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ABSTRACT

A DECOMPOSITION FOR THE TILTED CHANNEL OF THE FAST
FADING CHANNELS

Yildiz, Miicahit Furkan

M.S., Department of Electrical and Electronics Engineering

Supervisor: Assist. Prof. Dr. Barig Nakiboglu

September 2022, 64 pages

A decomposition property for the tilted channel of the fast fading channels with the
channel state information at the receiver is proposed. A necessary and sufficient con-
dition for the decomposition and the resulting expressions for the sphere packing
exponent and the random coding exponent are determined. These expressions are
used to calculate the error exponents for the discrete memoryless channels with cer-
tain symmetries. The existence of a similar decomposition property for Gaussian

channels under Gaussian input distributions is analyzed.

Keywords: Augustin Information Measures, Sphere Packing Exponent, Random Cod-

ing Exponent, Fast Fading, Discrete Channels, Gaussian Channels
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HIZLI SONUMLEMELI KANALLARIN EGIK KANALLARI ICIN BiR
DEKOMPOSIZYON

Yildiz, Miicahit Furkan
Yiiksek Lisans, Elektrik ve Elektronik Miihendisligi Boliimii

Tez Yoneticisi: Dr. Ogr. Uyesi. Baris Nakiboglu

Eyliil 2022 , 64 sayfa

Kanal durum bilgisinin alicida oldugu hizli soniimlii kanallarin egik kanallar1 i¢in bir
dekompozisyon 6zelligi onerildi. Boyle bir dekompozisyonun olabilmesi icim hem
gerekli hem de yeterli olan bir kosul ve bu kosulu saglayan durumlar i¢in kiire sikis-
tirma iissii ve rassal kodlama iissii ifadeleri elde edildi. Bu ifadeleri kullanarak bazi
simetrilere sahip kanallarin hata iissii fonksiyonlar1 belirlendi. Gauss kanallarda girdi

dagilimi1 Gauss oldugunda benzer bir dekompozisyonun var olup olmadig1 incelendi.

Anahtar Kelimeler: Augustin Bilgi Oliiciileri, Kiire Sikistirma Ussii, Rassal Kodlama

Ussii, Ayrik Kanallar, Gauss Kanallar
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CHAPTER 1

INTRODUCTION

As a result of the rapid developments in communication technologies, people started
to realize the different usage areas of communication systems. At first, it was only
possible to talk to landline phones. Then cellular phones replaced landline phones
because people wanted to be connected and instantly reachable while walking outside
or sitting in a cafe. When the internet was first presented, computers required cable
to connect to the internet, and people used it for simple tasks such as sending an e-
mail and browsing. However, people want to watch a movie, do online shopping,
and handle their bank accounts on their phones, leading to the development of fast
and robust wireless connections. The development process is accelerating with new
ideas such as machine-to-machine (M2M) connection without human interference,
self-driving cars, and smart homes. The high mobility, high data rate, and low latency

requirements are growing more than ever.

Despite all the exciting ideas of wireless communication, it inherits a genuine prob-
lem that is inevitable and does not exist in wired communication. Wires have char-
acteristics of channel responses, and they do not change over time. However, envi-
ronmental circumstances highly affect wireless channels, and rapid shifts can cause a

reduction in the signal quality, called the fading effect.

To overcome the fading effect, researchers model the wireless channels with some
parameters, i.e., coherence time and bandwidth. Coherence time indicates the dura-
tion in which the wireless channels nearly have the same channel response, and the
coherence bandwidth indicates the bandwidth in which wireless channels nearly have
the same channel response for the frequencies apart from each other. Under these pa-

rameters, different models with different assumptions are used in the literature. Some



models assume that the channel characteristics can be tracked in the coherence time,
and this response information, i.e., the channel state information (CSI), is known at
the receiver side. This model is known as the fast-fading channel with CSI at the

receiver. We will use this model in the rest of the thesis.

When the high-reliability demands are the primary considerations of the communica-
tion, error exponents and their refinements are used. They give us the relation between
the codelength and the exponential decay rate of the probability of error. Analyzing
the error exponents, one can know the minimum codelength that achieves the required
exponential decay of the error probability in a coding scheme. We aim to understand
the fading effect by deriving the relationship between the corresponding non-fading

channels and the fast-fading channels with CSI at the receiver.

1.1 Related Works

In literature, fast-fading channels with CSI at the receiver is a widely used model by
researchers. In [1], the author calculates the sphere packing exponent (SPE) and the
random coding exponent (RCE) of the fast-fading discrete memoryless channels with
CSI at the receiver by using the conditioned non-fading discrete memoryless channels
for each fading parameter for given input distribution. Then, the author showed that
the calculated SPE and the RCE are always less than the expected value of the SPE
and the RCE of the non-fading discrete memoryless channels conditioned on the fad-
ing parameter. Another significant channel model is the fast-fading Gaussian channel
model with CSI at the receiver because the distribution of the thermal noise is mod-
eled as the Gaussian distribution. Researchers widely adopt this model with various
fading distributions and calculate the RCE using Gallager’s idea [2]. In [3], the author
calculates the RCE of fast-fading Gaussian channels for capacity-achieving input dis-
tribution without showing that the chosen input distribution is optimum. Although it
is optimum for the rate equal to the channel capacity, it may not be the optimum input
distribution for the rates below the channel capacity. We summarized the works on
the fast-fading Gaussian channels in Table 1.1. Generally, authors adopt the massive

input - massive output (MIMO) channel models.



Article|| Channel Model Power Allocation Used Techniques
[4] Rayleigh-Fading with Diver- | Capacity-Achieving RCE
sity and CSI Gaussian Distribution
[5] Rayleigh-Fading Memoryless | Equal Power Case RCE
Correlated Channels with
Full or Partial CSI

[6] Rayleigh and Nakagami- | Capacity-Achieving RCE
Fading with Diversity and | Gaussian Distribution
CSI

[7] Rayleigh and Nakagami- RCE
Fading and Diversity

[8] Rayleigh-Fading with MIMO | Capacity-Achieving RCE
and CSI Gaussian Distribution

[9] Rayleigh-Fading with MIMO | Capacity-Achieving RCE

and CSI

Gaussian Distribution

[10] Rician-Fading with MIMO RCE and Upper-
and CSI bound
[11] | Rayleigh-Fading Channels | Approximations for | Expurgated
with CSI Special Cases Bound, RCE and
SPE
[12] || Block Fading MIMO with | Capacity-Achieving Expurgated
CSI Gaussian Distribution | Bound and RCE
[13] Block Fading MIMO with | Binary and Capacity- | RCE
CSI Achieving  Gaussian
Distribution
[14] || Nakagami-m Fading MIMO | Equal Power RCE
with CSI
[15] || Multi-keyhole MIMO with | Equal Power RCE
CSI
[16] || Generalized K-Fading | Capacity-Achieving RCE
MIMO with CSI Gaussian




[17] | Rayleigh-Fading Product | Capacity-Achieving RCE
MIMO with CSI Gaussian

[18] || Multiple-Rayleigh Scattering | Capacity-Achieving RCE

MIMO with CSI Gaussian
[18] || Multiple-Rayleigh Scattering | Uniform Power Allo- | RCE
MIMO with CSI cated Gaussian Input
[19] || Multiple-Rayleigh Scattering | Uniform Power Allo- | RCE and Expur-
MIMO with CSI cated Gaussian Input gated Bound
[20] || n-p Fading MIMO with CSI | Capacity-Achieving RCE
Gaussian
[21] Block Fading MIMO with RCE

CSI

Table 1.1: The table of the related works

1.2 Contributions and Novelties

In Chapter 3, we proved the Lemma 1. This Lemma explains the required and suf-
ficient conditions to decompose tilted channels of fast-fading discrete memoryless
channels for an input distribution into a tilted fading distribution and tilted channels
of the corresponding non-fading discrete memoryless channels for a given CSI with
the same input distribution. Then we proved that the Lemma 1 conditions are satis-
fied for a particular class of channels. We calculated the parametric expressions of
SPEs and the rates. Then we analyzed fading binary symmetric channels (FBSC)
and fading binary erasure channels (FBEC) as examples. We found that the SPEs of
FBSCs are always greater than SPEs of non-fading binary symmetric channels (BSC)
under the same-capacity condition for all rates lower than the channel capacity. We
found that the fading distribution that takes only two values, 0 and 0.5, maximizes

the SPEs of the FBSCs. We showed that SPEs of all FBECs are equal to the SPEs of
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non-fading binary erasure channels (BEC) under the same-capacity condition for all
rates lower than the channel capacity. We explain how to generalize the Lemma 1 to
the infinite sets and the probability density functions in Chapter 4. Then, we checked
the Gaussian channels to find that the decomposition described in the Lemma 1 is not
applicable for the fading Gaussian channels. Lastly, we proved that the conditional
output distribution of tilted fading channels conditioned on the fading parameter could
not be a Gaussian channel for the Gaussian input distribution. This result also implies
that the conditional output distribution of the Augustin mean can not be a Gaussian

distribution.

1.3 Thesis Outline

We organized this thesis as follows. We define the preliminary concepts and the
Augustin information measures on the finite sets and the probability mass function
in Chapter 2. Then we explain the notation of the thesis, discrete channels, and the
coding. This chapter discusses the error exponent functions, i.e., the SPE and the
RCE. Chapter 3 explains fading discrete channels, Lemma 1, and its applications with
examples. Then we compare the results of the examples. In Chapter 4, we discuss the
fading Gaussian channels in the aspect of the decomposition of their tilted channels.

Finally, Chapter 5 concludes the thesis.






CHAPTER 2

AUGUSTIN INFORMATION MEASURES AND ERROR EXPONENT
FUNCTIONS

In this Chapter, we describe the notation of the thesis, which we will use hereafter,
and give preliminary definitions. We describe the Augustin information measures,
discrete memoryless channels, and the error exponent functions. Then, we explain the
connections between these concepts and their operational features. Lastly, we discuss
the advantages of the Augustin information measures over the more commonly used

Gallager’s function.

