is isomorphic to the algebra of endomorphisms of a seven dimen-

sional vector space V' preserving a general skew-symmetric cubic form on V.

5.2 A combinatorial Construction of g,

In this section we follow the construction made by Wildberger, [3]. It uses the 7-
dimensional representation of go, which must be the standard representation men-
tioned in the previous chapter. Actually, the smallest non-trivial representation of gs

1s 7-dimensional.
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VgaBBa

V3a

Figure 5.11: G5 hexagon

— a+ 303
—a—p a+ 203
—2a — 3 20 + 305
a+f
—a — 23
—a— 33 @

Figure 5.12: Root diagram of G5

We will consider the G2 hexagon and the root system in the same plane. For a root

define an operator X, on the vertices of the G, hexagon as:
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X, 1 v — nuw if there is an edge from v to w of direction v and weight n. For example
there is an edge from vg to V3,45 in the direction of v = o + 23 with weight —1. So,
Xo+28(vg) = —vgapp. Corresponding to 12 roots of GG we have 12 operators. Define
XY :=YoXand [X,Y] = XY — YX. Define also the operators H, = [X_,, X, ].

Theorem 5.2.1. The operators X, ., span the Lie algebra g».

5.2.1 Mutation and Numbers Games

By playing mutation and numbers games on the dynkin diagram of G5 we will get

the root system of (G, and the GG hexagon.

Consider the directed graph (G2 and the integer valued functions on the vertices of the
directed graph G». We will denote the mutation of the function f at the vertex v as
f* and define it to be the function f*(w) = f(w) if v # w and f*(v) = —f(v) +
Z n. f(w) where w is a neighbor of v and n,, is the number of directed edge from

w
w to v.

Now, arbitrary sequence of the mutations of a delta function is called a root. To find
the roots of G2 we consider two delta functions o, and dg where J,, sends « to 1 and
[ to 0. dp is defined similarly. Consider the mutation of ¢, at . J,”(8) = 0 and
Jo" () = =d4(a) 4 04(8) = —1. Therefore, 6,“ = —0,.

6" (a) = 1 and 6,°(B) = —0a(B) + 364() = 3. Therefore, 6,° = 4 + 305. We
can also check that 3” = J,, + . In other words, if the delta function Jz is mutated
at the vertex o, we get the root o, + dg which will be written as o + 3. Applying
mutation games, we get 12 roots as R(G) = {£a, 8, £(a+ ), £(a+20), L(a+
36), £(2a+ 35)}.

The dual mutation of the function f at v is denoted as f” and defined by f“(v) =
—f(), f*(w) = f(w) + ny f(v) where n,, is the number of the directed edge from v
to w. Note that if w is not a neighborhood of v then f*(w) = f(w).

Numbers game is defined to be a successive applications of dual mutations to a delta
function on the vertices of a directed graph. If we restrict ourselves to dual mutations

at the vertices where the function take positive value, then we get the G5 hexagon.
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As an example, consider the delta function ds. 5}3a(a) = —0p() = 0 and 5;3a(ﬂ ) =
55(5)'+'355(&)1: 1.SO,5ba :155.

55 (8) = —85(8) = —1and 85" () = 65(a) + 85(8) = 1. S0, 85" = 6o — 5.

If we denote nd,+mdgs as (n, m), then we have the diagram of positive dual mutations

(0,1) 8, (1,-1) % (-1,2) 8, (1,-2) & (=1,1) 8, (0,—1)

Then we get the change sequence Ba3%a/3 or we write Sa33a.

All possible sequences are the vertices of the G2 hexagon. In other words, they are

ideals of the multiset P = {«, «, 3, 5, 3, B}

Multiset is a set where each element can be seen more than once. The number of

occurrences of an element will be called the multiplicity of the element.

Consider the multiset P = {«,«, 3,3, 3,5} with the linear order by 8 < a <
b < B < a < (. Now, P is a partially ordered multiset. Recall that / C P is
called an ideal if x € [ and y < z implies that y € I. The ideals of P are then
0, B, Ba, BaB, BaBB, BaBBa, BaBBal which will turn out to be all the vertices of
the G2 hexagon. For the ideals u and v construct an edge connecting v and v of

direction v from v to u if Z r — Z x = . Now we need to define the weight of

A TEV

this directed edge.