2.1 Notation and Preliminaries

2.1.1 Notation

Throughout the thesis, we will use the word alphabet to denote the finite sets. We
show all the probability mass functions (PMFs) on the alphabet Y, with P(Y). A
Channel W is a function satisfying W : X — P(Y). Thus, for any z € X, W (z) is
a PMF in P(Y). We show values of W (z) for any y € Y with W(y|z). We denote
the set of all strings with length n, which we can construct on the alphabet Y with Y".
Note that Y" is also a finite set. Therefore, all the previous notations are also valid
for Y*. A PMF w € P(Y) is said to be absolutely continuous in a probability mass
function ¢ € P(Y), denoted by w<g, if w(y) = 0 for all y where ¢(y) = 0.

Example 1. For PMFs ¢y, ¢, q3



0 ify=1 0.5 ify=1 0 ify=1
a(y) =41 ify=2 @) =505 ify=2 @&y =905 ify=2

0 ify=3 0 ify=3 05 ify=3

Only ¢;<¢. and ¢;<¢3. However, g2 Aq1, 24 ¢, ;3A¢1, and g3 4 go.
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Figure 2.1: The plot of the probability mass function ¢; in Example 1

0.5 0.5

0.2 .

Figure 2.2: The plot of the probability mass function ¢, in Example 1
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Figure 2.3: The plot of the probability mass function g3 in Example 1

The absolutely continuity relation has no commutative property. Two PMFs w, ¢ €
P(Y) are equivalent if and only if w—<¢ and ¢<w and we show the equivalence rela-

tion with w ~ ¢. The equivalence relation has the commutative property.

2.1.2 Preliminary Definitions

Definition 1. For any o € R+ and w, ¢ € P(Y), the order o Rényi divergence be-
tween w and ¢, denoted by D, (w|| q), is

LI Y [w(y)]*[g(y)]' ™ if eeR\{1} |

> w(y)ln% ifa=1

Do(wl] ¢):= 2.1)

The order one Rényi divergence is equal to the Kullback-Leibler divergence. By [22,
Lemma 2], for any o € R+ and w, ¢ € P(Y),
Dalwl| q) > ™22 " (w(y) — g(y))*. (2.2)
Yy
(2.2) is known as the Pinsker’s inequality for o € (0, 1). As a result of (2.2), for any
w, q € P(Y) and any o € R+, we get

0 < Da(wl q), (2.3)



and the equality in (2.3) holds only when w(y) = ¢(y) for all y € Y by (2.2). The
Rényi divergence has no commutative property for o # %, i.e., for any o # %, there

exist w, ¢ € P(Y) s.t.

Da(wll q) # Da(ql| w) - (2.4)

The Rényi divergence has commutative property for o = 1, i.e., for all w, ¢ € P(Y)

Di(w] ¢) =D

1
2

(gl w)- (2.5)

1
2

We can interpret the Rényi divergence as a measure of the distance between the prob-

ability mass functions. However, it is not a metric because it has no commutative

property.

Definition 2. For any o € R+, W:X—P(Y), @ :X—P(Y), and p € P(X), the order
« conditional Renyi divergence, denoted by D, (W|| Q| p), is

Da(WIl QI p)= 7 p()Da(W(2)l| Q(x)). (2.6)

In the case when the second argument of the conditional Rényi divergence is inde-
pendent of the parameter z, i.e., Q(z) = ¢ for some ¢ € P(Y), Do (W1 ¢q| p) can be
used instead of D, (W|| Q| p).

Definition 3. For any « € R+, W : X — P(Y), and ¢ € P(Y), the order « tilted
channel, denoted by W4 (y|z), is

WA (ylo):=[W (y|z)]*[q(y)] et DLW @)la), Vo € X. 2.7)

Using (2.1) in (2.7) , we get

(W (y|=)]*[g(x)]* if
TWmsetai—= 1 OZER+\{1}
Hfotl](y|x) _ ) 2wl le(®)] _

W (yl|x) ifa=1

(2.8)

The conditional Rényi divergence and the tilted channel play a significant role in

characterizing the Augustin mean in Section 2.2.1.

10



2.2 Augustin Information Measures

This section explains the Augustin information measures, including the Augustin in-
formation, the Augustin mean, the Augustin capacity, the Rényi radius, and the Au-

gustin center.

2.2.1 Augustin Mean and Information

Definition 4. For any o € R+, channel W : X — P(Y) and input distribution p € P(X),

the order o Augustin information is

Lo(p; W):= inf jepgy) Da(W | q| p) - (2.9)
For the order o = 1
Di(W qlp) = Di(W|l gp| p) + Di(gpl| a) (2.10)
where
= p(a)W (). (2.11)

Since D;(gp|| ¢) > 0 by (2.3), infimum in (2.9) is achieved by ¢,. Therefore,

di,p = Gp (2.12)
Lp; W) = Di(W|l g| p)- (2.13)

Hence, the order one Augustin information is equal to the mutual information. The
probability distribution that achieves the infimum in (2.9) has a closed-form expres-
sion for the order one. However, a closed-form expression of the probability distri-
bution that achieves the infimum in (2.9) is not available for orders other than one.
Nevertheless, the existence of the unique output distribution that achieves the infimum
in (2.9) for any PMF p on arbitrary classical channels is proved for orders « € (0, 1)
in [23] and for orders o € (1,00) in [22]. The output distribution that achieves the

infimum in (2.9) is called as the order o Augustin mean, and denoted by ¢, ,. Thus,
Lo;W) = Do(W|| ga,p| p) - (2.14)

11



Although the closed-form of the Augustin mean does not exist for orders other than
one, the Augustin mean can be characterized with the Augustin operator [22, Lemma

13].

Definition 5. The Augustin operator T,, ,, () : Qo — P(Y) is

To,p (0)= ZI p(z) Wi(z) Vg € Qup, (2.15)

where Q, , :={q € P(Y) : D,(W]| ¢| p) < o0}

The order o Augustin mean satisfies the fixed point property, i.e., T, , (Gop) = Gaps
which also satisfies g,,, ~ g,. Furthermore, any probability distribution ¢ which is
a fixed point of the Augustin operator, i.e., T, , (¢) = g, that also satisfies ¢,<q is
the Augustin mean by [22, Lemma 13]. In addition to the proof of the existence of
the unique Augustin mean for any PMF p on arbitrary classical channels in [22], it
also proved for arbitrary input distribution p on arbitrary classical channels in [24].
Furthermore, the existence of the unique Augustin mean is proved for any PMF p on

the classical-quantum channels in [25].

2.2.2 Rényi Mean and Information

We can define other information measures using the Rényi divergence. One of them

is the Rényi information which is implicitly defined by the Gallager! in [2].

Definition 6. For any o € R+, channel W : X — P(Y) and input distribution p € P(X),

the order o Rényi information is

I5(p; W)= inf yepry) Dalp ® Wl p @ q), (2.16)

where p ® W denotes the PMF whose marginal on X is p and whose conditional
distribution given z is W(z). p ® ¢ € P(X ®Y) denotes the PMF defined on the

product set of X ® Y whose marginal on X is p and marginal on Y is gq.

! With different parametrization and scaling and a restriction s.t. o € (0, 1).

12



Definition 7. For any o € R+, channel W :X — P(Y) and input distribution p € P(X),

the order o power mean is

@

Hap(y) = [ZM%)(W(W))“] : (2.17)

Definition 8. For any o € R+, channel W :X — P(Y) and input distribution p € P(X),

the order o Rényi mean is

Ha,p
@, = (2.18)
P [ pall
We can write
Dap@ Wp©@q)=Da(p® Wlp®ql,)+ Di(al,l| q)- (2.19)

Since Dy (¢¢, | ¢) > 0 by (2.3), infimum in (2.16) is achieved by ¢¢ . Therefore,

Le:W)=D.(p® W|p®ql,). (2.20)

The order one Rényi information is equal to the order one Augustin information,
and the order one Rényi mean is equal to the order one Augustin mean for any input
distribution p. However, unlike the Augustin mean, the Rényi mean has a closed-form
expression for orders other than one. Thus, characterizing the Augustin information
in terms of the Rényi information is helpful. The corresponding characterization is

done in [22]. As a result of this characterization, we get the inequalities

I,(W:p) > 13(W;p) Va € (0,1), (2.21)
Io(W3p) < I5(W;p) Vo € (1, 00). (2.22)

2.2.3 Augustin Center and Capacity

The Augustin capacity directly appears in the expressions of the SPE and the RCE.
For this reason, it is the pivotal quantity in the SPE and the RCE analysis with Au-

gustin information measures.

Definition 9. The order o Augustin capacity of a channel W : X — P(Y) for a con-
straint set A C P(X) is the supremum of the order o Augustin information over all

the possible input distributions p € A. Thus,
Oa,W,A:: SUDy,eca [oc<p; W) . (223)

13



If the constraint set is the whole P(X), we denote the Augustin capacity with the
Oa,W- Thus

Ca,W,fP(DC) = Oa,W- (224)
Definition 10. The order o Rényi radius of a channel W :X — P(Y) is

Sa,W:: infqe?(lé) maXgex DQ(W(JT)H Q) . (225)

Using the definition of the Augustin information in the definition of the Augustin

capacity, we get

Ca7W7‘A = SuppEA lnfqef]?(g) DOC(WH Q| p) ° (2'26)

We can change the order of the supremum and infimum for convex input sets by [22,

Theorem 1], and we get

Co,w.a = inf jcpy) sup,eq D.(W| q|p) - (2.27)

If the constraint set is the whole P(X), then the Augustin capacity is equal to the

Rényi radius.

Co,w = inf jepy) maxzex Do (W (z)]| q), (2.28)
= Sow (2.29)

Suppose C,, w .4 is finite, which is always the case for DMC’s. In that case, there ex-
ists a unique output distribution that achieves the infimum in (2.27) by [22, Theorem
1]. It is called as the order o Augustin center of the constrained set A, and denoted

by qo,w 4. Thus,

Ca,W,A = Suppeﬂ Da(WH QOc,W,A| p) . (230)

Similar to the Augustin capacity, if the constraint set is the whole P(X), we denote

the Augustin center with the ¢, . Thus

Qo, W, P(X) = Go, W - (2.31)

In [22], the existence of the unique order o Augustin center is generalized for the

arbitrary input distribution p.
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2.2.4 Rényi Center and Capacity

Similar to the Augustin capacity, Rényi capacity with the constraint set A C P(X)
can be defined as the supremum of the Rényi information for the possible input dis-

tributions p € A.

Definition 11. The order o Rényi capacity of a channel W : X — P(Y) with constraint
set A is the supremum of the order o Rényi information over all the possible input

distributions p € A. Thus,

Cow 4= SUbpen 13 (; W), (2.32)
= sup,c 4 infyepy) Dalp ® W p® q). (2.33)

If the constraint set is the whole P(X), we denote the Rényi capacity with the Cy .
Thus,

Cowom = Caw- (2.34)

Again, we can change the order of the supremum and infimum for convex A by [26].

Oag,W,A = infyepy) sup,eq Da r@®@Wlp®q). (2.35)

If the constraint set is the whole P(X), then the Rényi capacity is equal to the Rényi

radius.

Cow = infcqamaxzex Do(W(z)|| q) (2.36)
= Da, W - (2.37)

If C yy is finite, which is always the case for DMCs, then there exists a unique output
distribution that achieves the infimum in (2.35) by [26]. It is called as the order «

Rényi center and denoted by the chy’ w.a- Thus,

Cowoa=5Wpea Da(p @ Wp® gl y) - (2.38)

Similar to the Rényi capacity, if the constraint set is the whole P(X), we denote the

Rényi center with the ¢ ;. Thus,
qg,wﬁ = chy,W. (2.39)
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Because the order one Augustin information is equal to the Rényi information for any
input p, we can say that the order one constrained Augustin capacity is equal to the
order one constrained Rényi capacity. However, for the orders other than one, the
Augustin information is greater than the Rényi information for a € (0,1) and the
Augustin information is lower or equal than the Rényi information for a € (1, c0) by
(2.21) and (2.22). Therefore the Augustin capacity is greater than the Rényi capacity
for a € (0,1) and the Augustin capacity is lower or equal to the Rényi capacity for

a € (1,00), as well.

Cow.a > Cfywoa Ya € (0,1), (2.40)
Cowa < Cf o Yo € (1,00). (2.41)

The equality in (2.40) and (2.41) holds only if D,(W|| ¢.,w.4) equal to each other
for all z s.t. p(z) > 0 for the Augustin capacity-achieving input distribution p € A.
Furthermore, the Augustin capacity is equal to the Rényi capacity for the case A =

P(X) because they are both equal to the Rényi radius.

2.3 Discrete Memoryless Channels and Coding

Before introducing the error exponent functions, we describe the discrete memoryless
channels and coding, which are the concepts that should be known beforehand. A
discrete channel, shown in Figure 2.4, is a channel that takes an input symbol from
the finite input set X and produces a probability mass function on the finite output set

Y. We consider the discrete channel memoryless if the output distribution on the

X Channel

Input Set X
W:X— PY)

Output Space P(Y)

Figure 2.4: The block diagram of the discrete channel.

finite output set Y is independent of the previously transmitted input symbols. We can

characterize this channel with the equation
W(y*lz") =11 _ Wlylz) (2.42)
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forany n € Z+,y" € Y", 2" € X", and x; denotes the i-th element in the sequence
z". An encoder b : M — X" is a function that maps the integers m € M, where
M = {1,...,M}, into the strings z” € X" of length n. Each of these strings
¥(1),...,1¥ (M) are called the codeword, their length is called the blocklength, and
M is called the message set containing M number of messages. A code is a collection
of the M codewords, and a code ensemble is the group of the codes. A list decoder
0:Y — M is a function that maps the strings y™ € Y" into the set of messages
£ € M, where M = {£ : L C M}. Figure 2.5 shows the encoder and the decoder

blocks combined with the discrete channel.

Encoder N Channel yn Decoder

M — — — — M

P M — X" W . X" — PY") 0:Y" 5 M

Figure 2.5: The block diagram of the discrete channel with the coding.

We can define the code rate R

(2.43)

An error occurs when the decoder decodes string y™ to the message list, which does

not contain m. We can indicate the probability of error of the message m
Pl =P(m ¢ O(y")[z" = ¢(m)), (2.44)

and we can calculate the average error probability

1 M
P =— P 2.45

2.4 Error Exponent Funtions

In his seminal work, E. C. Shannon [27] showed that for a broad class of channels,
there is a threshold rate at which we can decrease the probability of error as much as
we want if we communicate at rates below a threshold. This threshold rate is called
the channel capacity. However, this theorem does not say how fast the error probabil-

ity decreases with increasing the block-length n. It is essential to know the relation
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between the decay rate of error probability and the block-length if the high-reliability
constraints are the primary concerns for the application. Error exponent functions es-
tablish an exponential connection between the error probability, the code-length, and
transmission rates and show how the error probability decreases by increasing the
block-length. Error exponent functions fully characterize the channel for the fixed
rates between the critical rate and the channel capacity. Furthermore, error exponents
provide a better opportunity for more comprehensive comparisons between the chan-
nels than the channel capacity. RCE, derived by Gallager [2] in 1965, is an upper
bound, and the SPE, derived by Shannon, Gallager, and Berlekamp [28] in 1967, is a

lower bound for the error probability.
Kp(n)e BB <P < Ky(n)e BB (2.46)

where the coefficients K and K satisfy

lim KL _ (2.47)
n—oo
lim 25—, (2.48)
n—0o0

We reproduce and explain the proof of the RCE in Appendix A.

2.4.1 Exponent Function and Augustin Information Measures

Gallager’s function characterizes the SPE and the RCE; when they are first found, see
[2], [28]. However, they can be characterized by the constrained Augustin capacity,
see [29], [25].
Egp(R, W, A):=sup,eo1) 22 (Ca,wa — R), (2.49)
Er,-(R, W,.A):: Supae(0571) 1?70( (CO[’W,‘A — R) . (2.50)

For the case when constraint set is equal to whole P(X), i.e., A = P(X), we get,

Egp (R, W)= supye(o1) =2 (C,w—R), (2.51)

[0}

E.(R, W)= sup,c(s.1) =2 (Ca,w — R). (2.52)

For the cost constraint case, Rényi-Gallager capacity, see [22], can be used as pointed

out by Gallager in [2]. It includes an additional non-standard use of the Lagrange
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multiplier. The primary advantage of Augustin information measures over Gallager’s
functions (hence Renyi information [26] measures) is that when a cost constraint
or a convex composition constraint is imposed on the codes, the resulting exponent
functions can be obtained by using the constrained Augustin capacity with the same
constraint in the input set. Furthermore, for the constant composition codes, we can
write the parametric expression of the SPE in terms of the tilted channel by [29]. For

any R € (limyo L. (p; W), I (p; W)), there exists a unique order o € (0, 1) satisfying

Ey(R, W,p) = Di(Wier|| W|p), (2.53)
R = Di(Wilr|l qayplp), (2.54)
= L(p; Wier). (2.55)
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CHAPTER 3

FADING DISCRETE MEMORYLESS CHANNELS

3.1 Introduction

In this Chapter, we explain the fading discrete memoryless channel model with CSI
at the receiver. Secondly, we prove the main lemma of the thesis. Lemma shows how
to decompose tilted channels of the fast-fading discrete memoryless channels using
the tilted fading distribution and tilted channels of the discrete memoryless channels
conditioned on fading parameters. Thirdly, we describe one particular class of chan-
nels that satisfies the requirements of the decomposition lemma. Afterward, we apply
the decomposition lemma to some example channels from this class, i.e., fast-fading
BSCs, BECs, and Gallager symmetric channels. Then, we calculate the resulting Au-
gustin capacity, SPE, and RCE for any fading distribution. Lastly, we compare the
results with the corresponding non-fading channels under the equal capacity condi-

tion.

3.1.1 Fading Discrete Memoryless Channels

Fading discrete channels, shown by the Figure 3.1, are described over the discrete
memoryless channels with an additional fading parameter h € J{. Like discrete
channels, we define the fading discrete channel as a channel that takes an input symbol
from the finite input set X and produces a PMF on the finite output set Y and the finite
fading set JH. We say that the fading discrete channel is a fast-fading discrete
memoryless channel if the output distribution on the finite output set Y is independent
of the previously used input symbols, and the fading parameter is independent and

identically distributed for every input letter for every use of the channel. The equation
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Fading Set H

H

X Fading Channel
Input Set X ———
Vv

Output Space P(Y)

Figure 3.1: The block diagram of the fading discrete channel.

characterizes a fast fading discrete memoryless channel

VR yle) =TT,V (ks wilas), (3.1)
=1, oCulzs) W (gl ho). (3.2)

where ¢ € P(H) is the fading distribution and for any n € Z+,h" € H" y™ €
Yr x™ € X", and z; denotes the i-th element in the sequence x". We assume that

fading parameters are independent of transmitted letters ;.

V(rtya) =TT g(h) W (wilais ) (3.3)

If receivers knows the CSIs, resulting channels are called a fast-fading discrete mem-

oryless channels with CSI at the receiver. We will use this model used in the thesis.