A subset C' of a partially ordered set is called convex if a,b € C' witha < z < b
implies that z € C'.

Any convex subset of P is called a layer. For a positive root v, layer L is called

~-layer if Z v = . The set of y-layers is denoted as L. It is ordered by the rule
vEL

Ly < Lyif Ly C I(Lg), where I(.S) is the ideal generated by S C P.

Example 5.2.1. Consider £, 23, the elements are Ly = Saf3, L1 = a3, Ly = 5Ba,
L3 = 50&ﬁ [(Lo) = Lo, [(Ll) = ﬁO&Bﬁ, [(Lg) = ﬁaﬁﬁa, [(Lg) = 50éﬁﬁ()éﬁ

This implies that Ly < Ly < Ly < Ls.
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The minimal element is denoted as L,, and maximal element is denoted as L.

Next we define the parity and dual parity of the elements of £,;25 as ¢(L) = (—1)"

where 7 is the number of «, 5 interchanges to pass from L to L,,.

The dual parity is defined as é(L) = (—1)™ where n is the number of «,  interchanges

to pass from L to L.

Alternatively, there is only one order preserving map between two y-layer. This map

is a permutation.
Define o, as the unique order preserving permutation between L and L,,.
01, as the unique order preserving permutation between L and L ;.

Then it is clear that (L) = sgn(oy) and é(L) = sgn(dy).

5.2.2 A ladder of y-layers

A ladder of vy-layers of size k is defined to be a sequence of disjoint y-layers Ly, Lo, ..., L

such that Ly U Lo U - - - U Ly is again a layer.
Define the functions

s(L) =maximum size of a ladder starting at L,
f(L) =maximum size of a ladder finishing at L.

Now we can define the weight and dual weight of a y-layer L as

5.2.3 (G, hexagon and the layers

Vertices of G5 hexagon which are vy, vg, Uga, Vgas, Vgasss VsasBas VsasBas COTEspond

to the ideals 0, 3, Ba, Baf, faSB, BaBBa, BaBBas of P.

Edges of (G5 correspond to layers as follows:

75



the number of v-layers and the edges in the direction of « are equal.
The edge from vy to v; where I C J is associated to the layer J — 1.
For example Consider L 23.

The edge from vy to v, corresponds to the layer Ly = Saf.

The edge from vg,p t0 Vgapssa5 corresponds to the layer Ly = Saf5.

In the G, hexagon the weight of the edge from vy to vg,p is 2 and the corresponding
layer L has weight w(Ly) = €(L)s(L) = 2. So, there is also correspondence be-
tween the weights. Moreover, the weights of the edges from v; to v; where I C J is

the same with the dual weight of the layer J — I.

As an example the edge from vg,s to vy has the weight 1 and w(Lg) = 1.

5.2.4 The 7-dimensional Representation of g

We obtained the G5 hexagon and the root system of (G5 by the mutation and numbers
games. Now, using the set of positive roots {«, 3, a + B, a + 23, a + 3/, 2a + 35},
we will define linear operators X.,, Y, on a complex vector space V' spanned by the
vertices of the G2 hexagon. Then, brackets of these operators will span the Lie algebra
go. For this construction we will not need the Lie theory, but to verify that this is the

Lie algebra g, we need to remember the Cartan decomposition of gs.

The complex vector space V' is spanned by {v;} where [ is an ideal of P. Define

operators Xy, Y on V by
Xp(vr) = vpup if T U L is an ideal and I N L = (), 0 otherwise.
Yi(vy) =wv;_pif L C I and I — L is an ideal, 0 otherwise.

For a positive root y define X, Y, and H., on V' by



H,=[X,,Y,]

It can be observed easily that the operators X, and Y, correspond to the edges of the
G2 hexagon as follows: X, sends v; to nv; if there exists an edge from v; to v; of

weight n in the direction of .

A set { X, } of operators on a vector space is defined to be a bracket set if a bracket of

two elements is a multiple of some element in the set.
If {X,| v € I'} is a bracket set, then obviously it spans a Lie algebra.

Theorem 5.2.2. {X.,Y,, H |y € R"}is abracket set spanning a Lie algebra g = g,.