Remark 1. Notice that the discrete memoryless channels are a special case of the fast
fading discrete memoryless channels, in which the fading distribution has a single
fading parameter & in the JH satisfying g(h) = 1. More interestingly, the fast-fading
discrete memoryless channels are also discrete memoryless channels. Consider an
input set X and a new output set Z = H x Y. Z is the cartesian product of the fading
set ant the previous output set. Then the fast fading discrete memoryless channel
V : X — Z is a discrete memoryless channel, and its probability distributions satisfy

the equality
V(zlz) = g(h) W(y|z, h), Vi, h,y. (3.4)

The idea of the discrete memoryless channels and fast fading discrete memoryless
channels covering each other has significant operational importance in the discussions

of the following sections.
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3.2 Decomposition Property of the Fast-Fading Discrete Memoryless Channels
with CSI at the Receiver

By [22, Lemma 13], the unique order o Augustin mean exists for the discrete mem-
oryless channels and by Remark 1, fast fading discrete memoryless channels are also
discrete memoryless channels. Consequently, the unique order av Augustin mean ex-
ists for fast fading discrete memoryless channels, satisfying the properties of the order
« Augustin mean of discrete memoryless channels. Explicitly, the order o Augustin

mean of the fast fading discrete memoryless channel s, , ~ s, satisfies,

Sap(2) = D p(a) Virr(z]a). (3.5)

For the order a =1
Di(V sl p) = Di(W|l sp| p) + Di(spll s) (3.6)
where
Spi= Zm p(z)V(zx), 3.7)
since Di(s,|| s) > 0 by (2.3), infimum is achieved by s,. Therefore,

S1,p = Sp; (3.8)
Lip;V) = Di(V] sp] p). (3.9)

Tilted fading channel V? : X — P(Z) is
Va(alo)=[V (z]2)]*[s(2)] el 21, (3.10)

Furthermore, for each realization of the fading parameter 2 € J(, conditioned chan-
nels W(- |-, h): X — P(Y) are a discrete memoryless channels and by [22, Lemma

13] has their own unique Augustin mean ¢, ,(h) ~ ¢,(h) satisfying

Qo (ylh) =Y pa) Wior® (yla, h), 3.11)

where ¢, is defined as
a(hy=_ p(z)W(z,h), (3.12)
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and tilted channel Wg(h)(y\x, h):X — P(Y) is defined in (2.7) for each h € H. By
(2.12), order one Augustin mean of the channel W (- | -, k) is equal to the ¢, (h)

q1.p(h) = gy(h) (3.13)
Using (3.4), (3.7), and (3.12)

s1p(hy y) = sp(h,y) (3.14)

= p(@)V(hylz), (3.15)

= p(2)g(h) Wyl ), (3.16)

= 9(h) me ) W (ylz, h), (3.17)

= g(h)gp(ylh) (3.18)

= g(h)qp(ylh). (3.19)

We can decompose the order one Augustin mean, s, ,(h,y), of the fast fading dis-
crete memoryless channel V, into the order one Augustin mean, ql,p(y|h), of the
corresponding non-fading discrete memoryless channels W (- | -, k), and the original
fading distribution, g(h), of the original fast fading memoryless channel V.

We ask the question of that, is there any similar relationship between the order o Au-
gustin mean of the fast-fading discrete memoryless channel and conditioned discrete
memoryless channels W (- | -, h) for the orders other than one or not. We answer this

question in Lemma 1.
Lemma 1. For a given discrete channel V : X — P(H xY) of the form (3.4), input
distribution p € P(X), and order o € R+, the following two statements are equiva-
lent
(i) There exist g, € P(H) satisfying
Varr (hyylz) = ga(h) Wier ™ (yla, h) h, y, (3.20)

and for all z s.t. p(z) > 0, for Vao? defined in (3.10) and W.*" defined in
2.7).

(ii) There exist a, : X — R and b, : H — R satisfying
Da(W (2, )| gup (1)) = () + () vh, (3.21)
and for all z s.t. p(z) > 0.
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Furthermore, if either statement holds, then

Sap(hs Y) = ga(h)Gap(y|h). (3.22)

Proof. If the (3.20) is true, then by taking the expectation of both sides over the input

distribution p and using the Augustin operator given in (2.15),

> pla)Vier(h,ylo) Zp h) Wier™ (ylz, ), (3.23)
Zp YW ier M) (|2 B), (3.24)
Sap(hy y) = ga(h)qap(y|h). (3.25)

Therefore, statement (i) implies the decomposition of the Augustin mean of the fast
fading discrete memoryless channel.

If we insert (3.4), (3.22), and the statement (i) into (3.10) and use (2.7),

Ga(h) Wier® (ylz, h) = [g(h) W (y]z, h)]*[ga(h) Gap (y|h)] ~ el = PelV(Blser)

(3.26)
wa P yleh) 9] (1-a) Da(V (@) [ 50.p)
(W o T~ Tga (W] © (3.27)
(1=a) Da(W (2)llgar,p) — [9(M]* (1—)Da(V (2)l|serp)
e = o (h)}ae (3.28)
Do(W(2)[ gap) = 125 In ()) + Da(V(2)]| 50,p) (3.29)
o h
= % In 20 4 Do (V(2)|| oo p) (3.30)
Then, for the expressions
aa($) = Da<v<x)H gaqu) ) (3.31)
_ _«a AW)
bo(h) = =25 In gg(h) . (3.32)
statement (i) implies statement (ii).
Let’s assume that the statement (ii) holds and choose s(h, ) to be
2t ba(n)
s(h, )= M o (4] D)- (3.33)

225 9(h)e
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Then, we can write (3.10) as

Valele) = [V (b, yla)}ls (o) o=V o 634
-
o eaT_lba(h) —a)aa (T
— Wyl | 2B, 0| 3s)
h

a—1 1-a
_ o | _gh)e®attat® 1 Gop (h)
- [g(h)] |:zﬁg(ﬁ)eaoclb°‘@):| e(lfa)ba(h) Wa (y|x, h) (336)

a—1
e a— ba (h) N
Zgﬁ(g()ﬁ)eeg_l b (h) Wy ’p(h)(y|$> h) (3.37)

In addition, s satisfies the fixed point property and s ~ s,. For this reason, s is the

Augustin mean. Then the statement (ii) holds for the tilted fading distribution

galh) = | Do gm0 | g(h)es o (3.38)

Remark 2. Lemma 1 is important for the fading channels because the only thing that
is necessary to understand if the fast fading discrete memoryless channels have the
decomposition property or not is looking at the Rényi divergence between the discrete
memoryless channels W (-|-, h) and their order cv Augustin means ¢, ,(h) for every
fading parameter h by (3.32). One can ask if the decomposition of the Augustin mean
of the fading DMC V implies the decomposition of the tilted channel. In our opinion,

it is not valid. However, it is still an open problem to solve.

For the channels, which satisfy the decomposition lemma, we can write parametric
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expressions of SPE and the rate as,

ESP<R7 va) :Dl(V;a’pH V’ p>> (3.39)
=> p(x) | > Vier(hylz) h;qg'x)] (3.40)
T L y,h

. o () W2 ™ (415 h
:Zp(x) Zga(h) W ’p(h)<y|xah) In 4 (g)(h)W(y\:pE}Zg )] (3.41)

T L y,h

=D p(@) | D ga(W) Wior® (y|a, h)i]a(—%”))]

T L y,h

- wier™ (y1z b
+ Y p(@) [ galh) W v“’”(ylmh)#] (342)
T y,h

=D1(gal| 9) + Dy (W™ W] pga), (3.43)
R =Dy (V|| sa,pl p) (3.44)
=Y o) |y Vamr(hyyle) InFo = ,’Z;’{“"] (3.45)

L y,h

op o () W2 ™ (415 b
=3 pla) |3 galh) Wer® (g, h) In 208" Tl ’] (3.46)
x L y,h

=Dy (W2rM|| gop| Pga) - (3.47)

3.2.1 Fast Fading DMCs with Common Capacity Achieving Input Distribution

Lemma 1 is not applicable for all fast-fading discrete memoryless channels with CSI
at the receiver and all the input probability distributions. However, for a special class
of the channels, i.e., fast-fading discrete channels with CSI at the receiver with the
common Augustin capacity-achieving input distribution for the channels W (-, h) :
X — P(Y) for all h, Lemma 1 holds. Augustin capacity of the channel W (-, h) will
be denoted as C, instead of C, (. ,) to make the notation more easy to follow.
This subsection will prove that the channels in this class satisfy the Lemma 1, and
the resulting Augustin mean, Augustin capacity, and error exponent functions are
derived.

For channels in this class, there exista p € P(X),

Lp:W (-, h) = Ca Vh: g(h) > 0. (3.48)
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Necessary condition to (3.48) be true is the Augustin mean that corresponding to the
p is the Augustin center of the channel W (-, h) by [22, Theorem 1]. Consequently, it

also implies

Do(W (z, h)| Qa,p(h)) = Cahs (3.49)

for all z s.t. p(z) > 0, and & s.t. g(h) > 0. Because if the L.H.S of the (3.49) is
strictly less than C, 5, for at least one {z : p(z) > 0}, by (2.14)

Lo(p; W (-, h)) = Da(W (2, h)|| dap(B)| p) (3.50)
=" p(@) Da(W (2, 1) gup () (3.51)
< Can- (3.52)

which is a contradiction with the (3.48). Thus (3.48) holds and the channels in this

class satisfy the Lemma (1) through (3.21) where

ba(h) = Cop, (3.53)
ao(z) = 0. (3.54)

Tilted fading distribution can be calculated by using (3.38) as

golh) = | Do g(We’= | gme"s . (355)

Derivations until here are enough to satisfy the requirements of the Lemma 1 for this
class of channels. However, we can show that the p is also the Augustin capacity-
achieving input distribution for channel V. We show that the Augustin information
between the channel V' and input distribution p is equal to the maximum value of the
conditional Rényi divergence between the channel V' and the Augustin mean s, , for

any input distribution p’ € P(X). Using (2.14), (2.6), (3.22), the Augustin informa-
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tion between the channel V' and the input distribution p is

1,(p; V) = Do(V(2)|| Sap| P), (3.56)
= ZP mZ V(h,y2)]* [sap(hyy)] ™%, (3.57)

=> p@)n Z [g(B) W (ylz, )] [ga(h) o (y[W)]' ™, (3.58)

= p(@) 25> [g(h))* [ga(h)]) 7 oD Cor, (3.59)
T h -
=Y )Y | Do ghe = e | g(h)e T e (3.60)
T h E
=2 ang(h)e%Ca’h, (3.61)
h
where
> W (ylz, b)) [gap(y|h)]' " = elemt) o (3.62)

Yy
by (3.49). However, (3.62) is valid for the values of z s.t. p(z) > 0. For other values

of z,

> W (yla, b)) [gap(ylh)] 7 > eloCa (3.63)

Y
since C,, j, is the Augustin capacity. For this reason, the conditional Rényi divergence

between the channel V' and the Augustin mean s, , for any p’ € P(X)
Do (V (@)l sa,p] p') < mZ 5 Caun, (3.64)

Thus, the equality in (3.64) happens when p’ = p, and it indicates that the input

distribution p is the Augustin capacity-achieving input distribution for the channel V'

Ia(p;V) = Ca,v- (3.65)

Another result of the input distribution p being the Augustin capacity-achieving input

distribution of the fast fading discrete memoryless channel V is,
Ey(R, V)= Egy,(R,V,p). (3.66)

if (3.48) holds for every a@ € (0,1). We drop the input distribution p because the
SPE corresponding to the input distribution p becomes the SPE of the channel due to
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optimal, i.e., Augustin capacity-achieving, input distribution p and by the parametric

expression of the error exponent functions (3.39), and (3.44),

Eop(R, V) = Di(gall 9) + Di(Wapll W|pga) ae(0,1) (3.67)
R = Di(Wapll ol Pga) - (3.68)

For the tilted fading distribution g, given in (3.55).

3.3 Examples

In this section, we applied the Lemma 1 to the fast-fading BSC and the fast-fading
BEC because these channels are type of channels described in Section 3.2.1. We
determine the tilted channel and the tilted fading distribution for these channels. Au-
gustin capacity and the parametric expression of the sphere packing exponent func-
tion are derived. Then, these channels’ sphere packing exponents are analyzed and
compared with the non-fading binary symmetric channel and non-fading binary era-
sure channels under the equal Augustin capacity condition. Lastly, we expand our

examples to the Fading DMC’s with Gallager Symmetric channels.

3.3.1 Fading Binary Erasure Channel (FBEC)

FBEC V : X — P(H,Y) is a fading channel satisfying (3.4) for X = {0,1},Y =
{0,1, e} and H, which is the finite subset of the interval [0,1]. For a given input
symbol z, and the fading parameter /, the distribution of the output symbol y is equal

to

1—h ify=uz,
W(ylz,h) =< h ify=e, (3.69)
0 else,

Figure 3.2 shows the fading binary erasure channel diagram.

30



Figure 3.2: FBEC

Now, let p be the uniform distribution on X and ¢, (-|) be
1—nh

2 oht o TYEOD
CIOEE S . (3.70)
2 _ontok TYTC

on Y for all h € [0,1]. Then, by (2.8), the order « tilted channel of the channel
W, h): X — P(Y) for g.(:|h) is

W (ylz, h)]*[ga(y|h)]' "

[
Wj‘* ylz, h — (3.71)
o) = S e, W (G AT
( 2_92n i
9 _ohtotep YT
— 2" (3.72)
_ _— ,
2 _oht2tep YTE
0 else,
\

If we take the expectation of both sides over the p, we get the Augustin operator of

¢a(+|h) equal to

T,p (4a(ylh)) = Zp ) WM (y|z, )

1—h
if 1
e anr s TYEOU
= 21/ah f 3
2—oh+orkn 0T
which equals ¢, (-|h).
Top (€a(ylh)) = ¢alylh), (3.73)
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Thus, ¢, satisfies the fixed point property. Moreover, ¢,<¢,, where g, is defined in
(3.12). Therefore, ¢, is the order & Augustin mean of the channel W (-,h) : X —
P(Y) for the input distribution p for any fading parameter /1 € [0, 1], by [22, Lemma
13].

qa(h) = qa,p(' ‘ h) (3.74)
La(p; W (-, 1)) = Da(W (-, h)|l ga(h)| p) - (3.75)

Moreover, if we calculate the Rényi divergence between the distribution W (z, h) and

the distribution ¢, ,(h), we get

o n b 2% (1—h)] if o1,

Da(W(Ivhm Qa,P(h» = (3.76)

(1—h)ln2, ifa=1,

Thus, D,(W (z,h)|| ¢ap(h)) is independent of z. Then, for all z € X, Augustin
information for the input distribution p is equal to D, (W (z, h)|| gap(h))

Top; W Zp (2, )| go.p(R)) (3.77)
= Do(W(z,h)|| gup(h)) Vz € X. (3.78)
Therefore, I,(p; W (-, h)) = Ca 1, and (3.49) hold. Consequently,

(

ln[h+2 : (1—h)] ifo#1,

Coh = (3.79)

(1—h)ln2, ifa=1,

—In |h+ 2% (1—h ifao #£1,
Cav=19" [ a )] 7 (3.80)

(1—h)In2, if =1,

_ g(h P _
olh) = — 0 — b+ 2% (- n)) (3.81)
where

h=> g(h)h. (3.82)

h

Remark 3. Tilted channel of the fading binary erasure channel using the order «
Augustin center, i.e., ¢, 1S also a fading binary erasure channel with the erasure
probability

2"/

Wielz,h) = 50—~y

(3.83)
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Inserting (3.81) in (3.67), and (3.68), parametric expressions of the SPE and the rate

are
a—1 _
E —In— 1 a1l 20a (d=h) 1,9 84
SP(R7 V) nﬁ+2aT71(1—ﬁ) + o 7L+2u;1 (1—71) n 9 (38 )
— 2o (=R y9 (3.85)
h2% (1-h)

Lastly, we compare the sphere packing exponent of the non-fading binary erasure
channels and the fading binary erasure channels to understand the fading effect on
the sphere packing exponent. However, to make a fair comparison, we include the
equal channel capacity condition. By comparing the two different fading channels
having the same channel capacity, the difference in the sphere packing exponent of

the channels only originates from the fading effect. We derive the following lemma.

Lemma 2. For a fading binary erasure channel V and a non-fading binary erasure

channel W, described in Section 3.3.1,
Ey,(V,R) = E,(W,R) (3.86)
if and only if

Co,v = Cow (3.87)

Proof. By (3.80),

o In |h+2° (1—h)| ifa#1
Covr = = (-R] ires1 (3.88)
(1—h)In2 ifa=1

where

h=> g(h)h (3.89)

h

where ¢ is the fading distribution of the fading binary erasure channels V. Similarly,

a—1

<2 In|lh+2% (1—=h ifa#1
Cow = 7 [ ( )} # , (3.90)
(1—h)In2 ifa=1

Therefore, the expected value of the fading distribution ¢ and the erasure probability

of the non-fading BEC must be the same for equal channel capacity conditions, and
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we get

>
I
>

(3.91)

Because the expected value of the fading parameter of g and the erasure probability
h of the non-fading BEC are the same, by (3.84) and (3.85), their sphere packing

exponent functions are the same for all rates.
E,(V,R)=E,(W,R) (3.92)

Furthermore, the expected value of the fading parameter of ¢ and the erasure proba-
bility % of the non-fading binary erasure channel must be the same as the SPEs to be

same with each other. Then, their capacities are the same. O]

Interestingly, fading does not affect SPEs of the FBECs under the same channel ca-
pacity condition, and fading binary erasure channels have the same sphere packing
exponents as the non-fading binary erasure channels under the same channel capacity
condition. Recall that the binary erasure channel has the largest sphere packing ex-
ponent among all the discrete memoryless channels with the same channel capacity
by [30-32]. Therefore, we know that the SPE of FBEC cannot be greater than the
SPE of the non-fading BEC with equal channel capacity; however, all discussions in

terms of the fading binary erasure channels and the Lemma 2 are new.

3.3.2 Fading Binary Symmetric Channel (FBSC)

FBSC V : X — P(H,Y) is a fading channel satisfying (3.4) for X = {0,1},Y =
{0,1} and X, which is the finite subset of the interval [0,0.5]. For a given input
symbol z, and the fading parameter 5, the distribution of the output symbol y is equal
to

1—h ify=z

W (ylz, h) = (3.93)

h ify+#u
Figure 3.3 shows the fading binary symmetric channel diagram.
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1—nh

Figure 3.3: FBSC

Now, let p be the uniform distribution on X and ¢,(-|) be the uniform distribution
on Y for all 4 € [0,0.5]. Then, by (2.8), the order « tilted channel of the channel
W(,h): X — P(Y) for ¢,(:|h) is

T L4t £ GUA U

- _ 3.94
S W, D) laa G G5
(1 —h)> )
L 1—pe Ty=7
h +$;h) (3.95)
m lf’y 7é xT.

If we take the expectation of both sides over the p, we get the Augustin operator of

¢ €qual to

TMA%@MD=§ZP Wi (y|z, h)

_Ja ify=0,
% if y =1.
which is the uniform distribution on the Y.
Top (2(ylh)) = qa(y|h) (3.96)

Thus, ¢, satisfies the fixed point property. Moreover, ¢,<¢,, where ¢, is defined in

(3.12). Therefore, ¢, is the Augustin mean of the channel W (-, h) : X — P(Y) for
the input distribution p for any fading parameter h € [0, 0.5], by [22, Lemma 13].