Proof. To check all the commutation relations we first consider the positive root
triples {v,~’,7”} where v + ' = ~”. There are exactly 6 root triples, one of which
is {«, B, + }. Every positive root triple {7,~',+”} leads to 6 commutation rela-
tions namely, [X., X/], [X_ Y/, [X Y], Vo, Y/ [V Yo L [V Y
Checking last 3 of them on the (G5 hexagon corresponds to checking the first 3 of
them because the weights and edges of the GG, hexagon is symmetric with respect to
its center. So , we only need to check the first 3 relations. Also, this positive root
triple determines a several triangles in the (G5 hexagon with sides having directions
~v,7,7". To check any one of these three commutation relations, it is enough to check

the consistency of the weights on each triangles determined by this root triple.

As an example consider the root triple {«, 5, + }. The 6 relations are [X,, Xg],
[Xa+g, YB]’ I:Xa+ﬁ7 Ya], [Ya, Yg], [YaJrﬁ, Yﬁ], I:YaJrB, Ya]. Enough to check [Xa, Xg],
[Xa+s, Y], [Xatp, Yol

Next, we check the pairs of roots which are at right angles. All of these result in 0.
Lastly, we check the relations [, X /] and [H.,, Y /].

H, = [X,,Y,] is a scalar operator. So, [H,, X,] and [H,,Y,] are multiples of X,
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and Y. [X/, H,] = —[X,, [V, X/]] = [V,, [X/, X,]] is a multiple of X_/. Similar

argument holds for Y operators. This concludes that the set {X,,Y,, H,| v € R} is

a bracket set.
We will show that any F1, is a linear combination of H, and Hg.

The matrix representations of /1, and H s are the diagonal matrices :

00 00 0 00 -1 0 0 00 0 O
0 -1 00 0 00 01 0 00 0 0
00 1.0 0 00 0 0 -2 00 0 0

[Holg=10 0 0 0 0 0 0|, [Hsglz=]0 0 0 00 0 0
00 00 -1 00 00 0 02 0 0
00 00 0 10 00 0 00 -1 0
00 00 0 00 00 0 00 0 1

Observe that last three diagonal entries are just the negatives of the first three and the
fouth diagonal entry is 0. Also, the first entry is just the sum of the second and third

entries. This motivates us to show that this is true for any H.,.

H.(vgap) = 0. Now, if we take a symmetry of any vertex with respect to the center the
image will change sign since the weights are the same but the directions are reversed.
So, Hy(vo) = —H,(vsagpap), Hy(v3) = —H,(Ugapsa) and Hy(vsa) = —Ho(vsaps)-
Then, H., is determined by the values H. (vy), H.,(vg), H,(vs,). Moreover, H.,(vp) =
H.(vg) + H,(vs,). This can be observed simply by multiplying the weights in the
directions v and —v. Therefore, H., is determined by the values H.(vg), H,(v4)
and the matrix representation satisfies the conditions mentioned above. H, and Hpg
are linearly independent and hence any /., is a linear combination of them. Note that

[H,, H ] = 0since H, is a scalar operator for any 7y € R*.

Therefore, the span of the bracket set is a 14 dimensional Lie algebra, say g. Then
h = span{H,, Hz} is a Cartan subalgebra of g. Recall that a Cartan subalgebra is
a nilpotent subalgebra which is self-normalizing. Nilpotency is obvious since h is
abelian. It is self-normalizing since [X,, H| and [Y,, H| are multiples of X, and Y,
for any H € h. Moreover, the roots of g with respect to h are the same with the roots

of do.
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H., corresponds to the data f, = (H,(vg), H+(v,)). We assume that the G5 hexagon
and the root system of G5 share a common origin. We consider f., as a linear func-

tional on this plane and we assume that H.,(vg) = f.,(—a — ), H,(vga) = f(—=0).

For example f, = (—1,1) and fg = (1, —2). This ensures that [H,, X, | = f.(7)X,
and [H,,Y,] = —fa(7)Y,. Define a functional 7 on h as y(H,) = fa(y) and
¥(Hg) = fs(y). Then X, € g5. So, the roots of g are the same with the roots
of go. This implies that g = go. [

This completes the construction of gs.
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