Qa(h) = %z,p(' | h) (3.97)

Lp; W (-, h)) = Da(W (- bl 4a(h)| p) (3.98)
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Furthermore, if we calculate the Rényi divergence between the distribution W (z, h)

and the distribution ¢, ,(h), we get
—« a 11—« .
Al [he (D) 700 (3)"7] ifacRi\{1)

hlngs + (1 —h)In =t if o =1

Do(W (2, D)l gap(h)) =

(3.99)

Thus, D, (W (z, h)|| ¢a,p(R)) is independent of z. Then, for all z € X, order « Au-
gustin information for the input distribution p is equal to D, (W (z, h)|| ¢up(h)),

Lo(p; W (- Zp (@, )] ap(R)), (3.100)
= Do(W (2, )| Gap(h)) Vi € X. (3.101)

Therefore, I,(p; W (-, h)) = C,, and (3.49) hold. Consequently,

Con = da(h]|*/2) (3.102)
a0 Y, g(h)ea-TeH) o £
Ca,v Y Zh 9( ) i (3.103)
>on g(h)di(h]|1/2) ifa=1
galh) = I+ A= 1)) . (3.104)
> g(h)(he + (1= h)*)a
where d,(-]| -) : [0,1] x [0, 1] — [0, 00] is defined as
ln(5a717a+(;:'31)a(1—7)17(1) ifo#1
do (gl 7):= . (3.105)
e+ (1-¢)lni= ifa=1

Remark 4. Tilted channel of FBSCs corresponding to the order o Augustin center,
1.e., q,4 1s also a FBSC with the cross-over probability

(1—h)e

(y 7£ $‘$ h) m. (3106)

Inserting (3.104) in (3.67), and (3.68), we get the parametric expressions of the SPE

and the rate.

Egp(R, V) = Di(gall 9) +Zga (m h), (3.107)

R = Zga <ha+h1a DE

1) , (3.108)
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where g, is given in (3.104). Lastly, we proved the following lemma to determine the

fading effect on the SPE of the FBSC.

Lemma 3. For a FBSC V, described in Section 3.3.2, the fading distribution that
maximizes the SPE, among all fading distributions which result in the same channel

capacity, is

g(h) = (3.109)

Proof. To prove the Lemma 3, we first show that the channel capacity of the V is
same with the channel capacity of the FBEC V; described in the Subsection 3.3.2
with the fading distribution g; which is

P, if h =0,
g1(h) = (3.110)

(1—-p), ifh=1,
and their sphere packing error exponents are the same. By (3.102),
Cov =In2(1 — p), (3.111)
and by (3.80),
Cov, =In2(1 —p). (3.112)

. Thus, their channel capacities are the same. Then, by (3.104) the tilted fading
distribution of the V' is

=, ifh =0,
galh)y =770 (3.113)
A=p27a o %

1—a

p+(1-p)2-«
Furthermore, for A = 0 and h = 1, we get

o

g (m

h) —0. (3.114)

Therefore,

Z 9o (h (ho‘—i-hla DE

h) —0, (3.115)
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for the fading distribution ¢g. Thus by (3.107),

Ey,(V, R) = Di(g.] 9) (3.116)
1 4l (=p23 9 3.117)
p+(1-p)27a @ pr(1-p)2a

For the fading binary erasure channel V7, the expected value of the fading parameter
h is

h=> g(h)h (3.118)
=1-p (3.119)

Thus, by (3.84) the SPE of the channel FBEC V] is

a—1

E,(Vi,R)=In— o1 2P 9 3.120
p(V1, F) = In (1—p)+p2°5 & (1-p)+p2°F " ( )
l1-o a=1
—In—2° 4ol _2°%p |9 (3.121)
p+(1-p)2 & ¢ (1-p)+p2
a—1
zln%w——a(l—%) In2 (3.122)
p+(1-p)2 a @ (1—p)+p2 o
=ln—2Lt  pla Ump2e 9 (3.123)
p+(1-p)27a ¢ p+(l-p)2a
— E,(V,R) (3.124)

Therefore their sphere packing exponents are the same. We know that the SPE of the
FBECI V} is equal to the SPE of the non-fading BEC with the same channel capacity
by Lemma 2 and the non-fading BEC has the greatest SPE among all the binary input
DMCs by [30-32]. Therefore the ¢ maximizes the SPE of the FBSC among the
FBSCs with the same Augustin capacity. [

The intuition behind the Lemma 3 is the following. The fading binary symmetric
channel V' with the fading distribution g given in the Lemma 3 can be thought as the
combination of the two non-fading binary symmetric channel W; : {0,1} — {0,1}

and W : {0,1} — {0, 1} which the channel transition probabilities are

1 ify =z,
Wiy | o) = (3.125)

0 ify+#x,
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and

ify =z,
Wa(y | z) = (3.126)

ify # x.

N[ —=

N[

and the fading binary symmetric channel V' switches between the non-fading bi-
nary symmetric channels W, and W, according to the fading distribution. The fad-
ing binary erasure channel V; with the fading distribution ¢; given in the Lemma
3 can be thought as the combination of the two non-fading binary erasure channel
W3 : {0,1} — {0,e,1} and Wy : {0,1} — {0, e, 1} which the channel transition

probabilities are

1 ify =z,
Wy [2) =40 ify=e, (3.127)
0 else,
and
0 ify=ux,
Wily|z)=q1 ify=e, (3.128)
0 else,

and the fading binary erasure channel V; switches between the non-fading binary era-
sure channels W3 and W, according to the fading distribution. The non-fading BSC
W, and the non-fading BEC Wj are the same channels. In addition, the non-fading
binary symmetric channel W, can not be distinguished from the non-fading binary
symmetric channel W, combined with the coin flip. Their contributions to channel
capacity and error exponent are zero. Therefore the fading channels V' and the V;
defined in the Lemma 3 should have the same SPEs. After proving the Lemma 3,
we calculated the SPE function of the non-fading BEC with the cross-over probabil-
ity equal to 0.1 and the FBSC with ¢ given in (3.109) with the same capacity of the

non-fading channel. Figure 3.4 represents the resulting sphere packing exponents.

The SPE of the FBSC is much greater than the SPE function of the non-fading BSC
for every rate lower than the channel capacity. Lastly, we calculate ratio of SPE of

non-fading BSC with the cross-over probability equal to 0.1 and the FBSCs having
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Figure 3.4: The SPEs of BSC with crossover probability 0.1 and FBSC with ¢(0) =
0.531 and ¢(0.5) = 0.469.

two fading parameters and the same capacity with the non-fading BSC at one refer-
ence rate equal to 0.130812 to see how fading effects the SPE of the FBSC. The plot
of resulting ratios can be seen as a surf plot in Figure 3.5, and as a heat map in Figure
3.6. As expected, the SPE is maximized for the fading distribution g which is given
in (3.109) and minimized when the channel has no fading. We know that the binary
symmetric channel has the smallest sphere packing exponent among all the discrete

memoryless channels with the same channel capacity by [30-32].

3.3.3 Fading Discrete Memoryless Channels with Gallager Symmetry

A fading discrete memoryless channel V : X — P(H,Y) satistying (3.4) is Gallager-
symmetric if the output set Y of each channel W (-, 1) : X — P(Y) can be partitioned
into disjoint subsets Yy 1, - - - , Yn.x, in such a way that within each |X| x |Y}, x, | transi-
tion matrix all rows are permutations of each other and all columns are permutations

of each other. Previously given example channels (FBEC, FBSC) are examples of the
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Figure 3.5: The surf plot of the ratios of the SPEs of the non-fading BSC with the
cross-over probability equal to 6 = 0.1, and the FBSCs having 2 different crossover-
probability and same channel capacities (C = 0.368064) at the reference rate (R =
0.130812)

Gallager-symmetric channels. For Gallager-symmetric FDMCs, we can define a «

output norm for each output symbol, i.e.,

1
W (y | ||a—[ZWy|:ch ] . (3.129)

zeX
If two output symbols y,y € Y, their a output norms are the same because the

columns in the same partitioning are permutations of each other.
Wy [ M)la =W |7l (3.130)

We can denote the o output norms of the outputs symbols in the same partitioning ¢

for a given fading parameter h with 7, 5 ;.

Tani = [[W(y [ 1)]]a Vy € Ynis (3.131)
= [Z Wy |z, h)‘“] Yy e Y.  (B.132)
zeX
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Figure 3.6: The heat map of the ratios of the SPEs of the non-fading BSC with the
cross-over probability equal to 6 = 0.1, and the FBSCs having 2 different crossover-

probability and same channel capacities (C = 0.368064) at the reference rate (R =
0.130812)

Now, let p be the uniform distribution on X and ¢, (+|h) be

rahi
Ga(ylh) = Yy € Yni, (3.133)
Zkh 7°<>zhj|ylw|

on Y, for all h € H. Then, by (2.8), the order « tilted channel of the channel
W(,h): X — P(Y) for q,(:|h) is

(W (vl )] [ (y] )]~
S5 W (@l ) an FR]— G139

. (y |‘r)a clyhaz
Tk Y
Z]hlr(xh‘]'l&‘rl

If we take the expectation of both sides over the p, we get the Augustin operator of

W™ (ylz, h) =

Yy € Ypi. (3.135)

¢a(+|h) equal to

Top (Ga(ylh)) Zp WM (ylz, h),

Ta,hi
- kn vyegh,iv
j= L1 Tash,j 9nl
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which is equal to the g, (-|h).

Top (6(ylh)) = qa(ylh), (3.136)

Thus, ¢, satisfies the fixed point property. Moreover, ¢,<¢,, where ¢, is defined in
(3.12). Therefore, ¢, is the order o Augustin mean of the channel W (-,h) : X —
P(Y) for the input distribution p for any fading parameter & € JH, by [22, Lemma
13].

qa(h) = %z,p(' | h) Vy cYy (3.137)
La(p; W (-, 1)) = Da(W (-, )| ga(h)| p) . (3.138)

Furthermore, if we calculate the Rényi divergence between the distribution W (z, h)

and the distribution ¢, ,(h), we get

o L
e [m( i Ta,h,j|9h,j|> } ifa 1
DQ(W(I, h)” qa,p(h)) = ) .
h“'x'fZ > Wiy | o, h)ln EUER - if o = 1
j=1 yG%;LJ
(3.139)

Thus, Do (W (z,h)|| ga,p(h)) is independent of z. Then, for all z € X, Augustin
information for the input distribution p is equal to D, (W (z, h)|| gap(h))

L(p; W (- Zp (, )| Gap (), (3.140)

= Da(W (2, 1) qap(h)) veeX.  (3.141)

Therefore, 1,(p; W (-, h)) = C, 1, and (3.49) hold. Consequently,

o 1n[|x‘(2’“" rahJIHm) ] if o # 1
Con = , (3.142)
1n|x|+z S W(y |z, h)n —lelfh), ifa=1
L J=1y€Yn,;
a1 L
hthg( )[%(Z?h:j?"a,h,ﬂ%h,ﬂ) ]a, ifa#1
Cav = s . (3.143)
In [X|+ 32, g(h )Z >, W(ylz,h)ln M ifor =1
K J=1y€Yn,;

9a(h) = o) o L [ﬁ (i%,h,j"ﬁh,ﬂ)a] E. (3.144)
25 9(h )[m(Zkh Tahg|9h]|> }a j=1

Parametric expressions of the sphere packing exponent and the rate can be found by

inserting (3.144), (3.135), and (3.133) in (3.67), and (3.68).
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CHAPTER 4

GAUSSIAN CHANNELS

4.1 Introduction

The most commonly used model in communication systems is the Gaussian channel

model. Because we can model the thermal noise as a zero-mean Gaussian random

2

variable with some variance 2. A Gaussian random variable with variance o2

is
denoted with the symbol (2, and its probability density function is
.2

o2 (7) = e, Vi e R. 4.1

We can say that the output of the Gaussian channel y € R is the sum of the input of

the channel z € R and a Gaussian random variable k,
y=ux+k. 4.2)

Thus, the probability density function (PDF) of the output of W is

W(ylz) = po2(y — ), (4.3)
_ 2;267(5;) Vz,y € R. 4.4)

Often, Gaussian channels are considered with the constraints on the input to model

the real world more accurately. If the constraint function p is
p(x) = 2%, Vr € R, 4.5)
and the constraint is
Elp] <o, (4.6)

then, the resulting constraint is called the average power constraint. In Chapter 2,

we define the Rényi divergence, the conditional Rényi divergence, the tilted channel,
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and the Augustin information measures for the finite sets and the probability mass
functions on finite sets. We can generalize these definitions to the infinite sets and the
probability density functions on infinite sets by replacing the sum operators with the
integral operators. The resulting definitions are presented in [22]. Furthermore, we
can use them in the same way with the finite case because all the proofs, including the
existence of the unique Augustin mean with the fixed point property and the unique
Augustin center for arbitrary input distribution on the arbitrary channels in [24] and

[22], respectively.

4.1.1 Fading Gaussian Channels

Fading Gaussian channels are described over the Gaussian channels with an addi-
tional fading parameter h, also known as the channel state information (CSI). A fad-
ing Gaussian channel V' is said to be a fast fading Gaussian channel if the produced
output probability density function is independent of the previously transmitted in-
puts, and the fading parameter is independent and identically distributed for every

input letter for every use of the channel.

V(h", y"|z") H V (hi, yil2:) (4.7)
—H (sl z) W (i, hy) (4.8)

7(yifzihi)2
- Hl 1 27r0 6 2" (49)

for any n € Z+,h" € R", y" € R", 2" € R" where g is the PDF of the fading
parameter. z; denotes the ith element in the sequence z". If the fading parameter is
independent of the input letter z;, we can rewrite the channel equation (4.9) as

— (= aihy)*

ViR ytlam) =11 o) ggme™ (4.10)

Suppose receivers know the value of the CSI. In that case, the resulting channels are
called a fast-fading Gaussian channel with CSI at the receiver. This is the model used

in this Chapter with the average power constraint.

46



4.2 An Analysis on the Tilted Channel of the Fading Gaussian Channels

Assume the fading Gaussian channel V satisfying (4.10), with the variance o2, cost
function p given in (4.5) and the cost constraint ¢ given in (4.6). For Gaussian
channels, zero-mean Gaussian input distribution with the variance p is the Augustin
capacity-achieving, i.e., optimum, input distribution of the channel, and the order «

Augustin mean is a zero-mean Gaussian distribution with the variance 0, . , by [22].

D= @, “4.11)

Qo = Pl (4.12)
Oooo=0"+5— % +1/§— & + 002 (4.13)

Therefore, for the fixed value of the fading parameter 5, the optimum input distribu-
tion of the channel W (-, k), which achieves the order ov Augustin capacity, is also a
zero-mean Gaussian input distribution with the variance o and the order v Augustin

mean of the channel W (-, h) is also a zero mean Gaussian distribution with the vari-

ance Gy 001,
D=, (4.14)
Gop(R) = Py g (4.15)
ea,o,g,h:U2+gTh2_%+\/g—32—%+QUQ 4.16)

The order o Rényi divergence between the channel W (-, k) and its order ov Augustin

mean 1is
ah?2? 1 9(1%0 ha(lia)
+—1In S a#1

2(@0(17(,797h+(1—a)02) a—1 aby g, ’h,—ﬁ-(l—oz)az’
DalW ) ) = Vot

O'2+h2.712—9a,0—79,h 1 ea,o',g,h, _

L + 5 In R a=1

“4.17)

Remark S. Because the existence of the unique Augustin mean is proved in [24] for
arbitrary input distribution on the arbitrary channels, we can generalize the Lemma 1
to use in the Gaussian channels by going through the same set of steps of the proof of
the Lemma 1 with the Augustin information measures for infinite sets and probability

density functions.
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We cannot write the (4.17) in the form of the statement (i1) of the Lemma 1.

Do(W (-, hll @, ,4) = ta(2)calh) + da(h), (4.18)
# o (x) + bo(h). (4.19)

Therefore, we immediately conclude that the tilted channel of the fading Gaussian
channel cannot be decomposed into the tilted fading distribution and the tilted chan-
nel, i.e., aqa"“’(h), of the Gaussian channels W (-, h). However, the tilted channel
of the fading Gaussian channels can be written as a tilted fading distribution time a
conditional distribution of y for a given h. Let us determine if the conditional dis-
tribution of y of the tilted channel can still be a Gaussian distribution with properly

chosen mean ~ and the variance ©. Our assumption for the following analysis is

Var e (hyy | ) = ga(h)pe(y — ya|h). (4.20)

Then, if we take the expected value of the tilted channel over the input distribution

Po>
E,, [Va"* (h, ylz)] = By, [ga(h)po(y — vz|h)] 421
= ga(P)Eg,[pe(y — vz|h)] (4.22)
= ga(h>90729+®(?/|h) (4.23)

Because the order o Augustin mean of the fading Gaussian channel should satisfy the

fixed point property, it should be

Saipe (1Y) = ga(h)pr2010(y| ). (4.24)
By the tilted channel definition,

oV [ b)) faoWeveraw W]
I a0 V@ 1h o) [s®epee@ b)) dhdg
and if we put (4.20) in (4. 25) and rearrange, we get

[g(W) V (ylh, 2)]* [¢2040(ylh)]| //

[9a(R)]" po(y —yz)

e

V" (h,y | z) =

V@1 5o [s)erpio@I B dhdg.
(4.26)
The R.H.S of (4.26) only depends on z. Therefore, the L.H.S of (4.26) must be

independent of the output y and the fading parameter A for all o and all x. If we write
the left-hand side of (4.26) explicitly, we get

(k) V (ylh, )" [pr2er0(yIm)] " [ g(h)
[90(1)]* wo(y —v)

Nl

“ ©
— , (4.27)
ga(h)} c¥(v20+©) T f(y)
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where

F(y) = exp (; (_(y thQx) a y72(;+g) LW *@71:) >> 4.28)

1(,/1 « 1—a hra vz v22?2 Rz«
== —— - 2y — — — — . 4.29
> {y (@ p 72Q+®>+ y( p @>+< o o2 (429)

In (4.27), the only thing that depends on the output y is the function f. Thus, it

must be independent of the output y. To make f independent of the output y, the
coefficient of 32 and the coefficient of y must be zero individually. Then, if we make

the coefficient of 32 equal to zero, we get

1 « 1l-«
, @O (@ — 02)
= 4.31
7= Y0~ a0) (4.31)
For this expression to be valid, © must satisfy the equation
0 >0 > a0, (4.32)
If we make the coefficient of y equal to zero, we get
_ hra vz
=— -5 (4.33)
- ho‘f), (4.34)
g

By (4.31) and (4.34), we get the quadratic equation for the O,

2 4 6
2 g g (2
@(@ - @(a - a2h2g) - a2h2g> =0. (4.35)

(4.31) and (4.34) are satisfied if © is the root of the (4.35). The only root of the (4.35)
which is greater than the o2, i.e., satisfying the (4.32), is

~ 1o ot o2 ot \? o
I Z 4 4.36
© 2 [ a  a?h?p + \/( o thQQ) + a2h2g)] (4.36)

If we put the O into the (4.27), we get

9V (ulh, ) [oepia(wlh)]

[90 ()" P& (y — ) = j(h) exp (k(h)z*), 4.37)
where
o [g(h)1° o3
j(h) = {ga(h)} a0 1 O) (4.38)
Kk = ;<V2é?:2 - h?;a)- (4.39)



Until here, we find the conditions to the left-hand side of (4.26) to be independent of
the output y and get the expression (4.37) when the conditions are met. However, the
left hand side of (4.26) must be also independent of fading parameter A for all o and
all z. Thus, the functions 7 and £ must be independent of the fading parameter A,
because for the z = 0 case, function j must be independent of the fading parameter A
and if function j is independent of the fading parameter /, function k£ must be inde-
pendent of the fading parameter & to make the left hand side of (4.26) be independent
of the fading parameter % for all the values of inputs z. Using (4.31), we get

k) = sn2 2 | L[ - -2 2+402 1 (4.40)
2 02 |2 ah?p ah?p h2p ' '

If we draw function % for o = 1, 0 = 1, and the p = 2, we get

1072

—4.0 |

Figure 4.1: The function k(h) with @ = 0.1,6% = 1 and ¢ = 2.

Therefore, the function £ is not independent of the fading parameter %, which is a
contradiction. Thus the conditional output distribution of the tilted channel cannot be

a Gaussian distribution.

Remark 6. In contrast to the DMC results, the conditional output distribution of the
Augustin mean of the fading Gaussian channel must be the Gaussian distribution to
the conditional output distribution of the tilted channel of the fading Gaussian channel
be a Gaussian distribution by the definition of the tilted channel. Therefore, by show-
ing the impossibility of the conditional output distribution of the tilted channel of the

fading Gaussian channel being Gaussian distribution, we also showed that the condi-
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tional output distribution of the Augustin mean cannot be a Gaussian distribution for

fading Gaussian channels.
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CHAPTER 5

CONCLUSIONS

In this thesis, we proved a decomposition for the tilted channel of the fast-fading
DMCs with the CSI at the receiver as a product of a tilted fading distribution and the
tilted channels of the non-fading channels for every channel state. We determined
the necessary and sufficient conditions. We showed that the fading discrete channels
with the common Augustin capacity achieving distributions for every channel state
satisfy the conditions of the decomposition lemma, i.e., Lemma 1. We calculated the
parametric expressions of the SPE and the rate of channels in the class. We used our
calculations and determined the results of the FBSCs, FBECs, and fading channels
with Gallager symmetry. Then we compare these channels with the corresponding
non-fading channels under the equal Augustin capacity circumstances. We had the

observations that are

1. By Lemma 2, the fading binary erasure channels always have the same SPEs
with the corresponding non-fading BEC. The only thing to characterize the
SPE of the FBEC is the expected value of the fading parameter, which is the
erasure probability in the non-fading BEC. Furthermore, if the sphere packing
exponents of the two binary erasure channels are the same, then the expected

value of the fading distribution must be the same.

2. By Lemma 3, the fading binary symmetric channels have greater sphere pack-
ing exponents than the non-fading binary symmetric channels for every rate and
fading distribution. Furthermore, the sphere packing exponent of the fading bi-
nary symmetric channels is maximized when the fading distribution only has

two fading parameters, which are 0 and 0.5.
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Then we turn our attention to the Gaussian channels. We used the optimal input distri-
bution of the non-fading Gaussian channel, i.e., the zero-mean Gaussian distribution
with the variance equal to the cost constraint, as the input distribution. Then, we
showed that the Lemma 1 is not applicable for fast-fading Gaussian channels with
the CSI at the receiver for this input distribution. Lastly, we assumed that the con-
ditional output distribution of the tilted channel is Gaussian distributed and proved
that the assumption could not be valid. By the observation that the conditional output
distribution of the tilted channel cannot be a Gaussian distribution, we found out that
the conditional output distribution of the Augustin mean also cannot be a Gaussian

distribution.
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APPENDIX A

Let X" is the input alphabet and Y" be the output alphabet. We consider a code
consisting of M code word with the encoder function v that maps the integers from 1
to M into the codewords ¢ (1), ..., ¢ (M), where »(m) € X" and m € {1,..., M}.
We assume that the Maximum Likelihood (ML) decoding is used at the receiver. MLL

decoder decodes the output sequence 3" into the integer m if

P(y"[y(m)) > P(y"[4(m)) Vm 7 . (A.D)
In the equality case, decoder chooses randomly between the possible messages. De-
coder makes an error if the output sequence is more probable for an input message M
other than the ¢)(m). Then the probability of error for a message m is
= > P v(m)) duly™), (A2)
yneyn
where the indicator function ¢,,(y") indicates if the decoder makes an error when the

output y" is received or not.

oy = |1 RO ) < P v forsomem A

0 otherwise
We can upper bound the indicator function with
S Py () 77 ] '
P(y"| (m)) =

Then, the probability of error of the message m can be upper bounded by
9

Om(y") < p> 0. (A.4)

pre 3 B lpmy [ S BT
yreyn P(y"|¢(m))
P
< 37 Py wm) e | 3 Py v(m) T p>0.  (A6)
yneyn m#EmM J
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Upper bound on the indicator function is valid because it is always greater than 0,
which makes it true for the case ¢,,(y™) = 0. When it is equal to one, at least
one other codeword has more probability of generating the output sequence than the
transmitted codeword. It makes the right hand side of (A.4) greater than one. This
bound is true for any codes and codewords; however, it is not useful for many codes,
particularly the codes, including a large number of the codewords. Therefore, calcu-
lating another simple bound on the probability of error is required. We can simplify
(A.6) by averaging. Assume that the P(z™) is defined on the input alphabet X™. As
an ensemble, let us consider all the codes generated by the randomly chosen code-
words according to the P(z™). The code consisting (1), ..., (M) has the proba-
bility [[2_, P(1(m)) and at least one code has a lower probability of error than the

ensemble-average probability of error. If we take the expected value of the (A.6),

E[P!"| <E %ﬂmywm))l# (g P(me))lip)p_ p>0, (A7)
< %HE_P@WmW (gj P<y“|w<m>>l+%>p_ p>0, (AB)
< %E:P@wwm»ﬁp]E (g P(ywm))lip)p] p>0, (A9)
< > B[P u(m) ] (E Zmywm))l%])p 0<p<l,

(A.10)
) P
E[P(yw(m))w]) 0<p<l.
(A.11)

We get (A.8) because the position of the expectation and the summation can be

changed.
P(y"| ¢ (m)) T (A.12)
and
) P
> Py w(m))lﬂ’] (A.13)
m#m
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are independent random variables in (A.8) and for the independent random variables

A and B, we have
E[AB]| = E[A]E[B].

Thus, we can split (A.8) up to (A.9). Random variable inside of the brackets in (A.13)
is a concave function for the exponent p € (0, 1] at the outside of the bracket. For this

reason, by Jensen’s inequality,

E (Z P<y"|¢<m>>ﬁp) ] < (E
m#Em

Again, by using the interchange property of the expectation and summation, we attain

3 P(y”lw(m»@]) L (A14)

m#Em

(A.11). Moreover, since the codewords are selected independently,
E[P(y"|¢(m) ™7 = 3 P Py em) (A.15)
zneXn
Furthermore, the expected values of the random variables in (A.11) are independent

of the message m, and we can replace them with the right hand side of the (A.15).

EPT| < (M -1 ) [Z P<x">P<y”|x">¢] 0<p<l (Al6)

y'flelé'!l mnexn
This bound is applicable for any discrete channel, for any selection of P(z™), and any
p € (0,1]. Provided that the discrete channel is also memoryless, we can simplify

(A.16) more. A discrete channel is memoryless if
P(y"| z") HP vil i) - (A.17)

where x; € X is the i-th letter of the codeword ™ and similarly y; € Y is the i-th
letter of the output sequence Y". Now, we restrict the code ensemble with the codes
in which the codewords are constructed according to the P(x) randomly to simplify
the bound of the error probability. In that case, the probability of the codeword in a

code is equal to,

P(z") =[] P(x). (A.18)
=1
If we insert (A.17) and (A.18) into (A.16),
14p
EPI]<(M-1)" )" | Y, HP ;) P(yi] ) 7+ 0<p<l. (A19)

yneyn LzneXn i=1
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If we rearrange the terms inside the summation and product operators,

EP"] < (M —1) HZ

1=1 y;,€Y

1+p
> P(z;) Py 1+p] 0<p<1l (A20)

;,€X

Because the multiplied values are independent of the operator of the product, 7,

EP;] < (M -1 |}

€Y

1+4p
Z P(z;) P(y:| 2 1+n] 0<p<l. (A2])

;X

Transmission rate R, is defined in (2.43) and if the M/ — 1 is upper bounded by the

M = e"E. (A.22)
Then, (A.21) is turned to be
E[P™] < ¢nlFolpRa)=pH] 0<p<l, (A.23)
where
14p
Eo(p,P(z)) = —=In > |y P(x;) Plyi| = 1+p] . (A.24)
;€Y Lz;eX

This upper bound is true for any discrete memoryless channel, 0 < p < 1, and P(z).
Furthermore, it should be satisfied if the error probability is minimized over the p and
P(z). Because the right hand side of the (A.23) is independent of the m, it is bound
to the average probability of decoding error for the ensemble of the codes. Because
at least one code must have a lower probability of error than the average, then there

should be a code in which the probability of decoding error is upper bounded by

PW < e "EAR) (A.25)

where the £, (R), called as the random coding exponent [2, Theorem 1] function, is

E.(R) = max [Eo(p, P(z)) — pR]. (A.26)

where the maximization is over all 0 < p < 1, and all possible P(z).
Important properties of the Random Coding Exponent function is
e It is a non-negative and non-increasing function of rate R.

e [t is equal to the zero at the rate R equal to the channel capacity.
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e p that maximizes the E, (R) is non-increasing function for rate R.

e Because the maximizing p is non-increasing function, maximum rate for which

the p that maximizes the E, (R) is named as critical rate, and denoted as R,

e For every rate below the critical rate, £, (R) is a linear line with the slope -1,

and maximization happens at the p = 1.

For the lower rates, an improved version of the Random Coding Exponent function,
i.e., Expurgated Random Coding Exponent function E,(R), is derived in [2]. More
detailed analysis of the function Ey(p, P(z)), E,(R), and proof of the £, (R), [2] can

be examined.
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